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Abstract: As with the n-th order linear differential equations with constant coefficients, the problem
to be solved is related to determining a particular solution, and then, using the general solution of the
attached homogeneous system of linear differential equations with constant coefficients, to write the
general solution of the initially given system. For homogeneous systems of linear differential
equations with constant coefficients, the determination of the general solution is the method of
eliminating or reducing which make the system a linear differential equation of the same order as that
of the system, and its methods of solving it applies or the method of own values and vectors. If the
system is non-homogeneous, then we also have to determine a particular solution that can be done in
the same way as in the case of n-th order differential equations with constant coefficients, if the
method of reduction or elimination was used, or the method of variation of constants, regardless of the
method used to determine the general solution of the attached homogenous system of linear
differential equations with constant coefficients. Whichever method is used, determining a particular
solution for a system of linear differential equations with constant coefficients is difficult, in this study
being proposed a method similar to that of n-th order linear differential equations with constant
coefficients.
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1. Introduction equation with constant coefficients.

This study presents a simple and practical The free terms of the system can be part of
method to determine a particular solution for the same class of functions that the free term
a system of linear differential equations with can be part of for the n-th order linear
constant coefficients, and starts from the differential  equations  with  constant
observation of how you can get a particular coefficients, namely a combination such as:

solution to an n-th order linear differential
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P(x)+ B(x) e + P(x)-e" +..+ P,(x)-e™ " +

+e”™ -(Q“(x)-cos(ﬂl 'x)+ le(x)'sm( 1 x))

+ e (03 (x)- cos(B, - x)+ Ony (x)- sin(B, - x)) + ... +

+" (0, (x)- cos(B, - x)+ Oy () -sin(B,, - x)) + .
+0,(x)-eos(rx)+ 0o(x)-oslr x) ..+ 0, (v)-coslr 1)+ ’ .
+ Ry(x)- sin(8, - x)+ R, (x)- sin(S, - x)+ ...+ R (x)- sin(6, - x) +

+e77S, (x)- cos(, - x) + €278, (x)- cos(A, - x)+ ... + €7 %S, (x)- cos(A, - x) +

+e”7 T (x)- sin(6, - x)+ e Ty (x)- sin(6, - x)+ ...+ e *T,(x)- sin(6, - x)

where g =y, (‘v’)iel,_m and jel,_k, 0, #0, (V)i67 nd]els

B #4,, (V)iel,_m and jeﬁ, ﬂiiej, (‘v’)i 7and jel,_s,

B #4, (V)iel,_m and jelr, and P, P;, iel,n, Oy icl,m and jel2,
,B,.;tej, (V)iel,_m and jel,_s, O, iel,_k, AYS iel,_r, T;, iel,_s, are
i %0 (v)ie E and j € E’ POIYHCI)LH ililes'same way it can be shown that,
Vi # A (V)ielLk and jel,r, without restricting the generality degree, the
y % 49]., (V)i e L_k and j e L_S, free terms of the system can be in the form:
6, # 4, (‘v’)iel,_l and jel,_r,

B(x)-e™ + P(x)- e +...+ P,(x)-e® " +
+e"7(0)(x)-cos(By - x) + Ry(x)- sin(, - x))+

€ (0y(x)-cos(By - x)+ Ry (x)- sin(By - x))+ ..+ @
+e’m (0, (x)-cos(B,, - x)+ R, (x)- sin(B,, - x))

This will be the form used for the free terms 2. Description of the problem

of the system we want to determine a We will consider that we have a system of

particular solution to. linear differential equations with constant
coefficients of the form

yi(x)= ap -yl(x)+a12 'J’2(x)+---+a1n 'yn(x)+ﬁ(x)
ylz(x) =dy 'J/1(x)+azz ')’2(x)+ -ty -yn(x)+f2(x), 3)

y;z(x) =dp 'yl(x)+an2 'y2(x)+'“+ann 'yn(‘x)_i_fn(x)
where x € I — R is an interval of R, and f;, The attached homogeneous system of linear

i € 1,n, are functions like (2). differential ~ equations  with  constant
coefficients will be like
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J’i(x): a .yl(x)+a12 ‘J’2(x)+~-~+a1n 'J’n(x)
yé(x): s -yl(x)+a22 'J’2(x)+'~+azn Y (x) 4)

5

y;l(x):anl 'yl(x)+an2 'yZ(x)+"'+ann 'yn(x)

where x € [ — R is an interval of R. 3. The form of the particular solution and
The particular solution of the system of its determination exemplification

linear differential equations with constant As in the case of n-th order linear
coefficients (3), in which free terms f; (x), differential  equations  with  constant
ieln are functions in the form of (2) is coefficients, the construction of a particular

solution is based on the -characteristic

constructed like the that of the n-th order .
equation attached to the homogeneous

linear differential equations with constant

coefficients. system (4).
The characteristic equation attached to the a, - a, .. a,,
homogeneous system of linear differential p -2 4
equations with constant coefficients (4) is of 21 2 2n =0, (5)
the form: :
a,, a,, .. A, —A
We will assume that it has the following
expansion:
Clll—l alz Clln (—1)”-(2{—(11)”1 .(ﬂ'_az)n2 ."'.(ﬂ_aq)”q ’
ay  Ap—A . a4, _'[()“_(bl+Cl'i))'(/1_(bl_cl 'i))]ml :
. N . A\, i (6)
: =y +¢,-0)- (A= (b =, - D)™ ...
a a woa, —A . .
" " " '[(ﬂ_(bp+cp'l))'(ﬂ‘_(bp_cp'l))]mp
where nitnyt.. AngF2m+2mot. . A2'm,= n. respectively n, and 2' p distinct conjugate
In other words, we will assume that the complex solutions with multiplicity orders
characteristic equation (6) attached to the my, my, ..., respectively m,,.
system (4) has ¢ real and distinct solutions We will assume that the free terms f; (x),
with multiplicity orders ny, n, ..., iel,n are functions in the form of

Py(x)-e“"" + Py(x)-e®>* 4.+ Py (x)-™ " +
i +ey':1'.x (04 (x)-cos( )+ Rl‘l(x).Sin‘(lBi x))+ , (7)
+eliY (Q, (x).cos(lb’i2 -x)+ Riz(x)‘Sln(ﬁl-z -x))+__+

e '(Qz'l,- (x)'COS(ﬂili -x)+ Ry (x)-sin(ﬂ;,. x))

where k; and /;, i € I,_n are natural numbers numbers, and Py, i€ L,n and je E and
(positive integers), «;, i€ Ln and je m O, Ry, i€ L,n and je H are polynomials
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We also assume that «. . , o, , , ..., &, . characteristic equation (5) which has the

ij1° Thjy? Jn 2 .
_ . expansion (6).
i, €lnand j, € Lkia ,with a el,r, and Under these  circumstances, a
particular solution of the linear differential
Vg ¥ Bpg, 1> Y pags ¥ Bpyg, 1> . equation system with constant coefficients
Y pa, +13pqu ‘i, p,eln and ¢, € l’lpb , (3), where the free terms f; (x), i €1,n, are
like (7) will be as

with bel,s are among the solutions of the

iel?l\{[, ,iz,m,i,.}jel,ki acl,r JjeLk, W, /aer

yp =t 2 2u)colpy )+V,-j(x)~sin(/i-,--x)]+ ieln ()

i€ln\{py.pyepy ) jELL;

7 p) X -
Z " e [ Ph% (x)-cos(ﬂphqb .x)+ Vph% (x)‘sm(ﬂl’h% 'x)]_’_
€l,s

" B ;eymﬂb . [Upb% ()C) cos(ﬂpbqb : x)+ Vpb‘lb (x) Sin(ﬂpb(lb X)]}
JjeLl\\q

, /bels)

where S, ieln and jelk, and Uy, Vi Let there be the linear differential equation

) ) system with constant coefficients
ieln and jel, l are polynomials with

degree S; = degree Py, ieln and j GE Y{(x): —yz(x)-i-cosx .
y;(x)z yl(x)+ sin 2-x

We will first determine the solutions of the

(8)

and degree Uj; = degree Vi = max {degree
Qj; , degree R}, i elnand je Ll , and n,
is the multiplicity order of the radical «;

igja attached characteristic equation:
a €1,r and n, is the multiplicity order of the _ -1
radical y, .+, . i, bel,s. ‘ 1 _l‘zﬂzﬂzo- )
The form of the solution (7) considers the
form of functions f;(x), i € L,n and the form The solutions of these equations are
of the characteristic equation (6). 4, A, =*i. Given the form of the constant
Further on, we will illustrate the way in terms and radicals of the characteristic
which the previously described method equation, we will search for a particular
should be applied. solution such as

{ylp(x): C, -sinx+C,-cosx+C;-x-sinx+C,-x-cosx+C,-sin2-x+C,-cos2-x

yzp(x): C, -sinx+C,-cosx+C,-x-sinx+C,,-x-cosx+C,,-sin2-x+C,,-cos2-x
We have:

yip(x): C, -cosx—C, -sinx+C;-sinx+C,-x-cosx+C,-cosx—C,-x-sinx+
+2-C5-c082-x-2-C;-sin2-x

y'zp(x)z C,-cosx—Cg-sinx+C, -sinx+C,-x-cosx+Cy,-cosx—C,,-x-sinx+
+2-C,,-cos2-x=2-Cp,-sin2-x

Introducing the functions y;, and y», and their derivatives in the system (8) we get:
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Ci-cosx—C,-sinx+C5-sinx+Cy-x-cosx+Cy-cosx—Cy-x-sinx+2-Cs-cos2-x—2-C¢-sin2-x =

=—(C, -sinx+Cy-cosx+Cy-x-sinx+Cyy-x-cosx+C,, -sin2-x+C,,-cos2-x)+cos x

Cy-cosx—Cq-sinx+Cy-sinx+Cy-x-cosx+Cy-cosx—Cyy-x-sinx+2-Cy-cos2-x—2-Cp,-sin2-x =

=C,-sinx+C,-cosx+Cy-x-sinx+Cy-x-cosx+Cs-sin2-x+Cg-cos2-x+sin2-x

By identifying the coefficients, we obtain

the follwing system of linear equations:

C+C,=-C,+1 [-C, =-C, C,+C,=C, ~C, =C,
~C,+C,=-C, ,12-C;=-C, ,{-C,+C,=C, and {2-C,, =C,
C,=-C, ~2.C,=-C, |C,=C, —2-C,=C,+1

The solution of the above system is:

C =1/2 C,=1/3
C,=C,=0 C,=C,=0
and .
C,=C,=0 G =0
C,=C,=1/2 C,=-2/3

After determining the particular solution, we
may write the general solution of the given
system.

Further on, we will assume that we have a
system of linear differential equations with
constant coefficients such as:

)= =y (x)+e(2x+1)
{yé(x)=y1(x)+ eS'X'(4-x2—3.x+2)'(10)

We have:

In conclusion, a particular solution of the
given system (8) is
ylp(x)z 1/2-sinx+1/2-x-cosx+1/3-sin2-x
yzp(x)z1/2-x-sinx—2/3'c052-x .

Given that system (10) has the same
characteristic equation (9) and that A =2 and
A =3 are not its solutions, we will try to find
a particular solution of the system, such as:

{ylp(x)
yZp(x)

e ~(A1 -x+B1)+e3'x -(C1 %" +D, -x+El)
" (4, x+B,)+e™ -(C2 X'+ D, -x+E2).

v ()= (24 -x+ 4 +2-B)+e [3-C,-x* +(2-C,+3-D,)-x+ D, +3-E,|
o, (¥)= (2 A, x4 4, +2-B,)+™[3-C, ¥ +(2-C, +3-D,)-x+ D, +3-E, |

Introducing functions y, and y», and their

By identifying the coefficients, we obtain

derivatives in the system (10) we get:

¢ (24 -x+A+2-B)+e[3-C,-x*+(2-C,+3-D,)-x+ D, +3-E, | =
:—[ez"‘-(A2 -x+B2)+e3"‘-(C2 X’ +D, -x+E2)]+e2““ (2-x+1)

¢ (2 Ay x+ 4, +2-B))+e™ [3-C,-x* +(2-C, +3-D,)-x+ D, +3-E, |=
=e™ -(A1 ~x+B])+e3'x -(C] x>+ D, ~x+El)+e3'”~(4~x2 —3~x+2)

the following linear equation system:



The solution of the above system is:

A =4/5 (B,=4/25 (C =-2/5 (D =39/50
, an
D, =-77/50

A,=2/5"|B,=-3/25"|C,=6/5

In conclusion, a particular solution of the

2-4 =—-4,+2 2-4,=4

A +2-B =-B,+1 A, +2-B, =B,
3-C,=-C, and <3-C, =C, +4
2-C,+3-D,=-D, 2.C,+3-D,=D,-3
D +3-E =-FE, D,+3-E,=E+2

E, =-294/500
E, =492/500

given system (10) is

,(x)= (4/5-x+4/25)-¢* +(=2/5-x° +39/50-x—294/500)-**
2, (x)=(2/5-x=3/25)-¢* +(6/5-x* =77/50- x +492/500)- &*

After determining the particular solution, we
may write the general solution of the given
system.

Finally, let us assume that we now have the
following system of linear differential
equations with constant coefficients:

)= —y)re(2x+1)
y;(x)zyl(x)+ 4.-x*=3-x+2
Since the system (11) has the same

characteristic equation (9) and that 4 =0 and
A =1 are not its solutions, we will try to find

e

a particular solution of the system in the
form of:
ylp(x)zex '(A1 -)C+Bl)+C1 - x? +D, -x+E,
yzp(x)zex -(A2 -x+Bz)+ C, - x? +D,-x+E,
We have:

w,(x)=e" (4 -x+4+B)+2-C,-x+D,
)/zp()c):e"-(zél2 X+ Ay +B,)+2-C,-x+D, '

Introducing the functions y;, and y,, and
their derivatives in the system (11) we get:

e (4 -x+ A4 +B)+2-C -x+D, :—[ex-(Az-x+Bz)+C2-x2+D2-x+E2]+ex-(2-x+1)
e (4, - x+A4,+B,)+2-C,-x+D,=¢" (4 -x+B)+C, - x> +D, - x+E, +4-x* =3-x+2

By identifying the coefficients, we obtain
the following linear equations system:

A =-4,+2 4,=4

A +B =-B,+1 A, +B, =B,
2-C,=-D, and 12-C, =D, -3.
-C, =0 D,=FE +2
D, =-E, C,+4=0

The solution of the above system is:

4 =1 C,=0
4, =1 D, =3
B, =1/2 and {D,=8 .
B, =-1/2 E =6
C,=-+4 E,=-3

In conclusion, a particular solution of the
given system (10) is
ylp(x): e - (x+1/2)-4-x*+3-x+6
yzp(x):ex~(x—l/2)+8-x—3 '
After determining the particular solution, we

may write the general solution of the given
system.



Conclusions and disscussions

Determining a particular solution for a
system of linear differential equations with
constant coefficients like (3), having the free
terms f; (x), i € 1,n, such as (2), can be
done generally, regardless of the form of the
characteristic equation (5), as we have seen
in the case of n-th order linear differential
equations with constant coefficients.

It is a simple and efficient method for
determining a particular solution without
neither having to determine all solutions to
the characteristic equation - in the case of
the variation of constants method, nor a
series of calculations that involve successive
elimination as in the case of the cancellation
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method to solving n-th order linear
differential  equations  with  constant
coefficients.

Moreover, for the wvariation of constants
method, determining all solutions of the
characteristic equation is generally very
complicated, and determining a particular
solution additionally requires replacing the
general solution in the system and then
determining the functions generated by
constants, which involves, besides solving
an n-th order system, integrating » functions.
The method presented actually builds the
particular solution and ultimately resumes
only to determining the solution of a system
of linear equations.



