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Infinitely Many Solutions of the Neumann
Problem for Elliptic systems in Anisotropic
Variable Exponent Sobolev Spaces
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ABSTRACT. In this paper, we prove the existence of infinitely many solutions for the following
system
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N N
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by applying a critical point variational principle obtained by Ricceri as a consequence of a more

general variational principle and the theory of the anisotropic variable exponent Sobolev spaces.
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1. Introduction

Let © ¢ RY be an open bounded set with boundary 99 of class C!, and let % be the
outward unit normal to 0f2.

In these last years, the anisotropic variable exponent Sobolev space Wl’ﬁ(')(Q) have cap-
tured the attention of many researchers and a new operator has been introduced in the
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literature, namely

oz, (1)

N
0 ou
Azt = — ’
It’s clear that this p(x)-Laplace operator is a generalization of the p(-)-Laplace operator.
For some existing results of strongly nonlinear elliptic equations in the anisotropic variable
exponent Sobolev spaces, see references [2, 10, 19].
In the present paper, we consider a problem involving a more general type of operator,
that is,

pi(z)=2 Oy )

N
; aiiai (x, 8857;)’ (2)

the applications a; : 2 Xx R — R are Carathédory functions satisfying some hypothesis
conditions for i=1,...,N (see Section 3). The operator defined above is of p(-)-Laplacian type
when we take a;(z,s) = |s|P®)2sforallz € Q, se Rand alli =1,..., N.

Notice that the general operator given by (2) can admit degenerate and singular points.
It is no surprising that there exist previous works treating problems with same operator, to
give some examples, we refer the reader to [8, 12, 13] where the authors were concerned with
Dirichlet problems. Our work is focused on a Neumann problem, we refer the reader to [1, 9].

In this paper, we are interested in the following problem

Zf\; a%iai(w é% + h()|ufPo) =24 = () f(u,v) in Q
(P S i) +hOWPO 20 = 0()g(u,v) in Q
Zi]L ai('a%)% = ZN b ( ' O, )% =0 on 9.

More precisely we are interested to the existence of infinitely many weak solutions to such a
problem.

In the context of Dirichlet boundary conditions J. Vlin have studied the existence of non
trivial solutions of (P) in the isotropic variable exponent Sobolev space, see [18]. In the same
case M. Bendahmane and F. Mokhtari have studied in [5] the problem (P) in the isotropic
variable Sobolev space where the second term was a measure data. In the same framework,
D. S. Moschetto in [15] have studied the problem (P) in the particular case of homogeneous

Neumann condition and Zz]\;1 8%2_%( , awl) = Ap((u) and Zl 1 aw < Do ) Agiy(v).

Even though the problem (P) has been Studled by some other authors (see e.g. [3, 6, 7,
14, 17, 20]) the hypotheses we use in this paper are totally different and so are our results.

The aim of the present paper is to generalize the results of [1, 5, 15, 18] in the anisotropic
cases.

The main difficulties with this kind of problems are the framework of anisotropic Sobolev
spaces and the fact that we have Neumann boundary conditions that make some difficulties
in the application of theorem 1.1.

The following theorem plays an important role in this paper.

Theorem 1.1. (See [16], Theorem 2.5). Let X be a reflexive real Banach space, and let
O U : X — IR be two sequentially weakly lower semicontinuous and Gateauz differentiable
functionals. Also, assume that W is (strongly) continuous and satisfies lim, 5400 ¥(u) =
+o00. For each p > infx ¥, put
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) _ nf @(’LL) - lnfvemw (I)(’U)
u€W=1((—00,p)) p— U (u) ’
where (W=1((—o0, p)))" is the closure of U~ ((—o0, p)) in the weak topology. Furthermore, set

(3)

= lim inf 4

7 = liminf (o) (4)
and

§= liminf . 5

i inf e (p) ()

then, the following conclusions hold:

(a) For each p > infx ¥ and each t > (p), the functional ® +t¥ has a critical point which
lies in W~1((—o0, p)).

(b) If v < 400, then, for each t > ~, the following alternative holds: either ® + tU has
a global minimum, that is, it exists a sequence {un} of critical points of ® + t¥ such that
limy, 00 ¥ (uy) = +00.

(c) If 6 < 400, then, for each t > 0, the following alternative holds: either there exists
a global minimum of ¥ which is a local minimum of ® + tW, or there exists a sequence of
pairwise distinct critical points of ® + tV which weakly converges to a global minimum of W.

This paper is organized as follows: In Section 2, we present some preliminary knowledge
on the anisotropic Sobolev spaces with variable exponent. We introduce in Section 3 some
assumptions for which our problem has solutions. In Section 4, we prove the existence of
infinitely many weak solutions for our Neumann elliptic problem and we give a conclusion
and some perspectives.

2. Preliminaries

Let ©Q be an open bounded subset of RV (N > 1), we define

C+(Q) = {measurable function z(-) : 2 — R such that 1 < 2z~ <z < o0},

where
2~ =essinf {z(z) /z € Q} and 2t =esssup {2(z) / x € Q}.

We define the Lebesgue space with variable exponent L*()(Q) as the set of all measurable
functions u : Q — R for which the convex modular

P / @

lell=y = inf{A >0 0 pyy(u/A) < 1}7

defines a norm in L*0)(Q), called the Luxemburg norm.
The space (L*0)(Q),]| - || »(-)) is a separable and reflexive Banach space. Moreover, the space

is finite, then

L0)(Q) is uniformly convex, hence reflexive, and its dual space is isomorphic to LZI(')(Q),



where ﬁ—kﬁ =1.

Finally, we have the Holder type inequality:

1 1
/qu dz| < (; + )HUHZ(-)HUHzf(-)

(2')~
for all u € L*)(Q) and v € L¥0)(Q).
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(6)

An important role in manipulating the generalized Lebesgue spaces is played by the modular

p2(.) of the space L#0)(€2), we have the following result.
Proposition 2.1. (See [11]). Ifu € L*)(Q), then the following properties hold true:
(0): Nullgy > 1= Jull35, < pago () < ullZ),
(iD): ulloiy < 1= ull%,) < pay () < flulzg:
The Sobolev spaces with variable exponent is defined by
wh0(Q) = {fu e L*(Q) and |Vu| € L*O(Q)},
equipped with the following norm
lull1,20) = llullsc) + [[Vull5)-
The space (W0 (Q), || - ll1,2¢.)) is a separable and reflexive Banach space.

Now, we present the anisotropic variable exponent Sobolev space used for the study of the

main problem. B
Let z0(-), z1(-),...,2n(-) be N + 1 variable exponents in C,(£2). We denote

20) = {200)-»2w()}, D=1 and Diu= 5"

for i=1,...,N.

We define
i=0,1,...,N} then  z>1,
and

Ezmax{z;", z':(),l,...,N}.

The anisotropic Sobolev space with variable exponent WLE(')(Q) is defined as follows
wh(Q) = {u e L*D(Q) and D'ue L*O(Q) for i=1,2,...,N},
endowed with the norm

N
lullz) = D 1D ullzy)-
i=0

The space (W1#0)(Q), || - ll1,7(.y) is separable and reflexive Banach space (cf. [4, 12]).

3. Essential assumptions

Let po(-), p1(-),-..,pn(-) and qo(-), q1(-),...,qn(-) be 2(N + 1) variable exponents in

C+(92). We assume that
p> N and ¢ > N.

(10)
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Proposition 3.1. Since WP0)(Q) (respectively WHI)(Q)) is continuously embedded in
W2(Q) (respectively WH4(R) ), and since WY2(Q) and WH4(Q) are compactly embedded in
COQ) (the space of continuous functions), thus the spaces WP (Q) and WHIO)(Q) are
compactly embedded in C°(Q).

Then we can set

Cy = sup e : (11)
ueW L) (Q)\{0} HUHLﬁ(-)

Cy = sup llloo .
ueWa0) ()\{0} el 1.0
The applications a;, b; : 2 xR —— R are Carathéodory functions which satisfy the following
assumptions :

(Hy): The growth condition :
lai(z, s)| < mi(ci(z) + s for i=1,...,N,
bi(x,5)] < 6i(di(z) + |s|%@~Y)  for i=1,...,N,
where ¢;(-) (respectively d;(-)) is a nonnegative function in LPi()(Q) (respectively in
L%0)(Q)), n; and §; are positives constants.

(H2): The coercivity condition : There exist four constants a1, 81, ag, 52 > 0 such
that

(12)

051|S|pi($) < CLi(-’lﬁ', 3)3 < ,81142‘(1', S)a
azls|) < bi(, 5)s < B2Bi(x, 5),
where the functions A;, B; : 2 x R —— R, are defined by

Ai(z, s) :/ ai(z,t)dt and Bj(z,s) :/ bi(z,t) dt.
0 0
(H3): The monotonicity condition :

(ai(x,s) - a,-(:c,t))(s —t) >0, forall x € Q, Vs,t € R with t # s.

(bi(l‘, s) — bi(l‘,t)) (s—1t) >0, forall z € Q, Vs,t € R with ¢ # s.
(Hy): h(:),k(-) € L*(Q2) and 6(-) € C(£2) such that there exist hg, ko > 0 such that
ess ;]&f) h(z) > hy and ess aljlelgf] k(x) > ko.
(Hs): f,g € C(R?) such that the differential form f(u,v)du + g(u,v)dv be exact.

Remark 3.1. (Hj) implies that exists H : R? — R be the integral of the differential form
f(u,v)du + g(u,v)dv such that H(0,0) = 0.

Let X be the Cartesian product between W1#0)(Q) and Wh40)(€) Sobolev spaces with the
norm ||(u,v)|x = \/||u||iﬁ(.) + HUH%@(.) or another equivalent to it.

We introduce the functionals W(-,-), ®(-,-) : WhHPL)(Q) x Wl"j(')(Q) — IR by

Z/A X dx+Z/ 6%




@) eo@ gy [ EE) 0@ g
* ot [ g do 1
and

q)(u,v):/QF(I,U(SU),’U(:E))d.’E. (14)

where F': Q x R x R — R be defined as F(x,u,v) = 0(z)H (u,v).

Lemma 3.1. ( see [9], [12]) The functionals V(-,-) and ®(-,-) are well defined on X. In
addition, W(-,-) and ®(-,-) is of class C*(X,R) and

\Il’(u,v)(w,gb) = Z/al 6%’1 oz, dZE—i—Z/ axl aib‘zd
+ /Qh(x)mypo(x 2 da;+/ﬂk(a:)]v|q° D206 da, (15)

and
¥ (0,0)(w,0) = - [ 80) (G (0o, vle)ule) + G (ula),o@)6(@) do.(16)
V(u,v)(w, ) € X.

Lemma 3.2. (see [9]) Under the hypothesis (H1)-(Hs) and (10) the functionals ¥(-,-) and
(-, ) are weakly lower semicontinuous.

Lemma 3.3. Under the hypothesis (Hy)-(Hs) the functional W(-,-) is ceorcive, that is,
U(u,v) — +oo  as ||(u,v)||x — +oo  for (u,v) € X.

Proof Let (u,v) € X, one has

Z/ dx—i—Z/ 8:@

B e gy [ FE) e,
* /on@:)' P e [ ) de 17)

then by using (Hz) and (Hy), we get

pi(x) ho .
W) > z /Q o[ o [ 22 ) do
ai(x) ko
qo(x)
+ 2/952 oz, dx—i—/ﬂqo ] dz
. o h() pi(z) po(z)
min (ﬁ1’p0+) Z/ ‘8371 dw—i—/ﬁ\u| dx
. Qa9 ko () q0(x)
+ min (52’(]?{) Z/ ’833@ dl‘—|—/Q|U| dx
_NB_1 ox;

p
- P
> loil) 1o =]

AV

IV
B
B
/N
|8
§+\§
N—
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v i (20| l(zua%
win (51,29 [t (S o
v in (.20 q1<zuaﬁ

ho ) <a2 ko )
mln mln
(ﬁl po p B2’ qO

o)l =N 1]

v

P
4 ||| o (- —N-1
piy T ||p°”> ]

q
+ HquO(.)) — N — 1]

P q
> K (Il ) + 10l ) — Ko
> Kill(u,v)llx — K,
where K1, Ko > 0 constants.
Thus, if ||(u,v)||x — 400 then ¥(u,v) — +oo. 0

N t _(_Ci P d —(_Co I
Oow, we Set 1M = homeas(£2) and 7z = komeas(§2) /

a=min{ —, —
7p77£ M
P P

. 1 1
B = mln{q, q}.
any qm

The sets A(r), B(r), r > 0, below satisfied, play an important role in our exposition

A(r)y={(&n) € R? such that k(&) + BF5)(n) < r}

and

and

B(r) = {(5,17) € R? such that 1/Qh(a:)deﬁ(.)(§) + E /Q k(x)dzDgy(n) < r}

p 4
where Dj(.y(t) = max(|t]", [t|") and Fyy(t) = min(|t|", [t[*) with 7(-) € {p(-),q(-)} and t €
{&n}-

Lemma 3.4. For all r > 0, we have
B(r) C A(r).
Proof We observe that, by the definition of constants C; and Cs, we have
lulloo < Cillully g, Yu € WHH(Q)

and
[v]oe < Callv]l1 gy, Yo € WH(Q).

Foru=v=1, we get

1 < nPhomeas(Q) < 7]110/9 h(z)dx,



7

and
1 < ndkomeas(Q) < / nik(x)dz.
Q
Thus, we obtain

1 1 1 1
a<— < / h(z)dr, and f<— <— / k(x)dx.
pTh p Q q772 q Q
Hence . .
a < / h(z)dx, and < / k(x)dzx.
PJa qJa
Since

Fﬁ()(t) < Dﬂ(.)(t), and Fq*()(t) < Dq*(_)(t),vt e R.
Thus, the inequality

1 1

holds for every (&,7) € R? and therefore the inclusion
B(r) C A(r),Vr >0
holds. 0

4. Main results

Definition 4.1. We say that (u,v) € X a weak solution to the problem (P) if for all (w, ) €
X, we have

[ aio @) S0 + @) 2wyt | do

" /Q [Zbi(w @) (e >+k<x>\v<x>|‘m<z>%(x)qs(x)]da:

= [ 6@ fute) v@) i) + glutz). o)) da,
the weak solutions of (P) are precisely critical points of ¥ + ®.
One of our main results is the following theorem

Theorem 4.1. Suppose that V(-,-) and ®(-,-) are as in (13) and (14) and (Hy)-(Hs) and
(10) hold true.

(a): If there exist pg > 0, (€0,m0) € R? with (£9,m0) € Int(B(po)) (Int(B) is the

interior of B) and max »(,,) H(&,n) = H(&o,m0). Then, Problem (P) admits a weak

solution (u,v) € X such that U(u,v) < po.
(b): If there exist a sequences, (pp)n C RT with pn — 00 asn — +00 and (§n)n, (Mn)n C
R such that (&n,mn) € Int(B(pn)) and maxy(,,) H(§,n) = H(&n, 1), Y > 0 and if

: H(En) [0z 11
hmsup > max | —, —
(em)—-+oo Dy (€) Jo h(@)dx + Dy fg <p q>
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Then, the problem (P) admits an unbounded sequence of a weak solutions in X.
(c): If there exist a sequences, (pn)n C RT with pn — 0 asn — 400 and (&), (Mn)n C
R such that (&n,mn) € Int(B(pn)) and maxy(,,) H(§,n) = H(&n, 1), V1 > 0 and if

. H(&,n) o 0(= 11
hmsup > max | —, —
(em—(0.0) Dp)(§) Jo h@)da + D fQ (p q)

Then the problem (P) admits a sequence of non zero weak solutions which strongly
converges to (u,v) in X.

Proof

Step 1: Proof of assertion (a). We apply the part a of theorem 1.1 for showing that ¢(py) = 0
( here ¢ is the function defined in the theorem 1.1 and ¢t = 1 is assumed).
First, we observe that V(u,v) € ¥~1(] — oo, po[), one has

O (u,v) — inf D (u,v)
. (¥ =T (—00.p0D)"
0< = inf
< #len) =1 (]—00,p0() po — ¥(u,v)
D(u,v) — inf  ®(u,v)
U=t (]—00,p0()
po — ¥(u,v)
Let ugp(z) = &, vo(z) = no, Vo € Q, then Vu,, = Vuvg = 0 and Since (&o,m0) € Int(B(po)),
one has

< (18)

b
qo()

< /h(m )dz Dy /k: z)dzDg.\(m0) < po-

W) = [ [N + koo as

Then, for almost every z € Q and V(u,v) € ¥=1(] — oo, pg [)w, one has

@ (u()) + BEgy (v(x)) < W(u,0) < po. (19)

The first inequality in (19) is obtained by the proposition 2.1, while the second inequality in
(19) follows from the fact that U=1(] — oo, po[) = ¥ (] — o0, po)).

Thu, since (u(z),v(x)) € A(po) and H(u(z),v(x)) < H(&o,no) Vx € Q.

Hence —®(u,v) < —®(ug,vg) V(u,v) € ¥-1(] — 00 ,00[) because,

—®(ug,v0) = sup  (—®(u,v))=—___inf _ D(u,v),
71(]_007p0[)w ‘I/_l(]foo7p0[)w

and since ®(ug, vg) < po, it follows that

®(uo,vo) — 1(]in o ®(u,v) = ®(ug,v0) — P(uo, vo) = 0.
N —00,P0

Then, by choosing (u,v) = (ug, vp) in the inequality (18), one has ¢(py) = 0.
The conclusion (a) of the theorem 1.1 assures that there is a critical point of ¥ + ®.
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Step 2: Proof of assertion (b). We apply the part (b) of theorem 1.1.
From the part (a). we know that ¢(p,) =0, Vn € N.
Then, since lim,,_,o, p, = +00, one has
o < Tim _ _
liminf o(p) < liminfp(pn) =0 <1=t.
Now, we fix h satisfying that

H
lim sup (&m) fQ >h>max<1 >
(€m)—-+oo D (&) Jo h(z)dz + Dy fQ P 4q

and we choose a sequence (rn, tn)n in R? such that \/r% +t2 > n and

H(rn,tn)/QO( )da:>h<D ()(rn)Ah(x)dx+D@(_)(tn)/

Q
If we denote by wu, and v, the constant functions on €2 which take the r, and ¢, values
respectively, we have

D(up,vn) + VY(up,vn) = P(rp,tn) + V(rp, ty)

1
= — | F(z,rn,ty dm—l—/ h(z)|rn|Po®) da
/Q< i+ [ (@i

+ /Q qoéx)k(x)]tnﬁo(x)dx
/Q (;—h)h(a:)Dﬁ(,)(rn)da:

+ /Q (i — h)h(x)D,T(‘)(tn)d:U <0, VneN
Since (1/72 + t2), is unbounded, at least one of the two sequences (ry,),, or (t,), admits one
divergent subsequence.

Hence (Dp(.y(7n))n and (Dg(.)(tn))n admit one divergent subsequence, thus, the functional
® 4+ ¥ is unbounded from below.

The conclusion (b) of the theorem 1.1 assures that there is a sequence (xy,, yn ), of critical
points of ® + ¥ such that lim, 400 ¥(zp, yn) = +00.

Moreover, since ¥ is bounded on each bounded subset of X, the sequence (z, yn), must be
unbounded in X.

k(a:)da;), Vn e N.

IN

Step 3: Proof of assertion (c). We apply the part (¢) of theorem 1.1. As before, from the
(a). we know that ¢(p,) =0, Vn € N.
Therefore after observing that infxy ¥ = ¥(u,v) = 0, since lim,,_,o, p, = 0, we have

6— ll]lll]l[gﬁ(p) nl]“lllli (P(pn) —0< 1 =1
NOW, we ﬁX h Satlsfylng

H(¢n fQ
hmsu > h > max
&m— p fQ dx—i—D fQ (p q)

and choose a sequence ((rn, tn))n in R2\ {(0, 0)} such that \/r2 +t2 < 1 and

H(rn,tn)/QG(x)d:c > h(\rn|P/Qh(g;)dx+ |tn]q/Qk(m)dx>, ¥n € R.
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Once more if we denote by u, and v, the constant functions on  which equal r, and ¢,
respectively.

Then, from proposition 2.1 the sequence ((uy, vy)), strongly converges to (u,v) in X and one
has

@(un,vn)—{—@(un,vn) = T’nv )+‘ll(rnu n)
< /w ( — h)h(e)ds

+ \m|/ f—h x)dr <0 VYneNlN

Since ®(u,v) + ¥(u,v) = 0 in virtue of the last 1nequahty (u,v) can’t be a local minimum of
¢+ 0.

Then, since (u,v) is the only global minimum of W, the conclusion (¢) of the theorem
1.1 assures that there is a sequence of pairwise distinct critical points of ® + ¥ such that
limy, 00 U(2p, yn) = 0 with x,,, y, — 0, thus (z,, yn)n must be in norm infinitesimal. d

The following theorem is a practicable form of theorem 4.1 part (b).

Theorem 4.2. Let (a,), and (by,), be two sequences in R satisfying

by <an, ¥neN, lim b, =+oo, lim = too
n——+oo n——+oo bn

and let
An = {(&m) € R Fyy(€) + Fyy(n) < an }

B, = {(5,77) € R*: Dyy(&) + Dgy(n) < bn},

be such that sup 4 \ g, H <0 for alln € N.
Finally, let us assume that

11
lim sup HEn fQ > max (7 7)
(em)—-+o0 Dy (€) Jo M(x)dz + Dy fQ P4

Then, Problem (P) admits an unbounded sequence of weak solutions in X.

Proof Since b, < a,, it follows that B,, C A,,.
Let

7" =min{a, 8} >0 and § =max

Then fy—l, > 0 and in virtue of lim, ‘g—: = 400, then we get

{fQ z)dx fQ EI }>O.
s

= for n € N large
enough.

Let p, = Y'an, . Then {p,}, C R is a divergent sequence and for n large enough, the
following inclusions hold

IntB, C B, € B(pn) € A(pn) € Ay,
Then, since H is negative in the set A, \ IntB, for all n € N, we have

max H = max H,
IntB, An
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in particular, we have maxntp, H = maxy(,,) H for n € N large enough, i.e. there exist at
least one sequence (&, 7n)n C IntB,, such that for n large enough, we have

max H(&,m) = H(Eq,mn)

A(pn)
Thus, the sequences (£,)n, (Mn)n and (pn)n have got the properties required in theorem 4.1
part (b).
This completes the proof. ]

The following theorem is a practicable form of theorem 4.1 part (c).

Theorem 4.3. Let (a,), and (by)n be two sequences in RY satisfying

. an,
m a, =0, lim — =+

by < an VYneN, li
n—-+o00 n—+oo Oy,

and let
An = {(5777) € R?: Fy) () + Fyy(n) < an}

B, = {(5,77) € R%: Dyy(&) + Dgy(n) < bn},

be such that sup \rpep, H <0 for alln € N.
Finally, let us assume that

lim sup HE, 77) fQ G(x)dm > max (1 1)
(em)—0,0) Dy (&) Jo M@)dz + Dgy(n) Jq k(z)dz pa

Then, Problem (P) admits a sequence of non-zero weak solutions which strongly converges to
(u,v) in X.

Proof Likewise, by applying theorem 4.1 part (c), we get the theorem 4.3, whose proof will
be omitted. 0

5. Conclusion and perspective

In this paper we have proved an existence result of infinitely many solutions of the elliptic
problem (P) in the anisotropic variable exponent Sobolev spaces by applying a variational
principe of Ricceri, our future works will be devoted to the existence of infinitely many
solutions elliptic and parabolic problems in the case of flux boundary conditions and the
framework of anisotropic Sobolev spaces.
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