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ABSTRACT. In this paper, we initiate and explore the interesting characterizations and properties of fuzzy
soft almost soft continuous mappings in fuzzy soft classes. We also study and discuss the notions of fuzzy soft
almost soft open(closed) mappings. Moreover the characterizations of composition of two fuzzy soft almost soft
mappings are also studied. We hope that the findings in this paper will be useful for the researchers working in
the fields such as fuzzy control systems, fuzzy automata, fuzzy logic, information systems and decision making
problems.
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1. Introduction

Fuzzy set theory initiated and studied by Zadeh[31] proved to be an important mathematical tool to solve different
types of complicated problems having uncertainties in real life problems such as sociology, economics, engineering,
computer and medical sciences etc. with ambiguous environment. Now a days, both mathematician and computer
scientists are applying this theory, not limited to such as fuzzy control systems, fuzzy automats, fuzzy logic, fuzzy
topology etc.

Molodtsov [24] introduced the concept of soft sets, which is new approach for modelling the complicated problems
with uncertainties. Molodtsov et. al[24] applied the technique of soft sets into several directions. Maji et. al[22]
studied the several concepts of soft sets and applied soft sets in decision making problems. Many researchers like
[7-10], [27] improved the work of Maji et. al. In [27], it is observed that there exists some compact connection
between soft sets and information systems. Moreover, it is pointed out that the research work on soft sets and
information systems can be unified. Maji and Biswas[23] generalized the soft sets and introduced fuzzy soft sets.
After that many researchers such as Z. Kong et. al[21] studied the concept of fuzzy soft sets and presented the fuzzy
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132 S. HUSSAIN

soft set theoretic approach to decision making problems.

Ahmad and Kharral[l] initiated the concept of mappings on fuzzy soft classes and introduce fuzzy soft images and
fuzzy soft inverse images. The study of algebraic structures of soft sets and fuzzy soft sets have been increasing
rapidly in recent years. Shabbir and Naz[28] defined and explored the concept of soft topological spaces. Further
results, structures and improvements in concepts of soft topological spaces have been studied in [2], [7-9], [12-15],
[25].

Hussain[16] continued to study the algebraic structures of soft semi-open(closed) sets in soft topological spaces
initiated by Chen[4-5]. Chang[3] introduced and discussed the basic properties of fuzzy topological spaces. Tanay
and Kandemir[29] studied the topological structures of fuzzy soft sets. Varol and Aygun[30] initiated fuzzy soft
topology. Further structures of fuzzy soft topology are explored in [11], [20].

Recently, Hussain[17] initiated the concept of fuzzy soft semi-open sets as a generalization of soft semi-open sets and
discussed its basic properties. In [18-19], Hussain studied and explored the weak and strong forms of fuzzy soft open
sets as well as fuzzy soft semi-pre-open sets and fuzzy soft semi-pre-continuous mappings in fuzzy soft topological
spaces. Hussain also developed the relationship between these newly defined concepts in [18-19].

2. Preliminaries

Definition 2.1[31]. A fuzzy set f on X is a mapping f : X — I =[0,1]. The value f(z) represents the degree
of membership of x € X in the fuzzy set f, for x € X.
Definition 2.2[24]. Let X be an initial universe and E be a set of parameters. Let P(X) denotes the power set
of X and A be a non-empty subset of E. A pair (F, A) is called a soft set over X, where F' is a mapping given by
F: A — P(X). In other words, a soft set over X is a parameterized family of subsets of the universe X. For e € A,
F(e) may be considered as the set of e-approximate elements of the soft set (F, A).
Definition. 2.3[23]. Let I denotes the set of all fuzzy sets on X and A C X. A pair (f, A) is called a fuzzy soft
set over X, where f: X — IX is a function. That is, for each a € A, f(a) = f, : X — I, is a fuzzy set on X .
Definition 2.4[23]. For two fuzzy soft sets (f, A) and (g, B) over a common universe X, we say that (f, A) is a
fuzzy soft subset of (g, B) if
(1) AC B and
(2) for alla € A and b € B, f, < gp; implies f, is a fuzzy subset of g,.
We denote it by (f, A)<(g, B). (f, A) is said to be a fuzzy soft super set of (g, B), if (g, B) is a fuzzy soft subset of
(f, A). We denote it by (f, A)>(g, B).
Definition 2.5[23]. Two fuzzy soft sets (f, A) and (g, B) over a common universe X are said to be fuzzy soft
equal, if (f, A) is a fuzzy soft subset of (g, B) and (g, B) is a fuzzy soft subset of (f, A).
Definition 2.6[23]. The union of two fuzzy soft sets of (f, A) and (g, B) over the common universe X is the fuzzy
soft set (h,C'), where C = AU B and for all ¢ € C,
fes ifce A—B
b Je, ifceB-—A
7Y feVge, ifce ANB
We write (f, A)V(g, B) = (h,C).
Definition 2.7[23]. The intersection (h,C) of two fuzzy soft sets (f, A) and (g, B) over a common universe X,
denoted (f, A)A(g, B), is defined as C = AN B, and he = f. A g, for all c € C.
Definition 2.8[23]. The difference (h, C) of two fuzzy soft sets (f, A) and (g, B) over X, denoted by (f, A)\(g, B),
is defined as (f, A)\(g, B) = (f, A)A(f, B)°.

For our convenience, we will use the notation f4 for fuzzy soft set instead of (f, A).

Definition 2.9[29]. Let 7 be the collection of fuzzy soft sets over X, then 7 is said to be a fuzzy soft topology on
X, if

(1) 04 , 14 belong to 7.

(2) If (fa)i € 7, for all i € I, then \/,c/(fa)i € 7.
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(3) fa, gy € T implies that fu AgyET.

The triplet (X, 7, A) is called a fuzzy soft topological space over X. Every member of 7 is called fuzzy soft open set.
A fuzzy soft set is called fuzzy soft closed if and only if its complement is fuzzy soft open.

Definition 2.10[30]. Let (X, 7, A) be a fuzzy soft topological space over X and fa be a fuzzy soft set over X.
Then

(1) fuzzy soft interior of fuzzy soft set fa over X is denoted by (fa)° and is defined as the union of all fuzzy soft
open sets contained in f4. Thus (f4)° is the largest fuzzy soft open set contained in f4.

(2) fuzzy soft closure of f4, denoted by f4 is the intersection of all fuzzy soft closed super sets of f4. Clearly fy4 is
the smallest fuzzy soft closed set over X which contains f4.

Definition 2.11[17]. Let (X, 7, A) be a fuzzy soft topological space over X. A fuzzy soft set fa is called fuzzy soft
semi-open, if there exists a fuzzy soft open set g4 such that ga<fa<ga. The class of all fuzzy soft semi-open sets
in X is denoted by FSSO(X). Note that every fuzzy soft open set is fuzzy soft semi-open but the converse is not
true in general.

Definition 2.12[17]. A fuzzy soft set f4 in fuzzy soft topological space (X, 7, A) is fuzzy soft semi-closed if and
only if its complement (f4)€ is fuzzy soft semi-open. The class of fuzzy soft semi-closed sets is denoted by FSSC(X).
Note that every fuzzy soft closed set is fuzzy soft semi-closed in fuzzy soft topological space (X, 1, A).
Proposition 2.13[17]. Let f4 be a fuzzy soft set in fuzzy soft topological space (X, 7, A). Then f,4 is fuzzy soft
semi-closed if and only if there exists a fuzzy soft closed set ha such that (hA)OéfAihA.

Definition 2.14[17]. Let f4 be a fuzzy soft set in fuzzy soft topological space (X, 7, A). The fuzzy soft semi-closure
of fa, denoted by sclf*(f4) and is defined as the intersection of all fuzzy soft closed supersets of f4.

It is clear from the definition that scl/*(f4) is the smallest fuzzy soft semi-closed set over X which contains f,.
Definition 2.15[17]. Let f4 be a fuzzy soft set in fuzzy soft topological space (X, 7, A). The fuzzy soft semi-interior
of fa, denoted by sint*(f4) and is defined as the union of all fuzzy soft open subsets of f4.

It is clear from the definition that sint/$(f4) is the largest fuzzy soft semi-open set over X contained in fa.
Definition 2.16[18]. Let (X, 7, A) be a fuzzy soft topological space over X. Then a fuzzy soft set fu over X is
said to be a fuzzy soft pre-open(respt. closed), if fa<(fa )°(respt. (fa)°<fa).

Definition 2.17[1]. Let F(X,A) and F(Y, B) be families of fuzzy soft sets. v : X — Y and p: A — B are
mappings. Then a function fp, : F(X,A) = F(Y, B) defined as :

(1) Let fa be a fuzzy soft set in F(X,A). The image of f4 under f,, , written as f,,(fa), is a fuzzy soft set in
F(Y, B) such that for § € p(A) C Band y €Y,

\/JJEu_l(y) (\/aEp_l(,B)ﬂA(fA(a))’ uil(y) # ¢7p71(5) nA 7é ¢
fou(£4)(B)(y) = 0, otherwise ,

o

for all y € B. fpu(fa) is known as a fuzzy soft image of a fuzzy soft set fa.
(2) Let gp be a fuzzy soft set in F(Y, B) . Then the inverse image of gp under f,,, written as f;ul(gB), is a fuzzy
soft set in F(X, A) such that

g9(p(a)(u(z)), pla) € B
fou (9B)(a)(z) = 0, otherwise

for all x € A. f;} (9p) is known as a fuzzy soft inverse image of a fuzzy soft set gp.
The fuzzy soft function fp, is called fuzzy soft surjective, if p and u are surjective. The fuzzy soft function f,, is
called fuzzy soft injective, if p and w are injective.
Definition 2.18[19]. Let (X, 7, A) be a fuzzy soft topological space over X, where X is a nonempty set and 7 is
a family of fuzzy soft sets. Then a fuzzy soft set fa is said to be a fuzzy soft semi-pre-open, if there exists a fuzzy
soft pre-open set g4 such that gAéfAé(gA).
Definition 2.19[19]. Let (X, 7, A) be a fuzzy soft topological space over X, where X is a nonempty set and 7 is a
family of fuzzy soft sets. Then a fuzzy soft set fa is said to be a fuzzy soft semi-pre-closed, if there exists a fuzzy
soft pre-closed set g4 such that (g4)°<fa<ga.
Note that the fuzzy soft set fa is fuzzy soft semi-pre-open if and only if f§ is fuzzy soft semi-pre-closed.
Remark 2.20[19]. It is clear that any fuzzy soft semi-open as well as fuzzy soft pre-open set is a fuzzy soft
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semi-pre-open set.

Definition 2.21[19]. Let f4 be a fuzzy soft set in fuzzy soft topological space (X, 7, A) over X. Then

(1) fuzzy soft semi-pre-interior of fuzzy soft set f4 denoted by F*pint® and is defined as F*pint®(fa1)=Sup{ga : ga
is fuzzy soft semi-pre-open and ga<fa}.

(2) fuzzy soft semi-pre-closure of fuzzy soft set fa denoted by F*pcl® and is defined as F*pcl®(fa)=Inf{ga : ga is
fuzzy soft semi-pre-closed and fAigA}.

Definition 2.22[18]. A fuzzy soft set f4 is said to be a fuzzy soft point in (X, 7, A) denoted by e(f4), if for the
element e€A, f(e)70 and f(e®)=0, for all e“c A\{e}.

Definition 2.23[30]. Let (X, 7, A) and (Y, 72, B) are fuzzy soft topological spaces and f,, : F(X,A) = F(Y, B)
be a fuzzy soft mapping. Then fuzzy soft function f,, : F(X, A) — F(Y, B) is fuzzy soft continuous, if for any fuzzy
soft open set g4 in (Y, 72, B), f,.'(ga) is fuzzy soft open in (X, 11, A).

Definition 2.24[30]. Let (X, 71, A) and (Y, 72, B) are fuzzy soft topological spaces and f,, : F(X,A) — F(Y, B)
be a fuzzy soft function. Then f,, is said to be fuzzy soft open(resp. fuzzy soft closed), if for any fuzzy soft open
(resp. fuzzy soft closed) set ha in (X, 71, A), fpu(ha) is fuzzy soft open(resp. fuzzy soft closed) in (Y, 1, B).

3. Fuzzy soft almost soft continuous function

Definition 3.1[18]. Let f4 be a fuzzy soft set in fuzzy soft topological space (X, 7, A) over X. Then f, is said
to be fuzzy soft regular open set over X, if (fa4 )°=fa.
Definition 3.2[18]. Let f4 be a fuzzy soft set in fuzzy soft topological space (X, 7, A) over X. Then f4 is said to
be fuzzy soft regular closed set over X, if (f4)° =fa.
Theorem 3.3[18] (1) f4 is said to be fuzzy soft regular open set over X if and only if (f4)¢ is said to be fuzzy soft
regular closed set over X.
(2) Every fuzzy soft regular open (closed) set is a fuzzy soft open(closed) set.

Now we define:

Definition 3.4. Let (X, 7, A) and (Y, 72, B) be two fuzzy soft topological spaces and fy, : F'(X,A) — F(Y, B) be

a fuzzy soft mapping. Then f,, is said to be fuzzy soft almost soft continuous, if for any fuzzy soft regular-open set

gp in (Y, 72,B), fy.(gB) is fuzzy soft open in (X, 11, A).

Example 3.5. Let X = {hy, ho, hs}, Y = {1, 22,23}, A = {e1,ea}, B={e},extand 7 = {0, 1, (fa)1, (fa)2, (Fa)s, (fa)a},
(98) )

0
7™ ={0,1,(98)1, (gB)2}. Where (fa)1, (fa)2, (fa)s, (fa)s are fuzzy soft sets over X and (9p)1,(gp)2 are fuzzy
soft sets over Y, defined as follows

fi(er)(h1) = 0.5, fi(e1)(h2) = 0.3, fi(e1)(hs) = 0.2,

f1(€2)(h1) =0.3 fl(eg)(hg) =0.5 fl(e (hg) =0. 2
fa(e1)(h1) =1, fa(er)(h2) =0, fa(e1)(h3) = 0.5,
fa(e2)(h1) = 0.5, fa(e2)(h2) = 0.3, fa(e2)(h3) =1,
fa(e1)(h1) = 0.5, fz(e1)(h2) =0, f3(e1)(h3) = 0.2,
fs(e2)(h1) = 0.3, f3(e2)(h2) = 0.3, f3(e2)(hs) = 0.2,
fa(er)(h1) =1, f4(€1)(h2) = 0.3, f4( 1)(h3) = 0.5,
f4(d€2)(h1) 0.5, fa(e2)(h2) = 0.5, fa(ez)(hs) = 1.
g1(ey)(x1) = 0.2, ga(e))(22) = 0.3, gi(e))(w3) = 0.5,
gl(e?)(ﬂcl) =0.2, g1 (6,2)<372> =0.5, 91(6,2)(.1‘3) =0.3,
g2(ey)(x1) = 0.8, ga(ey)(w2) = 0.7, ga(ey)(3) = 0.5,
ga(ea)(@1) = 0.8, ga(ey)(x2) = 0.5, ga(ey)(ws) = 0.7.

Then 7 and 7* are fuzzy soft topologies on X and Y respectively. Therefore, (X, 7, A) and (Y, 7*, B) are fuzzy soft
topological spaces over X and Y respectively. Note that the fuzzy soft closed sets in (Y, 7*, B) are

{{x0.87 Z0.7, .’170.5}7 {x0.87 Z0.5, :EO.7}}7 {{xO.Q; Z0.3, xo.s}v {$0.27 Z0.5, :L‘OAS}}) i and 6
Let us take fuzzy soft set gg over Y defined by
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g(ejl)(wl) = 027 9(6:1)(1'2) = 037 9(6:1)(553) = 057

g(ez)(w1) = 0.8, g(ey)(w2) = 0.7, g(ey)(w3) = 0.5.

That is, g5 = {{%0.2, 0.3, 0.5}, {T0.8, 0.5, 0.1} }. Calculation shows that (§5)°=gp, which implies that gp is fuzzy
soft regular-open set.

Let us define the fuzzy soft mapping fp, : F(X,A) = F(Y,B) by

7P(62):€/2-

u(hy)=z3,u(hs)=z2 , u(hs)=z; and p(el):/ell
1)T3 = {T0.2,20.3, To.5}x3 = o.5. Similarly, f,.!(95)(e1)ha = x93 and

Now f..!(95)(e1)h1 = g(p(e1))(u(h1) = g(e
fp_ul(gB)(el)h:g = x9.2. Also

fou (9B)(e2)h1 = g(p(ez)(u(hy) = g(eg)zs = {w0.2,%0.5,T0.3} T3 = To.3.

Similarly, fp_ul(gB)(eg)hg = x9.5 and fp_ul(gg)(eg)h;; = xg.5. Thus

fp_ul(gB)i{el = {{xo.5,%0.3, To.2}},e2 = {{x0.3, 0.5, To.2} } }, which is fuzzy soft open in F(X, A). Thus fuzzy soft
mapping fp, is fuzzy soft almost soft continuous, because fuzzy soft set gp is fuzzy soft regular-open in F(Y, B)
and f;.!(gp) is fuzzy soft open in F(X, A).

Theorem 3.6. Let (X, 71, A) and (Y, 72, B) be two fuzzy soft topological spaces and fp, : F(X,A) = F(Y,B) be
a fuzzy soft mapping. Then the following statements are equivalent:

(1) fpu is fuzzy soft almost soft continuous mapping.

(2) For any fuzzy soft regular-closed set gp in (Y, 72, B), f,.!(gp) is fuzzy soft closed in (X, 71, A).

(3) For any fuzzy soft open set hp in (Y, 72, B), f,.! (h)<(f,.! (hB)°))°.

(4) For any fuzzy soft closed set kg in (Y, 2, B), fp_ul{(kB)o}éfI;}(kB).

Proof. (1) < (2) This directly follows from Theorem 3.3.

(1) = (3) Let hp be fuzzy soft open in (Y, 72, B). Then hp<(hp)°. Therefore, f,.!(hg)< [, ((hp)°). By Using
Theorem 5.9(b)[18], we have that (hp)° is a fuzzy soft regular-open set in (Y, 72, B). Since fp, is fuzzy soft almost soft
continuous mapping, then f, ! ((hg)°) is fuzzy soft open set in (X, 71, A). Hence, f,.1(hg)< [t ((hp)°)=(frl (hB)°))°.
(3) = (1) Let hp be fuzzy soft regular-open in (Y, 79, B). Then

S (hB)<(frt (hB)°))°=(ft (hp))°. This implies that f,.!(hp)=(f, (hp))°. Hence f.(hp) is fuzzy soft open
set in (X, 7, A4).

(2) < (4) This can be proved in similar way.

This completes the proof.

Remark 3.7. (1) Fuzzy soft semi-continuous mapping and fuzzy soft almost soft continuous mappings are inde-
pendent notions.

(2) If fpy is fuzzy soft almost soft continuous mapping then f,, is fuzzy soft continuous mapping, since every fuzzy
soft regular-open set is fuzzy soft open but the converse is not true in general[18].

Definition 3.8. A fuzzy soft topological space (X, 7, A) is said to be fuzzy soft semi-regular space, if the collection
of all fuzzy soft regular-open sets of X forms a fuzzy soft base for fuzzy soft topological space (X, T, A).

The proof of the following lemma follows by using Theorems 3.9 and 3.11[30].
Lemma 3.9. Let (X, 7, A) be fuzzy soft topological space and fa, be a collections of fuzzy soft sets in (X, 7, A).

Then \/, fa, <V, fa, and \/,fa, =\, fa,, if fa, is a finite set. Moreover, \/,(fa,)°<(V,fa,)°-

The following theorem shows that the converse of Remark 3.7(2) is true, if (Y, 72, B) is fuzzy soft semi-regular
space.

Theorem 3.10. Let (X, 7, A) be fuzzy soft topological space, (Y, 72, B) be a fuzzy soft semi-regular space and
fpu : F(X,A) — F(Y, B) be a fuzzy soft mapping. Then f,, is fuzzy soft almost soft continuous if and only if f,
is fuzzy soft continuous.

Proof. Using Remark 3.7(2), it is sufficient to prove that if f,, is fuzzy soft almost soft continuous then it is

fuzzy soft continuous. Suppose hp be fuzzy soft open in (Y, 72, B). Then h B£\~/h3a, where each hp_ is fuzzy soft
regular-open set in (Y, 72, B). Now using Theorem 3.10(3)[1], Lemma 3.9 and Theorem 3.6(3), we have

Fod (h5) 2V fl (s ) SNVl (R5,)°)° =V (ol () SV fid (h5.))°=( S (). This implies that £,/ (h)
is fuzzy soft open in (X, 71, A). Hence the proof.



136 S. HUSSAIN

Theorem 3.11. Let fa be a fuzzy soft set in fuzzy soft topological space (X,7,A) over X. If fa is fuzzy
soft semi-pre-open, then f, is fuzzy soft regular-closed.

Proof. Suppose that f4 is fuzzy soft semi-pre-open. Then using Theorem 3.8(1)[19], we get f4<((fa)°). This
implies that fa<((fa)°). Also ((fa)°)<fa. Therefore, f4=((fa)°). Hence fa is fuzzy soft regular-closed. This
completes the proof.

Theorem 3.12. Let (X, 71, A) and (Y, 72, B) are fuzzy soft topological spaces and fp, : F(X,A) — F(Y,B) be a
fuzzy soft mapping. Then the following statements are equivalent to each other.

(1) fpu is fuzzy soft almost soft continuous.

(2) For every fuzzy soft semi-pre-open set gp in (Y, 72, B), fou: (gB)éfﬁ1 (7B).

(3) For every fuzzy soft semi-open set gg in (Y, 72, B), fpu' (gB)ifpj} (TB).

(4) For every fuzzy soft pre-open set gp in (Y, 72, B), fp.'(98)<(fu ((9B)°))°.

Proof. (1) = (2) Suppose that gp be fuzzy soft semi-pre-open set in (Y, 72, B). Then by Theorem 3.11, we have

gB is fuzzy soft regular-closed in (Y, 7, B). Since fj,, is fuzzy soft almost soft continuous, then Theorem 3.6 implies

that f,.'(g5) is fuzzy soft closed in (X, 7, A). Therefore, foi (9B)< fou (B).

(2) = (3) This directly follows using Remark 2.20 that every fuzzy soft semi-open set is fuzzy soft semi-pre-open.

(3) = (1) Suppose gp be a fuzzy soft regular closed set in (Y, 72, B). Then gp=((g9p)°). Theorem 3.3(2) implies
1

that gp is fuzzy soft semi-open set in (Y, 73, B). This follows that fyu' (95)<fy. (98)=/m (95). Therefore, f,.!(g5)
is fuzzy soft closed. Hence by Theorem 3.6, f,, is fuzzy soft almost soft continuous.

(1) = (4) Suppose that gp be fuzzy soft pre-open set in (Y, 72, B). Then gp<(g5)°
open. Since fy, is fuzzy soft almost soft continuous, then by Theorem 3.6, fz;}((
(X, 71, A). Therefore, £,/ (95)< [, (98)°)=(f,.! (9B)°)°-

(4) = (1) Suppose that gg be fuzzy soft regular-open set in (Y, 72, B). Then gp is fuzzy soft pre-open set in
(Y, 12, B). Therefore, f@l(gg)é(fz;} (@8)°)°=(fpu' (9B))°. Hence f;,'(gB) is fuzz soft open set in (X,71,A). This
follows that f, is fuzzy soft almost soft continuous function. Hence the proof.

(gB)° is fuzzy soft regular-

and
g5)°) is fuzzy soft open set in

The following lemma directly follows from definition of fuzzy soft pre-closure F®pcl® of the fuzzy soft set fa.
Lemma 3.13. Let e(f4) be a fuzzy soft point in a fuzzy soft topological space (X, T, A). Then e(fa)EF*pcl®(ha)
if and only if for any fuzzy soft pre-open set k4 in (X, 7, A) with e(fa)Eka implies hA/N\k:A;éqg.

Theorem 3.14. Let (X, 7, A) be fuzzy soft topological space and f4 is fuzzy soft semi-open set in (X, 7, A). Then
Fepel®(fa)=fa. o o

Proof. For any fuzzy soft set fa, F*pcl®(fa)<fa is obviously true. Thus it is enough to show that fa<F*pcl®(fa),
for fuzzy soft semi-open set f4 in (X, 7, A). For this, let e(ga)€fa and e(ga)€ka, where k, is fuzzy soft pre-

open set in (X,7,A). Then e(ga)€ka&(ka)° and hence faA(ka)°#¢p. Now fa is fuzzy soft semi-open follows

that faA(Ea)°<((Fa)°)A(Ea)°<((£4)° Nka)<(faAka). Hence, we get (fa/\ka)7¢. This implies that faAkaZe.
Using Lemma 3.13, we get e(ga)EF*pcl®(fa). Therefore, fa<F*pcl®(fa). This completes the proof.

The proof of the following theorem follows in similar lines as in Theorem 3.12 and is therefore omitted.

Theorem 3.15. Let (X, 7, A) and (Y, 72, B) are fuzzy soft topological spaces and fp,, : F(X,A) = F(Y,B) be a
fuzzy soft mapping. Then the following statements are equivalent to each other.

(1) fpu 1s fuzzy soft almost soft continuous.

(2) For every fuzzy soft semi-pre-open set gp in (Y, 72, B), fou (gB)éfzg} (F*cl™(gR)).

(3) For every fuzzy soft semi-open set gg in (Y, 12, B), f,;}(gg)éfpj}(FspclS(gB)).

(4) For every fuzzy soft pre-open set gp in (Y, 72, B), fo.' (gg)i(f;}(sclfs(gB)))o.

Definition 3.16. Let (X, 71, A) and (Y, 72, B) are fuzzy soft topological spaces and f,, : F(X,A) — F(Y,B) be a
fuzzy soft mapping. Then f,, is said to be fuzzy soft almost soft open(resp. closed), if for any fuzzy soft regular-open
(resp. closed) set ha in (X, 71, A), fpu(ha) is fuzzy soft open(resp. closed) in (Y, 2, B).

Definition 3.17. Let (X, 7, A) and (Y, 72, B) are fuzzy soft topological spaces and fp, : FI(X,A) = F(Y,B) be a
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fuzzy soft mapping. Then fuzzy soft surjective fuzzy soft mapping f,. : F(X, A) — F(Y, B) is fuzzy soft almost soft
quasi-compact if and only if fz;} (ga) is fuzzy soft regular-open in (X, 71, A) follows g4 is fuzzy soft open in (Y, 72, B).

The proof of the following theorem directly follows from the above Definition 3.17.

Theorem 3.18. Let (X, 7, A) and (Y, 72, B) are fuzzy soft topological spaces and fp, : F(X,A) — F(Y,B) be a
fuzzy soft mapping. Then the following statements are equivalent:

(1) fpu is fuzzy soft bijective and fuzzy soft almost soft quasi-compact.

(2) The fuzzy soft inverse image of every fuzzy soft regular-open(resp. closed) set is fuzzy soft open(resp. closed).

Now we establish the following characterizations of fuzzy soft almost soft open functions as:

Theorem 3.19. Let (X, 7, A) and (Y, 72, B) are fuzzy soft topological spaces and fp, : F(X,A) — F(Y,B) be a
fuzzy soft bijective mapping. Then the following statements are equivalent:

(1) fpu is fuzzy soft almost soft open.

(2) fpu is fuzzy soft almost soft closed.

(3) fpu is fuzzy soft almost soft quasi-compact.

(4) f,.! is fuzzy soft almost soft continuous.

Proof. (1) = (2) Suppose f4 be fuzzy soft regular-closed in (X, 71, A). Then (f4)¢ be fuzzy soft regular-open.
Since fp,, is fuzzy soft almost soft open, then fp, ((fa)°) is fuzzy soft open. This implies that (fp.(fa))¢ is fuzzy
soft open. Hence fp,(fa) is fuzzy soft closed. Therefore, f,, is fuzzy soft almost soft closed.

(2) = (3) Suppose that f];u1 (ha) is fuzzy soft regular-closed. Then Theorem 3.18 implies that fpuf];u1 (ha) is fuzzy
soft closed. This follows that h4 is fuzzy soft closed. Therefore, f,, is fuzzy soft almost soft quasi-compact.

(3) = (4) Suppose that k4 be fuzzy soft regular open in (X, 71, A). Then f;.! fpu(ka)=ka is fuzzy soft regular-open.
Therefore, fp,(ka) is fuzzy soft open. That is, (f;,') "' (ka) is fuzzy soft open. This follows that f,! is fuzzy soft
almost soft continuous.

(4) = (1). Suppose fa be a fuzzy soft regular-open in (X, 71, A). Then by (4), (fp’l)*l(fA) is fuzzy soft open in
(Y, 72, B). Hence fp, is fuzzy soft almost soft open. Hence the proof.

Theorem 3.20. Let (X, 7, A4), (Y,m, B) and (Z,713,C) are fuzzy soft topological spaces and f,, : F(X,A) —
F(Y, B) be a fuzzy soft open and fuzzy soft continuous mapping, where v : X — Y and p : A — B are mappings
and let g4 : F(Y,B) — F(Z,C) be a fuzzy soft mapping, where v : ¥ — Z and ¢ : B — C' are mappings. Then
(gof)pov is fuzzy soft almost soft continuous if and only if g, is fuzzy soft almost soft continuous.

Proof. (=) Suppose that g, is fuzzy soft almost soft continuous. Let (H,C') be fuzzy soft regular-open subset in
(Z,73,C). This implies that

(gof),. (H,C) is fuzzy soft open in (X, 71, A) and hence f,! (g, (H,C)) is fuzzy soft open in (X, 71, A). Since fp,
is fuzzy soft open, then fpu(f,.! (95, (H,C))) is fuzzy soft open in (Y, 72, B). Therefore, g.,' (H,C) is fuzzy soft open
in (Y, 72, B). Thus g4, is fuzzy soft almost soft continuous.

(<) Suppose that g, is fuzzy soft almost soft continuous and let (H,C) be fuzzy soft regular-open subset in
(Z,73,C). Then g,'(H,C) is fuzzy soft open in (Y, 79, B). Since fp, is fuzzy soft continuous, then f,.! (9., (H,C))
is fuzzy soft open in (X, 71, A). Therefore, (gof);vl(H, C) is fuzzy soft open in (X, 7y, A). Hence (gof)p, is fuzzy
soft almost soft continuous. This completes the proof.

Theorem 3.21. Let (X, 7, A4), (Y,m, B) and (Z,73,C) are fuzzy soft topological spaces and f,, : F(X,A) —
F(Y, B) be a fuzzy soft mapping, where u : X =Y and p: A — B are mappings and let g4, : F(Y,B) = F(Z,C)
be a fuzzy soft mapping, where v:Y — Z and ¢ : B — C' are mappings. If f,, is fuzzy soft almost soft continuous
and (gof)py is fuzzy soft open(closed) then gq, is fuzzy soft almost soft open(closed).

Proof. Suppose that f, is fuzzy soft almost soft continuous and (gof),, is fuzzy soft open(closed). Let (G, B) be
a fuzzy soft regular-open subset in (Y, 72, B). Then fp’u1 (G, B) is a fuzzy soft open(closed) set in (X, 71, A4). Also
(gof)pv is fuzzy soft open(closed) implies that (gof)py(f.! (G, B)) is fuzzy soft open(closed) set in (Z,73,C). But
(90f)pv(fi (G, B))=gqu(G, B). Therefore, gq,(G, B) is fuzzy soft open(closed) in (Z, 73,C). Thus g, is fuzzy soft
almost soft open(closed). Hence the proof.

Conclusion. We initiated and explored the interesting characterizations and properties of fuzzy soft almost soft
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continuous mappings in fuzzy soft classes. It is observed that every fuzzy soft continues mapping fp, : FI(X, A) —
F(Y, B) from fuzzy soft class F(X, A) to fuzzy soft class F(Y, B) is fuzzy soft almost soft continuous but the con-
verse is not true in general. The converse is true, if the underlying fuzzy soft topological spaces (Y, 72, B) is fuzzy
soft semi-regular space. We also studied and discussed the notions of fuzzy soft almost soft open(closed) mappings.
Moreover, we also studied the characterizations of composition of two fuzzy soft almost soft mappings. We hope
that the findings in this paper will be useful for the researchers working in the fields such as fuzzy control systems,
fuzzy automata, fuzzy logic, information systems and decision making problems.
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