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Nonlinear elliptic systems
with variable exponents and measure data

MOSTAFA BENDAHMANE® AND FARES MOKHTARI?

ABSTRACT. In this paper we prove existence results for distributional solutions of nonlinear
elliptic systems with a measure data. The functional setting involves Lebesgue-Sobolev spaces as
well as weak Lebesgue (Marcinkiewicz) spaces with variable exponents T/VO1 P (')(Q) and MP()(Q)
respectively.
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1. Introduction

Let Q be a bounded open set in RY (N > 2) with Lipchitz boundary 9. Our aim is
to prove the existence of at least one distributional solution u = (uy, ..., uy)" (m > 1)
to the nonlinear elliptic system

2o (2 2 e
— 83:1 : 78£El = ’ (11)
u=0, on 0,
where the right-hand side g = (uy,...,m) " is a given vector-valued Radon measure

on ) of finite mass.
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We assume that the vector fields o; : @ x R™ — R™, [ = 1,..., N, satisfy the
following conditions concerning continuity, coercivity, growth, and strict monotonicity:

o1(z, &) is measurable in x € Q for every £ € R™ and

oi(x, &) is continuous in £ € R™ for a.e. x € ;
o2, €) - €> e [€) — o, V(2,6) € A X R™;
p()
o1, Ol < PO Bl V(@) € QxR he LIDT(QR™); (12)

and for all z € 2, and all £,&" € R™,

. /p(m)’ i 22’
<W@ff—m@£W-@—e>z{wai# if p(a)

Llel+ler2P@)

if 1 <p(x) <2, (1.3)

for some positive constants ¢, ¢a, ¢}, c3, c4. We assume that the variable exponents p(-)
is continuous function on €2 and

1 _
2—N<p(:c)<N, Vo e Q. (1.4)

Note that this condition is classical (this can be found in [5] and [8] for single and
system of elliptic equation, respectively, with constant exponents (p(-) = p constant)).
Under the assumption (1.4), this work proves existence and regularity solutions for
distributional solutions. Inspired by this work, we extend the result on the previous
work of Dolzmann et al [8] to the nonlinear elliptic systems with a measure data and
with variable exponents. The existence result and the method rely heavily on the paper
[8]. To our knowledge, the system (1.1) with variable exponents is new and has never
been studied before.

One of our motivations for studying (1.1) comes from applications to electro-rheological
fluids as an important class of non-Newtonian fluids (sometimes referred to as smart
fluids). The electro-rheological fluids are characterized by their ability to drastically
change the mechanical properties under the influence of an external electromagnetic
field. A mathematical model of electro-rheological fluids was proposed in [12, 13].
Other important application is related to image processing [6] where this kind of the
diffusion operator is used to underline the borders of the distorted image and to elim-
inate the noise. We mention also that our space appears in the study of the elasticity
[17] and of the calculus of variations with variable exponents [1]. The study of (1.1)
is a new and interesting topic when the data is measure data. The scalar case (m=1)
and L' or measure data, can be found in [4, 11]. If m = 1, u € L*(Q), and under
the additional hypothesis that the variable exponent p(:) > 1 is log-Hélder continuous
(2.1), similar results are established in [14] and references therein. We cite the papers
([2],[15],[16]) and references therein (m = 1), where other types of elliptic problems
were also considered. The classical case p(x) = p (a constant), was treated in [8] for
the isotropic case (see also [3] for the anisotropic case). In this paper we will use the
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so-called (right-)angle condition:
Ve € Q, V¢ € R™, and Va € R™ with |a| < 1,
oz, ) - [I—a®a){] >0, l=1,...,N,
where (I — a ® a) is the rank m — 1 orthogonal projector onto the space orthogonal to

the unit vector a € R™. If 0,;, ¢ = 1,...,m, denotes the components of the vector oy,
then the angle condition can be stated more explicitly as

(1.5)

> o, )80 — aiaz) > 0.
ij=1

A prototype example that is covered by our assumptions is the p(z)-harmonic, system

N
)
_;a_xl(

We would like to stress that the method used in the constant case [3, 8] cannot be
applied here because the operator and nonlinearity are not homogeneous. The essen-
tially difficulties introduced in extending the results of single equation to systems, is
to obtain truncation estimate, since truncation behaves quite differently for scalar and
vector functions. As the exponent which appear in (1.6) depends on the variable z,
the functional setting involves Lebesgue and Sobolev spaces with variable exponent
LPO(Q) and W, “)(€). The existence of the solutions to the non-Newtonian fluids
model with regular data (in L) will be the subject of a forthcoming paper (recall that
there is no result for Navier-stokes equations with source and initial measure data).

In this paper, we prove the existence of a solution to (1.1) where the variable ex-
ponents p(-) is assumed to be merely continuous function. The proof is based on the
usual strategy of deriving a priori estimates for a sequence of suitable approximate
solutions (u.)o<e<1 (for which existence is straightforward to prove) and then to pass
to the limit as ¢ — 0.

The remaining part of this paper is organized as follows: Section 2 is devoted to
mathematical preliminaries, including a brief discussion of Sobolev spaces with variable
exponents. We also prove a weak Lebesgue space estimate that will be used later to
obtain a priori estimates for our approximate solutions. The main existence result is
stated and proved in Section 3. Finally, in Section 4 we discuss some extensions.

ou

p(z)—2 ou
o ) _ (1.6)

o

2. Mathematical preliminaries

We recall in what follows some definitions and basic properties of the generalized
Lebesgue-Sobolev spaces LPO)(Q), W0 (Q) and Wol’p(')(Q), where () is an open sub-
set of RY. We refer to Fan and Zhao [9] for further properties of variable exponent
Lebesgue-Sobolev spaces.

The continuous real-valued function p : Q — [1, +-00) satisfies the log-continuity if

Yo,y €Q, Jo—yl <1, Ip(x)—py)| <w(lz—yl), (2.1)
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1

where lim sup w(a)In (—) < +00. Let p~ = minp(z) and p* = maxp(z). We define
a—07t Q €N e

the variable exponent Lebesgue space

LPO(Q) = {u : 2 — R measurable | / |u(z) P de < oo} .
Q

We define a norm, the so-called Luxemburg norm, on this space by the formula

@)
: u(x)[?
[ull o) = llully) = inf {M > 0; / dr < 1} .
Q

The following inequality will be used later

W
rmnﬁmM@Jmma}fiLmeW”dxﬁnmxﬁwmwﬁmﬂa}- (2:2)

If p~ > 1, then LPO)(Q) is reflexive and the dual space of LP()(Q) can be identified with
1 /
] = 1. For any u € LPV)(Q) and v € LP)(Q) the Holder

LP0(Q), where —
(©) p() P
/ uv dx
Q
holds true.
We define also the variable Sobolev space

type inequality
WLp(-)(Q) = {u c Lp(')(Q) o |Vu| € Lp(')(Q)}’

which is a Banach space under the norm

—_

—~

1 1
S(—+?JW%MWM) (2.3)

-

[ullwroe @) = [lullo) + [[Vullpe

1,0(-) 7oy ARl () : _ 1,p(-)
We define also W, (2) := C(Q) . Assuming p~ > 1 the spaces W'?\)(Q)

and W, “)(2) are separable and reflexive Banach spaces.

Remark 2.1. Log-continuity condition (2.1) is used to obtain several regularity results
for Sobolev spaces with variable exponents; in particular, C>(Q) is dense in W1P()(Q)
and WP () = WP0(Q) N W'(Q). Moreover, if p satisfies the log-continuity (2.1)
and 1 < p~ < p* < N, then the Sobolev embedding holds also (see e.g. [7] for more
details) W0 (Q) c LP"0)(Q).

Definition 2.1. Let ¢(-) be a measurable function such that ¢ > 0. We say that a
measurable function u belongs to the Marcinkiewicz space M) (Q) if there exists a
positive constant M such that

/ 1) g < M, for allt > 0.
{lu[>t}

We remark that for ¢(-) = ¢ constant this definition coincides with the classical
definition of the Marcinkiewicz space M(€2).
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Lemma 2.1. Let p(-) be a continuous function on Q and g a nonnegative function in
Wol’p(')(Q). Suppose p(-) < N, and that there exists a constant ¢ such that

/ IVg[P™ dz < c(y+1), ¥y > 0. (2.4)
{9}

Then there exists a constant C, depending on c, such that

/ 1@ dp < C, Vt>0.
{lg|>t}

for all continuous functions q(-) satisfying

1<q(x)<w

< N —p() Vo eQ (2.5)

Proof. First, let ¢* be a constant satisfying
N(p(z) —1)  N(p~—1)

1<q* <I;l€1§121 N—p@) - N—p (2.6)
Using the techniques of proof of in [8] for the constant case, we have
Np—-1)
geE M N (Q), (2.7)
and we can therefore conclude that
lollapse @y <€ forall 1<q7 < 1)
-P
for some C' > 0. In particular, there exists a constant C’ > 0 such that
gl < C. (2.8)

Now let us consider a continuous variable exponent qi) on Q satisfying the pointwise
estimate (2.5). By the continuity of p(-) and ¢(-) on 2 there exists a constant § > 0

such that
N -1 _
max  ¢(y) < min Nply) = 1) for all x € Q. (2.9)
yEB(2,0)NQ veB@omm N —p(y)
Observe that Q is compact and therefore we can cover it with a finite number of balls
(Bi)i=1.. k- Moreover, there exists a constant a > 0 such that

We denote by ¢;° (respectively p; ) the local maximum of ¢ on Q; (respectively the local
minimum of p on ;). By (2.4) and the fact that p; < p(x) on €, we have for v > 0

/ VT (g

In view of (2.8) and (2.10), we deduce

Twl< S T= 17 [ D). 212

WP de < Cy(v+1), i=1,... k. (2.11)

(67
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By Poincar-Wirtinger inequality and (2.12), we obtain
HTV(Q)HL;);*(QZ,) < G+ G| VL (9)

- LPi ()

so that, by (2.11), we get for all v > 1:

—* %

P; P;
/ T, (g)" < Co+Crymi <Cgymi .
Q;

Put
Ng(V) = Hoe e Qi o Jg(@)] >}, v>0, i=1,...,k
N(p] —1)

Taking into account that [X!(y)| < Qy ¥ for all v < 1, we get

N _ N(p; -1
A7) <A7P /IT Wi de < Cgy NP, Vy>0,Vi=1,... k.

Finally, since ¢;" > ¢g(x) for all z € Q; and all i = 1,..., k, the proof of Lemma 2.1 is
completed. 0

2.1. Truncation function. For any v > 0, define the spherial (radially symmetric)
truncation function 7%, : R™ — R™ by

Tey={n sy (2.13)
K s il >

This function will be used repeatedly to derive a priori estimates for our approximate
solutions. Observe that

I, if |r| <7,
DT =
() {V (I - %) if |r| > .

In particular, (1.5) implies for all £, € R™ the crucial property
o(x,§) - DT,(1)§ > 0(2,€) - E Xprj<ys [ =1,..., N. (2.14)

We refer to Landes [10] for a discussion of T, and other test functions for elliptic
systems, which indeed is a delicate issue.

3. Existence of a solution

3.1. Statement of main theorem.

Definition 3.1. A distributional solution of (1.1) is a vector-valued function u : Q —
R™ satisfying
ou

ue W (GR™), oz, a—m)eﬂ(ﬂ R™), I=1,...,N, (3.1)
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and for all p € C°(;R™),

6u 890 /
o dr = du.
/QZ ! 6513l 83:; Q L

=1

Theorem 3.1. Suppose (1.2)-(1.5) hold. Let pn = (1, ..., ftm) ' be a Radon measure on

Q of finite mass. Then there exists at least one distributional solution u = (uy, ..., Uy)"
of (1.1). Moreover,
) _
we MIOOR™), — e MIOQ;R™), Vi=1,..,N, (3.2)

for all continuous functions q(-) and q(-) such that
N(p(x) = 1)
N —p(z)

N(p(z) — 1)
—N 1 Vo € Q. (3.3)

1 <q(z) < and 1 <gq(x) <

2. Approximate solutions. Let (f.)o<c<1 C C2°(©;R™) be a sequence defined by
fe = prw,, where w, (z) = Zrwo(£) > 0 and wy is a nonnegative function in C°(B(0, 1))
with [wydx = 1. It is always understood that e takes values in a sequence in (0, cc)

tending to zero. Clearly,

£ <Ce) and / £l de < |,

(3.4)
f- = p in the sense of measures as € — 0.
Then the result in [4], provide us with the existence of a sequence of functions
(Ue)o<e<1 C Wol’p(')(Q%Rm),
each of them satisfying the weak formulation
/QZal ng : gfl dz = /Qfs cpdr, Y € WO R™). (3.5)

=1
Now the proof of Theorem 3.1 consists of two main steps. First, we prove e-uniform

estimates in weak Lebesgue spaces for u. and Vu,.. Second, we pass to the limit in
(3.5) as ¢ — 0.

3.3. Uniform estimates.

Lemma 3.1. There exists a constant c, not depending on €, such that
/ IVue /™ do < c(v+1), Vv >0. (3.6)
{luel<}
Proof. Inserting ¢ = T, (u.) into (3.5) gives

/Zaz 8u5 - DT, ( 8u€ /fe'
Q

Using (2.14) and the coercivity condition in (1.2), we obtain (3.6). O
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Lemma 3.2. There exists a constant C, not depending on €, such that
/ @ dy < C, Yt>0, (3.7)
{luc|>t}

and
/ 1@ dr < C, VYt>0. (3.8)
{|Vue|>t}

where the variable exponents q(-) and q(-) are defined in (3.3).
Proof. By Lemma 3.1 and |V]u.|| < |Vu,| yield

/{l - IV |ue| P de < Co(y + 1).
Ue 7’)/

Applying Lemma 2.1 to |u.| we obtain (3.7). For the proof of estimate (3.8), we start
by the case

. N -1
P 3.9
¢" <7 (3.9)
Following [8], we obtain
Mvu (@) = {2 €Q : [Vu| > a}| < Croa™ 1, a>0. (3.10)
This proves that
‘8“6 <Cy, i=1,....N.
0% || st ()

Now let us consider a continuous variable exponent g(-) on € satisfying only the point-
wise estimate

~ N(p(x) —1) _
1< 7 Q.
By the continuity of p(-) and ¢(-) on € there exists a constant ¢’ > 0 such that
N -1 _
max  ¢(y) < min M for all x € Q.

yeB (2,80 yeB@one N —1

.....

. . . N(p(z) —=1) _ N(pi —1)
4+ — ? e .
q —ﬁ%q(rﬁ)ﬂgl{% N1 - N7 =Bing

Arguing locally in (3.10), we obtain

N(p;
H{x € Q;: |Vue| > a}| < Cppa™ 71 | a>0.

Finally, we get

k
/ @ dz < k|Q| + Z/ o% dx < Cys.
{|Vue|>a, 2z} i=1 7 IVue|>a, zeQ;}

This ends the proof of lemma. 0
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Remark 3.1. Note that the result obtained in Lemma 3.2 also holds for any measurable
function ¢ : Q — [1,4+00) (resp. ¢: © — [1,+00)) such that

b := ess ;2&(% — q(x)>> 0, <resp. b := ess ;23(% — Ej(x))> O>

In fact, in this case there exists a continuous function s(-) (resp. s'(+)) such that

s(x) > q(x) (resp. s'(z) > q(z)) for almost every x €

and
gg(%—s(w))(> b/2) >0, <resp. gg(% — 5'(x))(> b/2) > O> :

From Lemma 3.2, we deduce the bound of u. in M**)(€; R™) and the bound of Vu, €
MFO(Q;R™). Finally the result follows from to the continuous embedding M*() ()
into M40)(Q) (resp. MO (Q) into MI)(Q)).

3.4. Strong convergence. From Lemma 3.2, u, is uniformly bounded in L*®) (€; R™)
for some continuous ~fumctions so(+) < N]E,#;(f)l) with so(-) > %, and ‘g—ZZ is uni-
formly bounded in L9 (€;R™) for all i = 1,..., N and some continuous functions g(-)
such that

N(p(z) —1)

N —1
From this we get that wu. is uniformly bounded in the Sobolev space
Wy (3 R™), s = ming(x).

z€Q

max{p(z) — 1,1} < q(z) < , x €.

Consequently, we can assume (without loss of generality) that as ¢ — 0
ue — u ae. in  and in L*(Q; R™),

u. —u in Wy (Q;R™),

ou ou

S —| =k in L5(Q l=1,...,N
n  my| T L), SRR (3.11)
GI(ZE, 5Ua) — B in Lpggzl(Q;Rm), l=1,...,N,

81‘[

* .
fe = pin the sense of measures on ().

Herein, the convergences obtained in (3.11) are not strong enough if we want to pass
to the limit € — 0 in the nonlinear system (3.5), and the proof of Theorem 3.1 will be
completed by Lemma 3.3 below. To prove this lemma we follow closely the argument
used in [8] for the p-harmonic system, which is based on using a regularized test function
and a localization procedure to handle the problem that u does not in general belong

to the Sobolev space Wy (0, R™).
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Lemma 3.3. Forl=1,...,N, as ¢ — 0 we have

ou

oi(z, 8_6) — oy a.e. in Q and in L*(Q;R™). (3.12)
Xy

ou )
’ 8xl
Proof. The main part of the proof consists in showing that

h(x) =0 forae xz€Q, [=1,...,N, (3.13)

where h; is defined in (3.11). Suppose for the moment the validity of (3.13), and fix
any one of the directions [ = 1,..., N. Then, by Vitali’s theorem,

ou, ou

— — in LY(Q;R™),
al‘l 8$l ( )
and, after extracting a subsequence if necessary, % — g—; a.e. in 2. From this we
als?( )have oy (:c, %) — 0o (x, g—;) a.e. in Q. As oy (x, g%él) is uniformly bounded in
at.
LrO=1(Q;R™), by (2.2), Vitali’s theorem gives
ou ou
oz, —) = o)(z, —) in L'OQ;R™),
l< al‘l) l< al'l) ( )

for any continuous function ¢ such that 1 < ¢(-) < p(q_g'zl, which proves (3.12).

We now set out to prove (3.13). Choose a nonnegative function a € C*([0,00) N
L>([0, 00)) such that a(t) =t for ¢t € [0,0] for some 6 > 0, &/ > 0, and o/ (t)t < «a(t) for
all t > 0 (see [8] for an explicit example of such a function). Then define the function
P R™ — R™ by

r

U(r) = mOl(l?“l),

and note that ¢(r) = r when |r| < §. We also need two scalar functions 7, ¢ of the
following type:

neCPM®R™), 0<n<1, supp(n) Cl0,9),

seczm®), 0<o<t [od-1

In what follows, let us fix any one of the directions [ = 1,...,N. Denoting by v
a comparison function in C'(Q;R™) (to be chosen later), we proceed by using the
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triangle and Holder inequalities:

ou.,  Ou

/Ql 1 or  om n(u. —v)pdz
ou. Ov ov ou
< _ 27 _ - _ 27 _
- /QZZI: 8Il c%l v (ﬁdl‘—l—/z 8901 8901 U)¢dx
N
ou. Ov 1 1
<2 —— Ug — U p(@) Ue — V)P) P @
<23 |5 g | e 00| | =vp0) 7 |
N
ov ou
+/Z 9 Do n(u. —v)pdx
Qi 19T 4y)
<22N:max{A”l+'A”1_}maX{Bl_”1+' - } /XN: @—% u. — )P dx
>~ - € y4le € ) - 81‘[ 81‘l
where
p(z)
Aez/ Oue _ 9v n(ue —v)pdr and BE:/n(uE—v)¢da:.
Q Q

81‘[ B 81’[

Equipped with this and (3.11), using in particular that u. — u a.e. and the fact that
n, ¥, D are continuous and bounded functions, we deduce

N N
a4 g1 ov  Ou
<2 max < L;»"; L;»~ » max B' P*;B1 P +/ — — — | n(u—v)opdx,
lz:; { ! ! } { } Q; 8:)31 8931 ( )( )
3.14
where
= Li(n,¢,¢) :=limsup A, and B = / n(u —v)pd.
e—0 Q
Put

={zeQ|px)>2} and Q={recQ|1<p(x) <2}
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We must analyze L;, and start with the case p(z) > 2. By (1.3),

p(z)
Ju. Ov (e — )6 di

ou, ov Oou. Ov
< /Q1 z:: (Ul(x’a_:vl) _JZ(LG_@)) : <3xl — a—ﬂ)n(ug —v)pdr
. du. du N O(ue —
< /QZ (01(3:', a—zl) - 01(95, a—;}l)> ’w(g—%lv)n(uE —v)pdx

al Ou.\  0Y(u: —v)
Z/QZUI(SU, axl)' Bz, ¢ dx

— /Q ;az(@", g;j) : 81/1(;;— v) (1 = n(ue —v))pdx
ol ) (e = gy e~ o
._.Eas+—555+-5%5__12(), (3.15)
On the set where 1 < p(z) < 2, we write
ou.  Ov |P@

' n(us —v)¢dr

aue 81) )p(z) p(z)(2—p(x))

( oz, O p@) | 2-p(2) 8u€ ov 2
ey ((ue —v)@) 2 2 ( dz

8331 _8_:1:1

:/92

J,

(aug R @>; oz, | " |0z,
ox; ox;
< du. v >p(w)
ox; oxy p(z)
<2 ey (e = v)¢) 2 X
Oue v
( dz; ) L2/P()(9y)
a M
Ue ) ( 2-p(x)
n(ua - U)¢) 2
H on 8:61 £2/C2=p(0))(Qy)

< 2max {wzfe /2, " /Q}max {wés P2, wgi‘p”/?}
(3.16)

where

Oue _ v
oxy oxy

)2—10

( )77(u6 —v)pdx,
ov *

Oue Ov.
oxy

ox; +

wlg/%(
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Woe = / (au8 +
2e 0, 81’[

We employ (1.3) instead as follows:
ou. v |P@

and
ov

o

p(x)
) ne — )b de.

_ . — d

/QQ Ox; O n(u v)g du
< 2max {c;p_/zE(g)p_/Q;c;p+/2E(€)p+/2} (3.17)

% max {wé /2 2 )/2}
Thanks to (3.5),
aua d¢

Ere= [ [ - dx—/ o u. —v)—=— du. 3.18
o= [ g vtu =00 Ql;‘l o) )20 (318)

To estimate F,. note that

Do) = o)+ 2 (1= 5,

[

so that
o(x,&) - D(r)€ >0, V¢ reR™.
This follows from (1.5), since
_ o(lr]) o/(|r)) |r[\ rer
Ul(xvf) : D¢<T)§ - |T| Ul(x7§) ’ (I - |:<1 - a(|7‘|) > |T|2 :|> 5,

where the term inside the square brackets can be written as a ® a for some a € R™
with |a| <1 (recall that o/(t)t < «(t)). Hence

/QZ(” 8u5 ) - Dy (ue )88_:2(1 —n(u: —v))pdr. (3.19)

=1

Since u. — w a.e. and 1, ¥, D are continuous and bounded functions, we deduce from

(3.15), (3.18), (3.19), and (3.6) that
N
Ly 3sup|w|/¢du—/zﬁl-w<u—v>§—idx

/QZBZ Di)( u—v)g—(l—n(u—v))qﬁdz

=1

81} 8u ov
/QZUZ ) (e = Gyl =)o ds (3.20)

=1
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where

ou. v |’
o 8_xl n(u. —v)pdz

L = Lin(n, ¢,) = lim SUP/ c3

e—0

and

ou.  Ov |P@
on  on n(u. — v)ode.

Next, we specify the functions v, n, ¥, ¢. Fix any point x = a € ) that is simultane-
ously a Lebesgue point of g—;, hi, B;, 1 =1,..., N, and the measure p. Choose v as the
first order Taylor polynomial of u around x = a:

v(z) = u(a) + Vu(a)(z — a),

Liy = Lip(n, ¢,v) = lim SUP/
Qo

e—0

and replace ¢, 7,1 in the above calculations by the following functions:
/T ~ 00 ~ _
1p(r) = 'fz(;), 1€ CE(B(0,1)), lpoy

1 ~x—a Oo
6p(r) = 6(0), e (B /¢

and ¢,(r) = p@Z(%) Denote by L;i(p) (resp. Lp(p)) the corresponding L;; (resp.

Liz(p)), that is, Lin(p) := Lu(1p, ¢p,¥p) (resp. Lia(p) := Lia(1p, ¢, ¢p)). We deduce
lim sup L;;(p) = 0, since as p — 0,

p—0
1 / U — v
_ dx — 0,
|B(a7 p)l B(a,p) 1Y
N

1 ou ov
_ dx — 0,
1B(a, p)| JBap “= dx, Oy

1
L d
|B(a, p)| /B<a,p Z Al a)l dv =0,

where the second and third terms in (3.20) tend to zero as we have

0
82 (’)( P 1—np(u—v):(’)( P

U—U)7 u—v).

wp(u - U)
The first term tends to zero since

lim sup u(B(a, p))/p" < oo,
p—0

and thus
wWMA%WSWM%WWW
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In the case p(x) < 2, we also use that the term max {wéi_pi)ﬂ;wéi_pﬂm in (3.17)

stays finite in the above localization procedure to obtain limsup Ljs(p) = 0. Since
p—0

1
S — h d
|B<a,p>|/B<a,pZ" @)l dv =0 asp=0.

it follows, via (3.14), that h(a) = 0. This completes the proof of (3.13), and hence the
lemma. O

Remark 3.2. Since Q is bounded then (3.2) implies in particular that
ue ﬂ W Q).

s(- )< ( ) 1
Remark 3.3. Remark that in the constant case [8], by (2.7) and (3.10), we have
Ou,

N(p—1
Oz; MoN—T (C;R™)

el wp-n <C and
M N=p (Q;R™)

<O, i=1,...,N.

Then (1.1) has at least one weak solution u, possesses the reqularity

0 p—
5 (O R™), 2L e MUV (Q;R™), i=1,...,N.
83@
For the nonconstant case, it remains an open problem to show that
8 P 1
we MO (QR™), e MY (@ R™), i=1,...,N,

85Ei
where p(-) is defined in (1.4).

4. An extension

In this section we show that the results obtained for (1.1) can be extended to more
general elliptic systems of the form

Z 0 Ju
u=0, in 0,

where the vector fields o1, ...,y are as before and f = (f1, ..., fm)T € LY(Q;R™). We
assume that the nonlinearity g(z,7) : © x R™ — R™ is measurable in = € Q for all
r € R™, continuous in r for a.e. x € €2, and satisfies the following conditions:

g(z,r)-r>0, VreR™,
sup {[g(z,7)| : [r| <7} € LY R™), VT €R.
g(z,r) - (r—7")>0, Vr,r € R™with |r| = |/|. (4.4)
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A prototype example of (4.1) is provided by the equation

2 Ou
B Z 8ml

81’[
for some positive functlon 0 € L>(Q).

Remark 4.1. Remark that (4.2) and (4.4) are equivalent if m = 1.

o) +0@)ul"Du = f,

6xl

Definition 4.1. A distributional solution of (4.1) is a function u : @ — R™ such that
(3.1) and g(z,u) € Ll(Q'Rm) hold, and YV € C°(Q2; R™)

8u 8@ / /
dz + Ju)pde = d
/ S o o) gedrt [ gwweds = | ofta)ds

=1

Our main result is the following.

Theorem 4.1. Let f € L*(;R™). Then, under the assumptions stated above and in
Section 1, (4.1) has at least one distributional solution u. Moreover, u has regularity
as stated in (3.2).

Proof. Let (f.) be a sequence of bounded functions defined in €2 that converges to f in
L' (2;R™), and which verifies

[f:l < Ce) and  |f] < |f]
Then, by classical arguments, there exists a sequence of approximate solutions (u.)o<c<1
satisfying for all ¢ € Wol’p(')(Q; R™):

/ ial (w, auE (9<p dr + / g(x,u.) - pdr = / fe-pdr. (4.5)
Q —1 axl axl Q

Setting
lgi (z,ue ) if (QZ u ) £ ()
=) giwaue) o MY Ue = (a1, am) T g = (1, gm)T
al {1, if gi(z,us) =0’ a= (. am)’ g= (g0 gm),
by (4.4), we obtain
Nu, N ||
g(z,u)— — |g(x,u.)| = — (g(x,ug) : <u5 - —a)) > 0. (4.6)
e | e | N

Choosing ¢ = T, (u.), v > 0 as test function in (4.5), it follows from (4.2) and (4.6),
that
N

C1 /
lz:; {lue|<v}

Combining (4.7) and Lemma 3.2, we have for all £ > 0

aug p(x)
8;1:,

/‘)/
dor 2 [ glea o< AT (4D
{lue[>~} Q

/ 19 4y < O, 1@y < 1=1,...,N,
Jue| >t |G >t
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where C' is a constant independent of £ and ¢(-) and ¢(-) are defined in (3.3). Conse-
quently, we can assume without loss of generality that the convergence in (3.11) hold
for our sequence (u.)p<e<i. Using (4.7) and (4.3), we deduce

/ 9w, u)| de < C,
Q

where C' is a constant independent of . By (4.7) and (4.3) we obtain that g(z,u.) is
equi-integrable in . Then in view of Vitali’s theorem, g(x,u.) converges strongly in
LY (;R™) to g(z,u). The proof of Lemma 3.3 remains more or less unchanged, except
that the term Fj. rewrites in our problem (4.1) as

/ Fob(u. — )b da /ﬂ o, u ). — v)é dz

8u5 0¢
/QZ o (@ ax, Y(ue — )(91’1 dx, (4.8)

=1

and estimate (3.20) rewrites as

L <swlol ([ osda [ lote.w]odo)

G- Y(u —v) agbdaz:
[ Sae

=1

/QZ/BI Dy ( u—v)g—(l—n(u—v))qﬁdm

=1
81} (9u ov
—_— - — dz. 4.9
/{;ZUI 81’[ 8xl 8xl) (U U)¢ v ( )
Letting * = a be a Lebesgue point simultaneously of f, g(z,u), h, u, Du, and § =
(B1,...0BN), we can proceed as in the proof of Lemma 3.3. O

Acknowledgment

The authors would like to thank the referee for his comments and suggestions. M.
Bendahmane is supported by the Moroccan project FINCOME.

References

[1] E. Acerbi and G. Mingione. Regularity results for a class of functionals with non-standard growth.
Arch. Ration. Mech. Anal, 156:121-140, 2001.

[2] E. Azroul, M. B. Benboubker and M. Rhoudaf. On some p(z)-quasilinear problem with right-hand
side measure. Math. Comput. Simul, (102):117-130, 2014.

[3] M. Bendahmane and K. Karlsen. Anisotropic nonlinear elliptic systems with measure data and
anisotropic harmonic maps into spheres. Electronic Journal of Differential Equations, 1-29, 2006.



[4]

ELLIPTIC SYSTEMS WITH VARIABLE EXPONENTS 125

M. Bendahmane, P. Wittbold. Renormalized solutions for nonlinear elliptic equations with vari-
able exponents and L!-data. Nonlinear Analysis TMA 70(2):567-583, 2009.

P. Benilan, L. Boccardo, T. Gallouet, R. Gariepy, M. Pierre, and J. L. Vazquez. An Ll-theory
of existence and uniqueness of solutions of nonlinear elliptic equations. Ann. Scuola Norm. Sup.
Pisa Cl. Sci. (4), 22(2):241273, 1995.

Y. Chen, Slevine, and M. Rao. Variable exponent,linear growth functionals in image restoration.
STAM J. Appl. Math., 66:1383-1406, 2006.

L. Diening. Riesz potential and Sobolev embeddings of generalized Lebesgue and Sobolev spaces
LPC) and WF»(), Mathematische Nachrichten, 268(1):31-43, 2004.

G. Dolzmann, N. Hungerbiihler, and S. Miiller. Non-linear elliptic systems with measure-valued
right hand side. Math. Z, 226(4):545-574, 1997.

X.L. Fan and D. Zhao. On the spaces LP(®)(U) and W) (U). Math. Anal. Appl, (263):424-446,
2001.

R. Landes. Test functions for elliptic systems and maximum principles. Forum Math, 12(1):23-52,
2000.

F. Mokhtari, K. Bachouche, and H. Abdelaziz Nonlinear elliptic equations with variable exponents
and measure or L™ data, Journal of Mathematical Sciences: Advances and Applications 35:73—
101, 2015.

K. Rajagopal, M. Ruzicka. Mathematical modelling of electro-rheological fluids. Contin. Mech.
Thermodyn, 13:59-78, 2001.

M. Ruzicka. Electrorheological fluids:modeling and mathematical theory, Springer, Berlin. Lec-
ture Notes in Mathematics, 1748, 2000.

M. Sanchén and J.M. Urbano. Entropy solutions for the p(x)-Laplace equation. Trans. Amer.
Math. Soc. 361:6387-6405, 2009.

C. Zhang and S. Zhou, Entropy and renormalized solutions for the p(z)-Laplacian equation with
measure data, Bull. Aust. Math. Soc. 82:459-479, 2010.

C. Zhang, Entropy solutions for nonlinear elliptic equations with variable exponents, Electronic
Journal of Differential Equations. 92:1-14, 2014.

V.V. Zhikov. On the density of smooth functions in Sobolev-Orlicz spaces. Zap. Nauchn. Sem.
S.-Peterburg. Otdel. Math. Inst. Steklov. (POMI), 310:67-81, 226, 2004.



