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Inequalities for the m-th derivative of the

(q, k)-Gamma function

Kwara Nantomaha and Suleman Nasirua

Abstract. By using the generalized Hölder’s and Minkowski’s integral inequalities, some in-
equalities for the m-th derivative of the (q, k)-Gamma function are established. Consequently,
some previous results are recovered as particular cases of the present results.
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1. Introduction and Preliminaries

The classical Gamma function, which is an extension of the factorial notation to noninteger
values, is usually defined for x > 0 by

Γ(x) =

∫ ∞
0

tx−1e−t dx

satisfying the basic properties:

Γ(x+ 1) = xΓ(x), x ∈ R+

Γ(n+ 1) = n!, n ∈ Z+ ∪ {0}.
The Jackson’s q-integral from 0 to a and from 0 to ∞ are defined as [6]∫ a

0
f(t) dqt = (1− q)a

∞∑
n=0

f(aqn)qn
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64 K. NANTOMAH AND S. NASIRU∫ ∞
0

f(t) dqt = (1− q)
∞∑
−∞

f(qn)qn

provided that the sums converge absolutely. In a generic interval [a, b], the Jackson’s q-integral
takes the form ∫ b

a
f(t) dqt =

∫ b

0
f(t) dqt−

∫ a

0
f(t) dqt.

The q-analogue of the Gamma function is defined for q ∈ (0, 1) and x > 0 by [6]

Γq(x) =

∫ 1
1−q

0
tx−1E−qtq dqt

satisfying the properties

Γq(x+ 1) = [x]qΓq(x)

Γq(1) = 1

where [x]q = 1−qx
1−q and Etq =

∑∞
n=0 q

n(n−1)
2

tn

[n]q !
is the q-analogue of the exponential function.

Also, the k-analogue of the Gamma function is also defined for k > 0 and x ∈ C\kZ− as [4]

Γk(x) =

∫ ∞
0

tx−1e−
tk

k dt

satisfying the properties

Γk(x+ k) = xΓk(x)

Γk(k) = 1.

Then the (q, k)-analogue of the Gamma function, Γq,k(x) is defined for x > 0, q ∈ (0, 1) and
k > 0 as [5]

Γq,k(x) =

∫ (
[k]q

1−qk

) 1
k

0
tx−1E

− q
ktk

[k]q

q,k dqt (1)

satisfying the properties

Γq,k(x+ k) = [x]qΓq,k(x)

Γq,k(k) = 1

where Etq,k =
∑∞

n=0 q
kn(n−1)

2
tn

[n]
qk

! is the (q, k)-analogue of the exponential function.

The functions Γ(x), Γq(x), Γk(x) and Γq,k(x) fit into the commutative diagram [5]

Γq,k(x)

k→1
��

q→1 // Γk(x)

k→1
��

Γq(x)
q→1

// Γ(x)

Then by differentiating (1) m times, we obtain

Γ
(m)
q,k (x) =

∫ (
[k]q

1−qk

) 1
k

0
tx−1(ln t)mE

− q
ktk

[k]q

q,k dqt, m ∈ N0 (2)
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where Γ
(0)
q,k(x) = Γq,k(x).

In this paper, the objective is to establish some inequalities for the function Γ
(m)
q,k (x). From

the established results, some known results are obtained as particular cases. We present our
findings in the following section.

2. Results and Discussion

Let us begin with the following generalizations of the classical Hölder’s and Minkowski’s
integral inequalities.

Lemma 2.1 ([3]). Let f1, f2, . . . , fn be functions such that the integrals exist. Then the
inequality ∫ b

a

∣∣∣∣∣
n∏
i=1

fi(t)

∣∣∣∣∣ dt ≤
n∏
i=1

(∫ b

a
|fi(t)|αi dt

) 1
αi

(3)

holds for α1, α2, . . . , αn such that
∑n

i=1
1
αi

= 1.

Lemma 2.2 ([3]). Let f1, f2, . . . , fn be functions such that the integrals exist. Then the
inequality (∫ b

a

∣∣∣∣∣
n∑
i=1

fi(t)

∣∣∣∣∣
u

dt

) 1
u

≤
n∑
i=1

(∫ b

a
|fi(t)|u dt

) 1
u

(4)

holds for u ≥ 1.

Theorem 2.1. For i = 1, 2, . . . , n, let αi > 1,
∑n

i=1
1
αi

= 1 and mi ∈ N0 such that
∑n

i=1
mi
αi
∈

N0. Then the inequality

Γ
(
∑n
i=1

mi
αi

)

q,k

(
n∑
i=1

xi
αi

+ β

)
≤

n∏
i=1

(
Γ
(mi)
q,k (xi + β)

) 1
αi (5)

is valid for xi > 0, β ≥ 0 and even mi.

Proof. By (2) and (3), we obtain

Γ
(
∑n
i=1

mi
αi

)

q,k

(
n∑
i=1

xi
αi

+ β

)
=

∫ (
[k]q

1−qk

) 1
k

0
t
∑n
i=1

xi
αi

+β−1
(ln t)

∑n
i=1

mi
αi E

− q
ktk

[k]q

q,k dqt

=

∫ (
[k]q

1−qk

) 1
k

0
t
∑n
i=1

xi+β−1

αi (ln t)
∑n
i=1

mi
αi E

− q
ktk

[k]q
.
∑n
i=1

1
αi

q,k dqt

=

∫ (
[k]q

1−qk

) 1
k

0

n∏
i=1

(
t
xi+β−1

αi (ln t)
mi
αi E

− q
ktk

[k]q
. 1
αi

q,k

)
dqt

≤
n∏
i=1

∫
(

[k]q

1−qk

) 1
k

0
txi+β−1(ln t)miE

− q
ktk

[k]q

q,k dqt


1
αi
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=
n∏
i=1

(
Γ
(mi)
q,k (xi + β)

) 1
αi

which completes the proof.

Remark 2.1. By letting n = 2, β = 0, m1 = m2 = m, 1
α1

= a, 1
α2

= b, x1 = x and x2 = y

in Theorem 2.1, we obtain Theorem 4.4 of [2].

Remark 2.2. By letting n = 2, β = 0, m1 = m2 = 0, 1
α1

= λ, 1
α2

= 1 − λ, x1 = x and

x2 = y in Theorem 2.1, we obtain Corollary 2.3 of [7].

Remark 2.3. By letting β = 0, q → 1 and k → 1 in Theorem 2.1, we obtain a result of
Theorem 2.2 of [1].

Remark 2.4. Let n = 2, β = 0, α1 = α2 = 2, x1 = x and x2 = y in Theorem 2.1. Then by
allowing q → 1 and k → 1, we obtain Theorem 2.1 of [9].

Theorem 2.2. For i = 1, 2, . . . , n, let mi ∈ N0 such that mi is even for each i. Then the
inequality (

n∑
i=1

Γ
(mi)
q,k (xi)

) 1
u

≤
n∑
i=1

(
Γ
(mi)
q,k (xi)

) 1
u

(6)

is valid for xi > 0 and u ≥ 1.

Proof. We utilize the fact that
∑n

i=1 a
u
i ≤ (

∑n
i=1 ai)

u, for ai ≥ 0, u ≥ 1 together with the
generalized Minkowski’s inequality (4). Then by (2) we obtain(

n∑
i=1

Γ
(mi)
q,k (xi)

) 1
u

=

 n∑
i=1

∫ (
[k]q

1−qk

) 1
k

0
txi−1(ln t)miE

− q
ktk

[k]q

q,k dqt


1
u

=

∫
(

[k]q

1−qk

) 1
k

0

[
n∑
i=1

(
t
xi−1

u (ln t)
mi
u E

− q
ktk

[k]q
. 1
u

q,k

)u]
dqt


1
u

≤

∫
(

[k]q

1−qk

) 1
k

0

[
n∑
i=1

(
t
xi−1

u (ln t)
mi
u E

− q
ktk

[k]q
. 1
u

q,k

)]u
dqt


1
u

≤
n∑
i=1

∫
(

[k]q

1−qk

) 1
k

0

(
t
xi−1

u (ln t)
mi
u E

− q
ktk

[k]q
. 1
u

q,k

)u
dqt


1
u

=
n∑
i=1

∫
(

[k]q

1−qk

) 1
k

0
txi−1(ln t)miE

− q
ktk

[k]q

q,k dqt


1
u

=
n∑
i=1

(
Γ
(mi)
q,k (xi)

) 1
u

which completes the proof.
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Remark 2.5. In particular, by letting n = 2, m1 = m, m2 = n, x1 = x and x2 = y in
Theorem 2.2, we obtain(

Γ
(m)
q,k (x) + Γ

(n)
q,k (y)

) 1
u ≤

(
Γ
(m)
q,k (x)

) 1
u

+
(

Γ
(n)
q,k (y)

) 1
u
. (7)

In order to prove the next results, we need the following lemma which is known in the
literature as the weighted AM-GM inequality.

Lemma 2.3 ([8]). For i = 1, 2, . . . , n, let Qi ≥ 0 and λi ≥ 0 such that
∑n

i=1 λi = 1. Then
the inequality

n∑
i=1

λiQi ≥
n∏
i=1

Qλii (8)

holds.

Theorem 2.3. For i = 1, 2, . . . , n, let αi > 1,
∑n

i=1
1
αi

= 1 and mi ∈ N such that
∑n

i=1
mi
αi
∈

N. Then the inequality

exp Γ
(
∑n
i=1

mi
αi

)

q,k

(
n∑
i=1

xi
αi

)
≤

n∏
i=1

(
exp Γ

(mi)
q,k (xi)

) 1
αi (9)

is satisfied for xi > 0, where mi and
∑n

i=1
mi
αi

are even.

Proof. Let mi and
∑n

i=1
mi
αi

be even for each i. Then by (2) we obtain

Γ
(
∑n
i=1

mi
αi

)

q,k

(
n∑
i=1

xi
αi

)
−

n∑
i=1

Γ
(mi)
q,k (xi)

αi

=

∫ (
[k]q

1−qk

) 1
k

0
t
∑n
i=1

xi
αi
−1

(ln t)
∑n
i=1

mi
αi E

− q
ktk

[k]q

q,k dqt

−
n∑
i=1

1

αi

∫ (
[k]q

1−qk

) 1
k

0
txi−1(ln t)miE

− q
ktk

[k]q

q,k dqt

=

∫ (
[k]q

1−qk

) 1
k

0

n∏
i=1

t
xi
αi
−1

(ln t)
mi
αi E

− q
ktk

[k]q

q,k dqt

−
∫ (

[k]q

1−qk

) 1
k

0

n∑
i=1

1

αi
txi−1(ln t)miE

− q
ktk

[k]q

q,k dqt

=

∫ (
[k]q

1−qk

) 1
k

0

[
n∏
i=1

t
xi
αi (ln t)

mi
αi −

n∑
i=1

1

αi
txi(ln t)mi

]
1

t
E
− q

ktk

[k]q

q,k dqt

≤ 0

which results from (8). Thus,

Γ
(
∑n
i=1

mi
αi

)

q,k

(
n∑
i=1

xi
αi

)
≤

n∑
i=1

Γ
(mi)
q,k (xi)

αi
. (10)

Then by exponentiating (10), we obtain the result (9) concluding the proof.
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Remark 2.6. Upon letting q → 1 and k → 1 in Theorem 2.3, we obtain the result of Theorem
2.3 of [1].

Remark 2.7. Let n = 2, α1 = α2 = 2, x1 = x2 = x, m1 = m+s and m2 = m−s in Theorem
2.3, where m and s are even such that m ≥ s. Then we recover the result of Theorem 3.1 of
[10].
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