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Abstract: As with the n-th order linear differential equations with constant coefficients, the problem 
to be solved is related to determining a particular solution, and then, using the general solution of the 
attached homogeneous system of linear differential equations with constant coefficients, to write the 
general solution of the initially given system. For homogeneous systems of linear differential 
equations with constant coefficients, the determination of the general solution is the method of 
eliminating or reducing which make the system a linear differential equation of the same order as that 
of the system, and its methods of solving it applies or the method of own values and vectors. If the 
system is non-homogeneous, then we also have to determine a particular solution that can be done in 
the same way as in the case of n-th order differential equations with constant coefficients, if the 
method of reduction or elimination was used, or the method of variation of constants, regardless of the 
method used to determine the general solution of the attached homogenous system of linear 
differential equations with constant coefficients. Whichever method is used, determining a particular 
solution for a system of linear differential equations with constant coefficients is difficult, in this study 
being proposed a method similar to that of n-th order linear differential equations with constant 
coefficients. 
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1. Introduction
This study presents a simple and practical 
method to determine a particular solution for 
a system of linear differential equations with 
constant coefficients, and starts from the 
observation of how you can get a particular 
solution to an n-th order linear differential 

equation with constant coefficients. 
The free terms of the system can be part of 
the same class of functions that the free term 
can be part of for the n-th order linear 
differential equations with constant 
coefficients, namely a combination such as: 
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where ( ) kjmiji ,1  and  ,1   , ∈∈∀≠ γβ , 

( ) ljmiji ,1  and  ,1   , ∈∈∀≠ δβ , 

( ) rjmiji ,1  and  ,1   , ∈∈∀≠ λβ , 

( ) sjmiji ,1  and  ,1   , ∈∈∀≠ θβ , 

( ) ljkiji ,1  and  ,1   , ∈∈∀≠ δγ , 

( ) rjkiji ,1  and  ,1   , ∈∈∀≠ λγ , 

( ) sjkiji ,1  and  ,1   , ∈∈∀≠ θγ , 

( ) rjliji ,1  and  ,1   , ∈∈∀≠ λδ , 

( ) sjliji ,1  and  ,1   , ∈∈∀≠ θδ , 

( ) sjriji ,1  and  ,1   , ∈∈∀≠ θλ ,  

and P, Pi, ni ,1∈ , Qij, mi ,1∈  and 2,1∈j , 
Qi, ki ,1∈ , Si, ri ,1∈ , Ti, si ,1∈ , are 
polynomials. 

In the same way it can be shown that, 
without restricting the generality degree, the 
free terms of the system can be in the form:
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This will be the form used for the free terms 
of the system we want to determine a 
particular solution to. 
 

2. Description of the problem 
We will consider that we have a system of 
linear differential equations with constant 
coefficients of the form 
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where ⊂∈ Ix R is an interval of R, and fi,  

ni ,1∈ , are functions like (2).  
 

The attached homogeneous system of linear 
differential equations with constant 
coefficients will be like 
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where ⊂∈ Ix R is an interval of R.                      
The particular solution of the system of 
linear differential equations with constant 
coefficients (3), in which free terms fi (x), 

ni ,1∈  are functions in the form of (2) is 
constructed like the that of the n-th order 
linear differential equations with constant 
coefficients. 
 
 

3. The form of the particular solution and 
its determination exemplification  
As in the case of n-th order linear 
differential equations with constant 
coefficients, the construction of a particular 
solution is based on the characteristic 
equation attached to the homogeneous 
system (4). 

  
The characteristic equation attached to the 
homogeneous system of linear differential 
equations with constant coefficients (4) is of 
the form: 
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We will assume that it has the following 
expansion:
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where n1+n2+…+nq+2.m1+2.m2+…+2.mp= n. 
In other words, we will assume that the 
characteristic equation (6) attached to the 
system (4) has q real and distinct solutions 
with multiplicity orders n1, n2, …, 

respectively nq and 2. p distinct conjugate 
complex solutions with multiplicity orders 
m1, m2, …, respectively mp. 
We will assume that the free terms fi (x), 

ni ,1∈  are functions in the form of
 

fi (x)=
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where ki and li, ni ,1∈  are natural numbers 
(positive integers), ijα , ni ,1∈  and ikj ,1∈  

and ijβ , ijγ , ni ,1∈  and irj ,1∈  are real 

numbers, and Pij, ni ,1∈  and ikj ,1∈  and 

Qij, Rij, ni ,1∈  and irj ,1∈  are polynomials 
with real coefficients. 
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We also assume that 
11 jiα , 

21 jiα , …, 
11 rjiα , 

nia ,1∈  and 
aia kj ,1∈ , with ra ,1∈ , and  
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i
ssss qpqp ⋅+ βγ , npb ,1∈  and 

bpb lq ,1∈ , 

with sb ,1∈  are among the solutions of the 

characteristic equation (5) which has the 
expansion (6). 
 Under these circumstances, a 
particular solution of the linear differential 
equation system with constant coefficients 
(3), where the free terms f i (x), ni ,1∈ , are 
like (7) will be as 
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where Sij, n,i 1∈  and ikj ,1∈  and Uij, Vij, 

n,i 1∈  and ilj ,1∈  are polynomials with 

degree Sij = degree Pij, n,i 1∈  and ikj ,1∈  
and degree Uij = degree Vij = max {degree 
Qij , degree Rij}, n,i 1∈  and ilj ,1∈ , and na 
is the multiplicity order of the radical 

aa jiα , 

ra ,1∈  and nb is the multiplicity order of the  
radical i

bbbb qpqp ⋅+ βγ , sb ,1∈ . 
The form of the solution (7) considers the 
form of functions f i (x), ni ,1∈  and the form 
of the characteristic equation (6). 
Further on, we will illustrate the way in 
which the previously described method 
should be applied. 

Let there be the linear differential equation 
system with constant coefficients 
 

( ) ( )
( ) ( )





⋅+=

+−=

x            xyxy
xxy        xy

'

'

2sin

 cos

12

21 .               (8) 

 
We will first determine the solutions of the 
attached characteristic equation: 
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The solutions of these equations are 

21  , λλ =±i. Given the form of the constant 
terms and radicals of the characteristic 
equation, we will search for a particular 
solution such as 
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We have: 
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Introducing the functions y1p and y2p and  their derivatives in the system (8) we get:
 

 
33



 

( )











⋅+⋅⋅+⋅⋅+⋅⋅+⋅⋅+⋅+⋅=
=⋅⋅⋅−⋅⋅⋅+⋅⋅−⋅+⋅⋅+⋅+⋅−⋅

+⋅⋅+⋅⋅+⋅⋅+⋅⋅+⋅+⋅−=
=⋅⋅⋅−⋅⋅⋅+⋅⋅−⋅+⋅⋅+⋅+⋅−⋅

xsinxcosCxsinCxcosxCxsinxCxcosCxsinC
xsinCxcosCxsinxCxcosCxcosxCxsinCxsinCxcosC

xcosxcosCxsinCxcosxCxsinxCxcosCxsinC
xsinCxcosCxsinxCxcosCxcosxCxsinCxsinCxcosC

222
2222

22
2222

654321

121110109987

121110987

65443321

 

 
By identifying the coefficients, we obtain  the follwing system of linear equations: 
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The solution of the above system is:  
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In conclusion, a particular solution of the 
given system (8) is 
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After determining the particular solution, we 
may write the general solution of the given 
system. 
Further on, we will assume that we have a 
system of linear differential equations with 
constant coefficients such as: 
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Given that system (10) has the same 
characteristic equation (9) and thatλ =2 and 
λ =3 are not its solutions, we will try to find 
a particular solution of the system, such as: 
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We have: 
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Introducing functions y1p and y2p and their  derivatives in the system (10) we get:
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By identifying the coefficients, we obtain  the following linear equation system:
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The solution of the above system is: 

 





=
=

5/2
5/4

2

1

A
A

, 




−=
=

25/3
25/4

2

1

B
B

, 




=
−=

5/6
5/2

2

1

C
C

, 




−=
=

50/77
50/39

2

1

D
D

 and 




=
−=

500/492
500/294

2

1

E
E

. 

 
In conclusion, a particular solution of the  given system (10) is 
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After determining the particular solution, we 
may write the general solution of the given 
system.  
Finally, let us assume that we now have the 
following system of linear differential 
equations with constant coefficients: 
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Since the system (11) has the same 
characteristic equation (9) and that λ =0 and 
λ =1 are not its solutions, we will try to find 

a particular solution of the system in the 
form of: 
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Introducing the functions y1p and y2p and 
their derivatives in the system (11) we get:
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By identifying the coefficients, we obtain 
the following linear equations system: 
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The solution of the above system is: 
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In conclusion, a particular solution of the 
given system (10) is 
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After determining the particular solution, we 
may write the general solution of the given 
system. 
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Conclusions and disscussions 
Determining a particular solution for a  
system of linear differential equations with 
constant coefficients like (3), having the free 
terms  fi (x), ni ,1∈ , such as (2), can be 
done generally, regardless of the form of the 
characteristic equation (5), as we have seen 
in the case of n-th order linear differential 
equations with constant coefficients.  
It is a simple and efficient method for 
determining a particular solution without 
neither having to determine all solutions to 
the characteristic equation - in the case of 
the variation of constants method, nor a 
series of calculations that involve successive 
elimination as in the case of the cancellation 

method to solving n-th order linear 
differential equations with constant 
coefficients. 
Moreover, for the variation of constants 
method, determining all solutions of the 
characteristic equation is generally very 
complicated, and determining a particular 
solution additionally requires replacing the 
general solution in the system and then 
determining the functions generated by 
constants, which involves, besides solving 
an n-th order system, integrating n functions. 
The method presented actually builds the 
particular solution and ultimately resumes 
only to determining the solution of a system 
of linear equations. 
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