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Hermite-Hadamard type inequalities for p-convex

functions via fractional integrals

MEHMET KUNT® AND IMDAT ISCAN?

ABSTRACT. In this paper, we present Hermite-Hadamard inequality for p-convex functions in
fractional integral forms. we obtain an integral equality and some Hermite-Hadamard type
integral inequalities for p-convex functions in fractional integral forms. We give some Hermite-
Hadamard type inequalities for convex, harmonically convex and p-convex functions. Some
results presented in this paper for p-convex functions, provide extensions of others given in
earlier works for convex, harmonically convex and p-convex functions.
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1. Introduction

Let f : I € R — R be a convex function defined on the interval I of real numbers and
a,b € I with a < b. The inequality

() <5t [ e < L0 )

is well known in the literature as Hermite-Hadamard’s inequality [3, 4].
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For some results which generalize, improve, and extend the inequalities (1) see [2, 6, 8, 9,
13, 14, 15].

We will now give definitions of the right-hand side and left-hand side Riemann-Liouville
fractional integrals which are used throughout this paper.

Definition 1.1. [12]. Let f € La,b]. The right-hand side and left-hand side Riemann-
Liouville fractional integrals J3', f and J;* f of order o > 0 with b > a > 0 are defined
by
1/ o
T f@) = o [ =07 f0dt @ >0
1

b
J& f(x) = F(a)/z (t—2)* L f(t)dt, = <b

(o)
respectively, where I'(«) is the Gamma function defined by I'(a) = [ e~ "t~ 1dt.
0

Because of comprehensive application of Hermite-Hadamard type inequalities and frac-
tional integrals, many researchers extend their studies to Hermite-Hadamard type inequali-
ties involving fractional integrals not limited to integer integrals. Recently, more and more
Hermite-Hadamard inequalities involving fractional integrals have been obtained for different
classes of functions; see [1, 5, 11, 16].

In [6], Iscan give the definition of harmonically convex function and present the Hermite-
Hadamard inequality for harmonically convex functions as follows:

Definition 1.2. Let I C R\ {0} be a real interval. A function f : I — R is said to be
harmonically convex, if

ry
- v < —
Hority,) sttw+a-05@ 2
for all z,y € I and t € [0,1]. If the inequality in (2) is reversed, then f is said to be

harmonically concave.

Theorem 1.1. [6]. Let f: I C R\ {0} — R be a harmonically convex function and a,b € 1
with a < b. If f € Lla,b] then the following inequalities holds:

2ab ab b f(x a b
P20 < [Ny L0 .

In [11], Kunt et al. present Hermite-Hadamard inequality for harmonically convex func-
tions via fractional integrals as follows:

Theorem 1.2. [11]. Let f : I C (0,00) — R be a function such that f € L [a,b] where a,b € I
with a < b. If f is a harmonically convex function on [a,b], then the following inequalities
for fractional integrals holds:

P(25) <S5 () g, Gea) a4 Iy (Ten) )] < f<“)§f“(’;

1

with >0 and g(z) =1, z € [}, 1

b E] :
In [17], Zhang and Wan give the definition of p-convex function on I C R, and in [9], Iscan
give a different definition of p-convex function on I C (0, 00) as follows:
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Definition 1.3. Let I C (0,00) be a real interval and p € R\ {0}. A function f: 1 — R is
said to be p-conver, if

f(Ita? + (=) y17) < tf (@) + (1 =) f () (5)
for all z,y € I and t € [0,1].

It can be easily seen that for p = 1 and p = —1, p-convexity reduces to ordinary convexity
and harmonically convexity of functions defined on I C (0, 00), respectively.

In [2, Theorem 5], if we take I C (0,00), p € R\ {0} and h(t) = ¢, then we have the
following theorem.

Theorem 1.3. Let f: 1 C (0,00) = R be a p-convex function, p € R\ {0}, and a,b € I with
a<b. If f € L|a,b] then the following inequalities holds:

aP 4+ pp1Y/P b f(z a b
([520])eoe [ ety

For some results related to p-convex functions and its generalizations, we refer to the reader
to see [2, 7, 8,9, 13, 14, 17].

In this paper, we present Hermite-Hadamard inequality for p-convex functions in fractional
integral forms. We obtain an integral identity and some new Hermite-Hadamard type integral
inequalities for p-convex functions in fractional integral forms. We give some new Hermite-
Hadamard type inequalities for convex, harmonically convex and p-convex functions.

2. Main results

Theorem 2.1. Let f : I C (0,00) — R be a p-conver function, p € R\ {0}, « > 0 and
a,b € I with a <b. If f € LJa,b], then the following inequalities for fractional integrals
holds:

(i) If p > 0,

aP 1/p « a
([£32]") e g o1 -] < 520

with g(z) = z'/?, x € [aP,bP],
(ii) If p < 0,

aP 1/p a a
f ([ = ) < e [, (P00 @) 4 T (fog) )] < TOELD)

with g(z) = z'/P, x € [P, a?].

Proof. (i) Let p > 0. Since f : I C (0,00) — R is a p-convex function, we have, for all x,y € I
(with t = £ in the inequality (5) )

f<[mp+yp]1“’> @+

2 2

Choosing z = [ta? + (1 — ) b"]/? and y =[tb? + (1 — t) a?]"/?, we get
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; ({M} 1/p> . f ([tap+ (1—1) bp]l/p) +f <[tbp+ (1—1) ap]1/p>

5 5 : 9)

Multiplying both sides of (9) by 2¢t®~! and integrating with respect to ¢ over [O, %], we get

f ([ap;bp]l/p) a2i—1 < (bpr_(ﬁ)a [ gp%“ﬁ (fog)(¥) +Jgp%bp* (fog) (ap)}

that provides the left hand side of (7).
For the proof of the second inequality in (7) we first note that if f is a p-convex function,
then, for all t € [0, 1], it yields

1 1
£+ 0 —0p17) (1 + 0= 007) o)
2 - 2
Multiplying both sides of (10) by 2¢t*~! and integrating with respect to ¢ over [O, 1], we
get

I'(o) o o » L fla)+F(b)
B [P, (Fo0) )+ Ty (Fo0) ()] < oy 2
that provides the right hand side of (7). This completes the proof of i.

(ii) The proof is similar with i. O

Remark 2.1. In Theorem 2.1, one can see the following.
(1) If one takes p =1 and o = 1, one has (1),
(2) If one takes p = —1, one has (4),
(3) If one takes p= —1 and a = 1, one has (3),
(4) If one takes o = 1, one has (6).

Corollary 2.1. In Theorem 2.1, if one takes p = 1, one has the following Hermite-Hadamard
type inequalities for conver functions via fractional integrals:

/ (a;b> = 21150(&13)“ Tip fO)+Ten fla)] < W

Lemma 2.1. Let f : I C (0,00) — R be a differentiable function on I° and a,b € I° with
a <b, peR\{0} and « > 0. If f' € L[a,b] and w : [a,b] — R is integrable, then the
following equalities for fractional integrals holds:

(1) If p >0,

a 1/p a
f([ pgbp] >_21_1;(<bp+_13p>a[gpw+<fog><b”>+ﬂp-;“’—<f °9)@)] (1)

aP +bP

2

1 iyt o , b . ,
=21_a(bp_ap)a[/ap (=) (Fog) Wit~ [, "1 (fog)(t)dt]

with g(z) = 27, x € [aP, V7],
(ii) If p <0,

a 1/p a
f({ p;bp] >_21_5(<ap+_12p>a[3‘1’%<fog><a”>”%bp— (Feg)®)] (2
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—Qk%;_wwlji’u—wwuwm%wﬁ—/a mﬂ%wuow@mi

bp ap;bp
with g(z) = z'/P, x € [P, aP).
Proof. (i) Let p > 0. It suffices to note that

aP 4P bP

K= 21—« (bi — ap)a [/ap 2 91— (bi _ ap)ozdt - /aP;er (bp - t)a (f o g), (t) dt] (13)

aP 4P

2 bP
s, O o) Ol g [ 0 =" Foa)

P4bP
D
a 2

=K — Ks.
By integration by parts, we have

D pP
1 P 4bP al+b%

K= 5 = )" [(t —a’)* (fog) W)lw® — a/ T (t—a?)*  (fog)(t) dt] (14)

aP

aP 4P

aP 1/p o efo
=;fQ = )—%i%iﬂwwéwlp (1= )" (o) (0t

1 a? 4 b MP ['(a+1) a P
-3 ([*37] )—21_a(bp_ap)a iy (foa) ()

and similarly

bP
Ky = = bp — o) [ aP+bP +« ap+bp — )" ! (fog)(t) dt] (15)
e v o=
- ([ ")+ e v S Hfog) (0
a? + AR I'(a+ 1) o
:_7f 1 bp ) ap+bp+(fog) (bp)'
A combination of (13 (14) and (15) we have (11). This completes the proof of i.
(ii) The proof is sumlar with i. O

Remark 2.2. In Lemma 2.1, one can see the following.
(1) If one takes p =1 and a = 1, one has [10, Lemma 2.1],
(2) If one takes a =1, one has [14, Lemma 2.7].

Theorem 2.2. Let f: I C (0,00) = R be a differentiable function on I° such that f' €
Lla,b], where a,b € I and a < b. If |f'| is p-convex function on [a,b] for p € R\ {0} and
a > 0, then the following inequality for fractional integrals holds:

(i) If p > 0,
ap 1/17 o
T —
<210 (@) | @] + O (p) | ()]

— 21—a
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with g(z) = z'/P, x € [aP,bP],
(ii) If p < 0,

'f<[ap+bp]1/p>_ Llatl) { gp;bu(fog)(ap)nuj%bp_(fog)(b")]'

2 21=a (gp — pP)

<PV G I @] - o) | 0]

with g(z) = 2'/?, x € [bP, aP], where

p uott (1—u)*u

3 1
2
C Oé,p :/ du+/ du’
1 (@, p) 0 plua? + (1 — ) o] =07 1 plua? + (1 —u) b)=(/P)

_ 1 a+1
Cs (o, p) :/ (1-v) T du+/ (1-w) — du
0 pluar + (1 —u)br]' /P L pluap + (1 — ) b~ (/P)

Proof. (i) Let p > 0. Using Lemma 2.1-i, it follows that

([757]7) - i o e 00 2o o]

e 2
1 a[/p (=) |(Fog) O] de+ [ <w—wﬂuow%wm4

= 21— (pp — aP) At
’(tl/p>‘dt] .

woar [ 5 1 or 1
—a _oopya = e (41)p @
= o [ /a (t=a) =m (e77)ar+ [m;w (b =0 i
Setting t = uaP + (1 — u) bP and dt = (aP — bP) du gives
a? + PP I'(a+1) . . )
f@ 2] )—yﬂw_mw[w¢+uWﬂw+LTKUommﬂ (16)

o=

u

3 1
- b’;l— a” { f021p[uap+(1(_lu)b§y(l/p> 7' (fua? + (1 = u) v ij)‘du ]
s L ) B .
Jx v |1 (e + (1 -0 )‘d“
Since |f'| is p-convex function on [a, b], we have

(lwa? + (1= ) ]7) | < ulf (@] + (1= w) | ()] (17)
A combination of (16) and (17), we have

(59 - i e 00 e -0

@

W ar Jémwmzwywmwwm>+u—mwwmm
250 |l ()] + (1 - ) | () d

<

ua+1

2 1—u)u
b> —aP (f02 p[uaP+(1—u)bp]17(1/p) du + f2 p[ ual’-ﬁ-gl uibp]l (1/p) > ’f/ (a’)|
AATiagi 3 “(1—u ) 1
(W s du + [} ) 1 0)

0 pluar+(1—w)br)'~1/P) 7 pluap+(1—w)bp]t~(/P)
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= % [C1 (v, p) | £/ (@)] + Ca (a,p) | f/ (B)]] -

This completes the proof of i.
(ii) The proof is similar with i. O

Remark 2.3. In Theorem 2.2, one can see the following.
(1) If one takes p =1 and a =1, one has [10, Theorem 2.2],
(2) If one takes a =1, one has [14, Teheorem 3.3].

Corollary 2.2. In Theorem 2.2, one can see the following.
(1) If one takes p = 1, one has the following Hermite-Hadamard inequality for convex
functions via fractional integrals:

‘f <a;Lb> — 21F(£C(Vb+_13)a { %_'_f (b) + J@_ (Q)H < 4(boz—{—al) Hf/ (a)’ + }f’ (b) ] 7

(2) If one takes p = —1, one has the following Hermite-Hadamard inequality for harmon-
ically convex functions via fractional integrals:

’f< 2ab ) _r(;_tl) (bciba>a[ f{gmi)+(fog)(1/a)+J22‘;rbb_(fog)(1/b)H

a+b
]. b_a / !
< sors (o) 17 @1+ 7 o)),

(8) If one takes p = —1 and o = 1, one has the following Hermite-Hadamard inequality
for harmonically convex functions:

UGN= A Fw <5 (") I @i+ 1r ol

Theorem 2.3. Let f: I C (0,00) = R be a differentiable function on I° such that f' €
Lla,b], where a,b € I and a <b. If |f'|?, ¢ > 1, is p-convex function on [a,b] for p € R\ {0},
a > 0, then the following inequality for fractional integrals holds:

(i) If p > 0,

P 1/p a
'f ([ ;bp] > B 21_1;((bp+_13p)a @y (fog) () + g _(fog) (ap)]

Q=

(C5(@.p)' 7 [Cs () 1F' (@] + Cr (s p) 1 (B)[ )7 ]
+(Cs (a,p))' 7 [Co (e, p) £ (@)|* + Cao (c p) | £ (0)|) 0 |
with g(z) = 27, x € [aP, V7],

(i) If p < 0,

bP — aP
<
21—a

aP 1/p o
([£2]) - e o0+ e oo

aP — bP
< -

1 (=Cs (@,p))' " [~C5 (, p) |f' (a)|¢ = C7 (0, p) | (B)|9]
21—« |

|
+(=Cs (a,p))' "7 [~Cy (@, p) |/ (a)|" = Cuo (e, p) |f (8)|] 4 ] 7
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with g(z) = z'/P, x € [P, aP], where

1

2 u®
C’a,p:/ du, C’a,p:/ du,
() 0 plua? + (1 —u)be)t=0/P (@) plua? + (1 — u) oe] = /P

N
I
Q
+
—

1
2 (1—u) ' (1—u)®
C7 (a,p :/ du, Cs(a,p :/ du,
A ST SN IR MO s (1w
! (1 — u)a U 1 ( u)a—i-l
Cy (a,p —/ du, Cho(a,p —/ du
R A T L R S e T
Proof. (i) Let p > 0. Using (16), power mean inequality and the p-convexity of |f’|? it follows

that

H([252]") - o5t e 0001+ e o)

u®

1
2
< bP — aP |: fO p[uap_,_(l_u)bp]l*(l/z')

7' (fwa? + (1= w77 | du ]

2t~ 1 (1—uw)* , _ 1/p
* f% pluap+(1—w)bp] -~ 1/P) f ([uap + (1 —u) bP) ) ‘ du
% u® lig
< P —a? <f0 p[uap—&—(l—u)bp}l*(l/p) du)
- - 1
2l-a y f% u® i ([uap F(1-u) bp]l/p) ‘qdu 4
0 p[uaPJr(lfu)bp}l—(l/p)

1
1 (1—u)® 1—g
(‘[% p[uap+(1—u)bp}1—(1/p) )

1 ([uap + (1 —u) bp]l/p))qdu>;

1 (1—w)
8 (f% pluaP+(1—u)bp]' ~(/P)

q

1—1
1 a
< bP — aP (f02 p[uaP+(1—u)b:D]1’(1/P) du)

— 9l-a a1 "
< (1 s )| [ @ + (I3 o) 17 )

1 (1,u)a 1—E
(f% pluaP+(1—u)bp]' ~(1/P) du)

1 1—u)%u 1 1—y)*t!
x ((f 2 p[uap+51_u;bp]1*“/?> d“) ()l + (f 2 p[uap+(<1_3)bp]1*“/f’> d“) 7’ (b)’q>
_1 1
v —ar (%wwwqﬁMmMWMW+QWMU%WP].
279 |+ (Cs (@) 7 [Co (@, p) |f ()] + Cro (@, p) | (B)]
(ii) The proof is similar with i. O

[NIE

+

Q=

Q|

This completes the proof of i.

Corollary 2.3. In Theorem 2.3, one can see the following.
(1) If one takes p = 1, one has the following Hermite-Hadamard inequality for convex
functions via fractional integrals:

F("57) gy o @+ 73 s 0|

Q=
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b—a
S 217(1

+(Cs (@, 1))77 [Cy (1) |f (@)|7 + Cho (e, 1) | £ (b)]]7

(2) If one takes p =1 and o = 1, one has the following Hermite-Hadamard inequality for
convex functions:

(Cs (1)) 177 [Co (a, 1) | (@)| + C7 (o, 1) |f (B)|] 0 ]

-3

'f<a+b)_bia/:f(x)dx <23

— 1
q

1 @I+ 21 )7 ] |
217 @)+ 17 B

(3) If one takes p = —1, one has the following Hermite-Hadamard inequality for harmon-
ically convex functions via fractional integrals:

F(25) -t () g Ueo e + a3y (reg )|
o1 (b— ) (=Cs (,=1)' 74 [=Co (o, =) | (@] = C7 (o, =1) |f B)[*) 7 ]
T2 ab ) 4 (=Cy (0, —1) T Gy (0 1) £ (@) = Ca (o, 1) | (1))

(4) If one takes p = —1 and a = 1, one has the following Hermite-Hadamard inequality
for harmonically convex functions:

2ab ab [P f(x)
f<a+b) _ba/a x? d

(=05 (1= 1 [=Co (L =D |f (@) = Cr (1.=1) |f' (B)|)7 ]

b—a
S( ab > +(=Cs (1, 1)) 74 [=Cy (1, ~1) | f (@)|? — Clo (1, ~1) |/ (B)] ]

(5) If one takes a = 1, one has the following Hermite-Hadamard inequalities for p-convex

functions:
(i) If p > 0, /
ab + PP b fix
([557)7) w2 [ 450
C | (CE) TG @I+ Cr (L) I ) ] |
- +(Cs(1,p)' 77 [Co (1,p) |f' ()|” + C1o (1,p) | £ (b)| ]

(i) If p < 0,

‘ ([a“rbp]l/p) "f(=x ) 1
bp_ap a xl-p

(=G5 (1,p)' ™ (=G5 (1) ' @ = Cr (L p) |7 (O ]
+(=Cs (1,p)' 7 [=Co (L) IF (@) = Cuo (1) | (B

Q=

< (a” =)

Theorem 2.4. Let f : I C (0,00) = R be a differentiable function on I° such that f' €
L[a,b], where a,b € T and a <b. If |f'|?, ¢ > 1, is p-convez function on [a,b] for p € R\ {0},
1,1 o : : : .
a >0, R 1, then the following inequality for fractional integrals holds:
(i) If p > 0,

a 1/p e}
'f ([ p;b”] > B 21_1;((bp+_1¢2p)°‘ g, (fog) )+ Jarpw_([og) (ap)]
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<0 [ o (LGN 0 0yt (ST 0) >]
where

1

with g(z) = z'/P, x € [aP, bP],
(ii) If p < 0,

'f ([ap;bp]l/p> ) zl_l;(gf_l;p)“ oy, (£09) (@) + T (S 00) (bp)]'

u

i Tdu Co (a 7")—/1 (1= w® rdu
)bp]l (1/p) ’ 12 P - % P [uap 4 (1 _ ’LL) bp]l_(l/p) ’

< a;—_f” (Cis (a,p,r))% <|f’ (a)] '1‘83’f/ (0)] >q + (C1a (Oé,pﬂ“))% (Sf/ ) 8+ — )q]
where

w\»—-\

Cis (0 p,1) /é = 't Cutopr) = [ Sl p
a,p,T) = u, a,p, 1) = u,

v o \ —pluar + (1 — u) o) —/P) H —plua? + (1 — u) b =O/P)

with g(z) = z'/?, x € [bP, a?].

Proof. (i) Let p > 0. Using (16), Holder’s inequality and the p-convexity of |f’|?it follows
that

'f ([ap ; bp] Up) - 21}; (gf_l;p)a [ g, (fog) (V) + Tagr (fog) (ap)]

v | W e 1 (w0
— 11—« 1 u
2 + f2 p[uap+((11 u))bp] (1/p) ‘f, [uap T (1 N u) bp 1/p> ‘ du
— 1 1
1 o r r 1 q q
P i < 0 <p[uap+(1_uu)bp}1*“/m> d“) <f02 I ([““p+ (1= bp]l/p)‘ d“)
— 21704 1 ) r % 1 q 1
() G ) ) (f | (W (=) p) )| )
_ 1
o | (05 G e ) ) (il @)1+ (1= w) 1 0)]7du )
< b’; —a 0 \pluar+(1=wypr]' =077 1
1 —u)® r q
|+ (] G =) du) (fLulf @[+ (1 —u) |7 (b)) du)

1

_P-d <f0 (p[uazur 1- :)bp]l Wm) du>r <ng|f/(b)|q>;
+ (U (;o[uap+<(11—_uu))bp]1“/P>>rd“>i (W);

€ Gyt (LD (o 0,y (LS <b>|q>q] |

8 8

This completes the proof of i.
(ii) The proof is similar with i. O
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Corollary 2.4. In Theorem 2.4, one can see the following.
(1) If one takes p = 1, one has the following Hermite-Hadamard inequality for convex
functions via fractional integrals:

'f<a+b>_ T(a+1) [JM )+ 2 (G)HSH

(fwmwwwy
4

1
21=a (b — a)® 4(ar + 1) +(ﬂﬂ@%mﬂ@ga

(2) If one takes p =1 and o = 1, one has the following Hermite-Hadamard inequality for
convex functions:

()

(8) If one takes p = —1, one has the following Hermite-Hadamard inequality for harmon-
ically convex functions via fractional integrals:

(25) - () sy a4 azy (roa )|

1
Lf" (@) 7431 ()| ) «
) dx ( 4 )

— 1
T

(r + 1) N <3f’(a)q:|f’(b)|q)<1z

a+b

ot (59 (o, (o arory)

(4) If one takes p = —1 and o = 1, one has the following Hermite-Hadamard inequality
for harmonically convex functions:

2ab ab  [* f(x)
’f<a+b>_b—a/a x? de| <

1 <b—
- 1 ab> 3177 (a)| T+ ()7 7
4(r+1) + (U arer)s

(f’(a)l"ff/(b)");

(5) If one takes o = 1, one has the following Hermite-Hadamard inequalities for p-convex
functions:

(1) If p > 0,

r 1

f[ﬂ+wrm / o < (7~ a?) (Cua (1,pr)) (MEIEEE )
2 o ), | L (8 @I 3

|+ (O (1p, )7 (HHATHEOE)

(i) If p < 0,
: e

v<rw+wr@>_ p f() o] < (@ — ) (Cia (1,p,))+ (LLALALOL )1
2 P — qP l—p - 1 N 1

yoe e |+ (G (1,9, (WSO

Conclusion. In Theorem 2.1, new Hermite-Hadamard type inequalities for p-convex
functions in fractional integral forms are built. In Lemma 2.1, an integral identity and
in Theorem 2.2, Theorem 2.3 and Theorem 2.4, some new Hermite-Hadamard type integral
inequalities for p-convex functions in fractional integral forms are obtained. In Corollary 2.2,
Corollary 2.3 and Corollary 2.4, some new Hermite-Hadamard type inequalities for convex,
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harmonically convex and p-convex functions are given. Some results presented Remark 2.1,
Remark 2.2 and Remark 2.3, provide extensions of others given in earlier works for convex,
harmonically convex and p-convex functions.
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