
Components of Gini, Bonferroni, and Zenga Inequality
Indexes for EU Income Data

Leo Pasquazzi1 and Michele Zenga1

In this work we apply a new approach to assess contributions from factor components to
income inequality. The new approach is based on the insight that most (synthetic) inequality
indexes may be viewed as (weighted) averages of point inequality measures, which measure
inequality between population subgroups identified by income. Assessing contributions of
factor components to point inequality measures is usually an easy task, and based on these
contributions it is straightforward to define contributions to the corresponding (synthetic)
overall inequality indexes as well. As we shall show through an analysis of income data from
Eurostat’s European Community Household Panel Survey (ECHP), the approach based on
point inequality measures gives rise to readily interpretable results, which, we believe, is an
advantage over other methods that have been proposed in literature.
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1. Introduction

A great deal of literature about income inequality is concerned with evaluation of

contributions to inequality from factor components. A common approach to this problem

is to express some given (synthetic) inequality index as sum of terms, with one term

corresponding to each factor component, which are then interpreted as contributions to

inequality. The interpretations are justified by showing that the terms representing the

contributions are functions of some descriptive statistics for the joint distribution of the

factor components and total income. In connection with the well-known Gini index, this

approach has, for example, been applied by Rao (1969); Lerman and Yitzhaki (1984,

1985), and Radaelli and Zenga (2005).

Shorrocks (1982), on the other hand, explores an axiomatic approach. He considers a

broad class of inequality indexes, but is faced with the problem that under a fairly general

set of restrictions there exists an infinite number of potential decomposition rules for every

given inequality index. To solve this nonuniqueness problem, he adds two further

restrictions which imply that the relative contributions (or “proportional contributions” in

his language) from the components are the same for all inequality indexes and are equal to

those corresponding to what he calls the “natural decomposition rule” for the variance. In a
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later paper (Shorrocks 1983) Shorrocks acknowledges that not everyone might agree

on the restrictions imposed to derive the “unique” decomposition rule, but he still defends

that rule by showing that in applications to some empirical datasets it gives rise to

reasonable results.

In the present article we illustrate, through an application to income data from the

European Community Household Panel (ECHP), a new approach to factor component

decomposition. This approach has been recently suggested by Zenga et al. (2012), and was

originally developed for the inequality index I (Zenga 2007a). In a later paper it has been

extended to the Gini and Bonferroni indexes as well (Zenga 2013). The new approach

is based on the fact that these three inequality indexes are, by their original definitions,

(weighted) averages of point inequality measures which measure inequality between

population subgroups identified by income. Defining factor component contributions to

the point inequality measures is, as we shall show below, an easy and straightforward task,

and taking appropriate averages of these contributions yields decomposition rules for the

(synthetic) inequality indexes as well.

The rest of this article is organized as follows. In Section 2 we recall the definitions of

the Gini, Bonferroni, and Zenga indexes in terms of point inequality measures. In Section 3

we show how the decomposition rules based on the point inequality indexes are derived

and in Section 4 we highlight some interesting relations between factor component

contributions to inequality and shares on total population income. Since income

distributions are usually available in the form of survey data with weights associated to

each sample unit, we devoted Section 5 to estimation from survey data. Finally, in

Section 6 we provide an application to data from the 2001 wave of the ECHP in order to

give some insight into the range of possible outcomes. To help the reader to recall the

meaning of certain symbols which we shall introduce in the course of this article, we added

a list of notations at the end of the article.

2. The Gini, Bonferroni, and Zenga Indexes as Averages of

Point Inequality Indexes

Let

y1 # y2 # · · · # yN ð1Þ

denote total income Y of individuals or families belonging to a given population, and let

pi :¼
i

N
; i ¼ 1; 2; : : : ;N; ð2Þ

and

qi :¼

Xi

n¼1
yn

XN

n¼1
yn
; i ¼ 1; 2; : : : ;N; ð3Þ

denote the cumulative population and income shares, respectively. When Gini (1914) first

proposed what later became the virtually most widely used inequality index, he set out

from the fact that the cumulative income shares qi can never exceed their corresponding
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cumulative population shares pi. Thus, he proposed

Ri :¼
pi 2 qi

pi

; i ¼ 1; 2; : : : ;N; ð4Þ

as basic point inequality measures from which he derived the definition of his well-known

synthetic inequality index

R :¼

XN21

i¼1
Ri pi

XN21

i¼1
pi

¼

XN21

i¼1
ð pi 2 qiÞ

XN21

i¼1
pi

: ð5Þ

Thereafter he showed that R is linked to the graph with the Lorenz curve (Lorenz 1905) in

the sense that R is equal to the ratio between the “concentration area” and the area of the

triangle with vertices in (0, 0), ((N 2 1)/N, 0) and (1, 1) (sometimes called the “maximum

concentration area”).

Starting from the observation that the mean income

M2
i ðYÞ :¼

1

i

Xi

n¼1

yn; i ¼ 1; 2; : : : ;N; ð6Þ

of the i “poorest” population members cannot exceed the mean income

MðYÞ :¼ M2
N ðYÞ ¼

1

N

XN

n¼1

yn ð7Þ

of the whole population, Bonferroni (1930) proposed the inequality index

B :¼
1

N 2 1

XN21

i¼1

MðYÞ2 M2
i ðYÞ

MðYÞ
: ð8Þ

As pointed out by DeVergottini (1940), B can also be viewed as unweighted average of the

point inequality measures Ri proposed by Gini (1914). In fact,

MðYÞ2 M2
i ðYÞ

MðYÞ
¼

XN

n¼1
yn

N
2

Xi

n¼1
yn

iXN

n¼1
yn

N

¼
pi 2 qi

pi

¼: Ri:

More recently, Zenga (1984, 2007a) introduced two new types of point inequality

measures and put forward corresponding synthetic inequality indexes. In the present

article we shall consider only the latter proposal. It is based on the point inequality

measures given by

Ii :¼
Mþi ðYÞ2 M2

i ðYÞ

Mþi ðYÞ
; i ¼ N1;N2; : : : ;Nk; ð9Þ
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where

Mþi ðYÞ :¼

1

N 2 i

XN

n¼ iþ1
yi if i ¼ 1; 2; : : : ;N 2 1

yN if i ¼ N

8
><

>:
ð10Þ

and where N1 , N2 , · · · , Nk ¼ N are the cumulative frequencies corresponding to the

k different values taken on by total income Y. Using the point inequality measures Ii, Zenga

(2007a) defined the synthetic inequality index

I :¼
1

N

Xk

s¼1

INs
ns ð11Þ

where n1; n2; : : : ; nk denote the absolute frequencies of the k different values observed for

total income Y.

Notice that as opposed to the indexes proposed by Gini and Bonferroni, Zenga’s

synthetic inequality index I involves only the point inequality measures at

i ¼ N1;N2; : : : ;Nk, which, as will be seen in the next section, makes it easier to apply

the approach to factor component decomposition based on point inequality measures.

Before moving on to factor component decomposition, we provide a brief list of

references regarding the synthetic Zenga index I. Applications to real distributions may be

found in Zenga (2007b), Zenga (2008), and Greselin et al. (2013). Polisicchio (2008),

Polisicchio and Porro (2009), Porro (2008), and Porro (2011) deal with properties of the

curve defined by the point inequality measures Ii and its relation with the Lorenz curve.

Inferential problems related to the I index have been analyzed in Greselin and Pasquazzi

(2009), Greselin et al. (2010), Langel and Tillé (2012), Antal et al. (2011), and Greselin

et al. (2014). As for decomposition rules, Radaelli (2008a) proposed a subgroups

decomposition for the point inequality indexes Ii and the synthetic I index that has been

applied to income data in Radaelli (2007), Radaelli (2008b), and Greselin et al. (2009) and

that has been compared with a subgroups decomposition rule for Gini’s index in Radaelli

(2010). Finally, as already mentioned above, the decomposition rule considered in the

present work has been originally proposed in Zenga et al. (2012) and has been extended to

the Gini and Bonferroni indexes in Zenga (2013).

3. Factor Component Contributions to Inequality

Assume

yi :¼ xi;1 þ xi;2 þ · · ·þ xi;c; i ¼ 1; 2; : : : ;N; ð12Þ

where xi,j denotes the income from factor component Xj of the ith individual or household.

Obviously,

Xi

n¼1

yn ¼
Xi

n¼1

xn;1 þ
Xi

n¼1

xn;2 þ · · ·þ
Xi

n¼1

xn;c
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so that

MðYÞ ¼ MðX1Þ þMðX2Þ þ · · ·þMðXcÞ; i ¼ 1; 2; : : : ;N; ð13Þ

M2
i ðYÞ ¼ M2

i ðX1Þ þM2
i ðX2Þ þ · · ·þM2

i ðXcÞ; i ¼ 1; 2; : : : ;N; ð14Þ

and

Mþi ðYÞ ¼ Mþi ðX1Þ þMþi ðX2Þ þ · · ·þMþi ðXcÞ; i ¼ 1; 2; : : : ;N; ð15Þ

where MðXjÞ, M2
i ðXjÞ and Mþi ðXjÞ are defined as MðYÞ, M2

i ðYÞ and Mþi ðYÞ, respectively,

with xi,j in place of yi. It is important to note that while M2
i ðYÞ is the mean of the i smallest

values observed for total income Y, this is usually not the case for M2
i ðXjÞ. In fact, M2

i ðXjÞ

is the mean of the i smallest values observed for factor component Xj only if Y and Xj are

perfectly rank correlated (the situation is analogous for Mþi ðYÞ and Mþi ðXjÞ).

Using relations (13), (14), and (15) yields simple decomposition rules for the point

inequality indexes Ri and Ii. In fact, it is easily seen that

Ri :¼
MðYÞ2 M2

i ðYÞ

MðYÞ
¼
Xc

j¼1

MðXjÞ2 M2
i ðXjÞ

MðYÞ
; i ¼ 1; 2; : : : ;N;

and

Ii :¼
Mþi ðYÞ2 M2

i ðYÞ

MðYÞ
¼
Xc

j¼1

MþðXjÞ2 M2
i ðXjÞ

MðYÞ
; i ¼ 1; 2; : : : ;N;

so that

R iðXjÞ :¼
MðXjÞ2 M2

i ðXjÞ

MðYÞ
; j ¼ 1; 2; : : : ; c ð16Þ

and

IiðXjÞ :¼
Mþi ðXjÞ2 M2

i ðXjÞ

Mþi ðYÞ
; j ¼ 1; 2; : : : ; c ð17Þ

can be interpreted as contributions from the factor components Xj to Ri and Ii, respectively.

The corresponding relative contributions have a very neat interpretation:

riðXjÞ :¼
R iðXjÞ

Ri

¼
MðXjÞ2 M2

i ðXjÞ

MðYÞ2 M2
i ðYÞ

; i ¼ 1; 2; : : : ;N 2 1; ð18Þ

and

ziðXjÞ :¼
IiðXjÞ

Ii

¼
Mþi ðXjÞ2 M2

i ðXjÞ

Mþi ðYÞ2 M2
i ðYÞ

; i ¼ 1; 2; : : : ;N; ð19Þ

are simply the contributions from factor component Xj to MðYÞ2 M2
i ðYÞ and to

Mþi ðYÞ2 M2
i ðYÞ, respectively (observe that rN is not defined because RN ¼ 0). The

interpretations of riðXjÞ and ziðXjÞ can actually be interchanged since for i ¼

1; 2; : : : ;N 2 1 these relative contributions are always the same. This perhaps
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unexpected result follows immediately from the fact that

N 2 i

N
Mþi ð�Þ2 M2

i ð�Þ
� �

¼ Mð�Þ2 M2
i ð�Þ; i ¼ 1; 2; : : : ;N 2 1: ð20Þ

Based on the contributions RiðXjÞ and IiðXjÞ, it is straightforward to define

contributions to the corresponding synthetic inequality indexes as well. In fact,

R :¼

XN21

i¼1
Ri pi

XN21

i¼1
pi

¼

XN21

i¼1

Xc

j¼1
R iðXjÞ pi

XN21

i¼1
pi

¼
Xc

j¼1

XN21

i¼1
R iðXjÞ pi

XN21

i¼1
pi

;

B :¼
1

N 2 1

XN21

i¼1

Ri ¼
1

N 2 1

XN21

i¼1

Xc

j¼1

R iðXjÞ ¼
Xc

j¼1

1

N 2 1

XN21

i¼1

R iðXjÞ

and

I :¼
1

N

Xk

s¼1

INs
ns ¼

1

N

Xk

s¼1

Xc

j¼1

INs
ðXjÞ ns ¼

Xc

j¼1

1

N

Xk

s¼1

INs
ðXjÞ ns;

and the expressions on the far right suggest to consider

RðXjÞ :¼

XN21

i¼1
R iðXjÞ pi

XN21

i¼1
pi

; j ¼ 1; 2; : : : ; c; ð21Þ

BðXjÞ :¼
1

N 2 1

XN21

i¼1

R iðXjÞ; j ¼ 1; 2; : : : ; c; ð22Þ

and

I ðXjÞ :¼
1

N

Xk

s¼1

INs
ðXjÞ ns; j ¼ 1; 2; : : : ; c; ð23Þ

as contributions to the synthetic inequality indexes R, B, and I, respectively. The

corresponding relative contributions are then given by

r ðXjÞ :¼
RðXjÞ

R
¼

XN21

i¼1
R iðXjÞ pi

XN21

i¼1
Ri pi

¼

XN21

i¼1
riðXjÞRi pi

XN21

i¼1
Ri pi

ð24Þ

bðXjÞ :¼
BðXjÞ

B
¼

XN21

i¼1
R iðXjÞ

XN21

i¼1
Ri

¼

XN21

i¼1
riðXjÞRi

XN21

i¼1
Ri

ð25Þ
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zðXjÞ :¼
I ðXjÞ

I
¼

Xk

s¼1
I Ns
ðXjÞ ns

Xk

s¼1
INs

ns

¼

XN21

i¼1
zNs
ðXjÞ INs

ns
XN21

i¼1
INs

ns

; ð26Þ

and are thus nothing else than weighted averages, with different sets of weights, of

essentially the same relative contributions (recall riðXjÞ ¼ ziðXjÞ for i ¼ 1; 2; : : : ;N 2 1

and for j ¼ 1; 2; : : : ; c). rðXjÞ, bðXjÞ and zðXjÞ can thus be interpreted as average values of

the contributions of the factor components Xj to the N differences MðYÞ2 M2
i ðYÞ or

Mþi ðYÞ2 M2
i ðYÞ.

However, there might be a nonuniqueness problem in the definitions of the

contributions. The problem occurs if there are several population members with the same

total income Y and with different incomes from two or more factor components Xj. In this

case, the values of M2
i ðXjÞ and Mþi ðXjÞ for i – N1;N2; : : : ;Nk depend on the i index

assigned to the population members with same total income Y, and thus the corresponding

contributions R iðXjÞ and I iðXjÞ depend on this assignment as well. It follows that RðXjÞ

andBðXjÞ depend on the way in which the i indexes are assigned, while for I (Xj) this is not

the case, because I (Xj) depends only on the contributions I i(Xj) for i ¼ N1;N2; : : : ;Nk.

Even though in large populations with few repeated values for total income Y this

dependence has little impact on the results, we propose an easy way to neutralize it: instead

of the original definitions, one might consider modified versions of the Gini and

Bonferroni indexes that are weighted averages of the point inequality measures Ri and Bi

just for i ¼ N1;N2; : : : ;Nk. A convenient modified version of the Gini index is for

example given by

R 0 :¼

Xk

s¼1
RNs

rs

Xk

s¼1
rs

ð27Þ

where

rs :¼
Ns ðns þ nsþ1Þ if 1 # s , k

N nk s ¼ k

(
ð28Þ

while for the Bonferroni index we suggest

B 0 :¼
1

N

Xk

s¼1

RNs
ns: ð29Þ

A few comments are due regarding the definitions of R0 and B0. In first place we observe

that in large populations with few repeated values R0 and B0 are close to R and B,

respectively. Second, it is worth noting that the definitions of R0 and B0, as opposed to those

of R and B, include the point inequality measure RN even though RN ¼ 0 for every income

distribution: we made this choice for ease of comparison with the Zenga index which

depends on k point inequality measures as well. Finally, regarding the definition of R0, it is

not difficult to show that it coincides with the ratio between the “concentration area” and

the area of triangle with vertices in (0, 0), (1, 0), and (1, 1) (see the proof in the Appendix).
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The factor component contributions to R0 and B0 are obviously defined as

R0ðXjÞ :¼

Xk

s¼1
RNs
ðXjÞ rs

Xk

s¼1
rs

; j ¼ 1; 2; : : : ; c; ð30Þ

and

B0ðXjÞ :¼
1

N

Xk

s¼1

RNs
ðXjÞ ns; j ¼ 1; 2; : : : ; c; ð31Þ

and the corresponding relative contributions are then given by

r 0ðXjÞ :¼
R0ðXjÞ

R 0
¼

Xk

s¼1
RNs
ðXjÞrs

Xk

s¼1
RNs

rs

¼

Xk

s¼1
rNs
ðXjÞRNs

rs

Xk

s¼1
RNs

rs

ð32Þ

and

b 0ðXjÞ :¼
B0ðXjÞ

B 0
¼

Xk

s¼1
RNs
ðXjÞ ns

Xk

s¼1
RNs

ns

¼

Xk

s¼1
rNs
ðXjÞRNs

ns

Xk

s¼1
RNs

ns

: ð33Þ

4. Contributions to Inequality and Shares on Population Income

As suggested by Zenga et al. (2012), it is instructive to compare the relative contributions

riðXjÞ and ziðXjÞ and their weighted averages rðXjÞ, bðXjÞ, and zðXjÞ (as well as r 0ðXjÞ and

b 0ðXjÞ) with the share

g ðXjÞ :¼

XN

i¼1
xi;j

XN

i¼1
yi

ð34Þ

of their corresponding factor component Xj on total population income. In fact, in the

hypothetical case, the so-called scale transformation hypothesis, where

x i; j ¼ g ðXjÞ yi for every i ¼ 1; 2; : : : ;N;

one would have

M2
i ðXjÞ ¼ g ðXjÞM

2
i ðYÞ and Mþi ðXjÞ ¼ g ðXjÞM

þ
i ðYÞ

for all i ¼ 1; 2; : : : ;N, so that

riðXjÞ ¼ ziðXjÞ ¼ g ðXjÞ for i ¼ 1; 2; : : : ;N 2 1 and zN ¼ g ðXjÞ:

In this case it follows that

r ðXjÞ ¼ bðXjÞ ¼ zðXjÞ ¼ g ðXjÞ:

In real income distributions one should obviously expect that

xi; j – g ðXjÞ yi
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for most population members i, but since the deviations xi; j 2 g ðXjÞ yi must sum (over i )

to zero, the scale transformation hypothesis provides a useful benchmark against which to

compare the actual distribution of the factor components. For illustrative purposes we shall

next describe two types of deviations from the scale transformation hypothesis that are

helpful for the interpretation of the relative contributions:

. First, consider the case where

xi; j , g ðXjÞ yi for i ¼ 1; 2; : : : ; i* , N

and

xi; j $ g ðXjÞ yi for i ¼ i * þ 1; i* þ 2; : : : ;N:

Since yi is nondecreasing in i, we can describe this as a situation where all population

members with total income Y below a given threshold value yi * have less income

from factor component Xj than they would have under the scale transformation

hypothesis, while all other (more fortunate) population members have at least as

much income from Xj as they would have under the scale transformation hypothesis.

It is not difficult to show that in this case

M2
i ðXjÞ , g ðXjÞM

2
i ðYÞ and Mþi ðXjÞ . g ðXjÞM

þ
i ðYÞ ð35Þ

for all i ¼ 1; 2; : : : ;N, so that

riðXjÞ ¼ ziðXjÞ . g ðXjÞ for i ¼ 1; 2; : : : ;N 2 1 and zN . g ðXjÞ:

From these inequalities it follows that

rðXjÞ . g ðXjÞ; b ðXjÞ . g ðXjÞ and zðXjÞ . g ðXjÞ: ð36Þ

The first two inequalities hold also with r 0ðXjÞ and b 0ðXjÞ in place of r (Xj) and b(Xj),

respectively.

. The second case is opposite to the first one. It occurs when

xi; j . g ðXjÞ yi for i ¼ 1; 2; : : : ; i* , N

and

xi; j # g ðXjÞ yi for i ¼ i* þ 1; i* þ 2; : : : ;N:

In this case,

M2
i ðXjÞ . g ðXjÞM

2
i ðYÞ and Mþi ðXjÞ , g ðXjÞM

þ
i ðYÞ ð37Þ

for all i ¼ 1; 2; : : : ;N, so that

riðXjÞ ¼ ziðXjÞ , g ðXjÞ for i ¼ 1; 2; : : : ;N 2 1 and zN , g ðXjÞ:

Therefore it follows that

rðXjÞ , g ðXjÞ; bðXjÞ , g ðXjÞ and zðXjÞ , g ðXjÞ: ð38Þ

Also here, the first two inequalities hold also with r0ðXjÞ and b 0ðXjÞ in place of r (Xj)

and b(Xj), respectively.
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The two cases described above are somewhat artificial in that they require that all

population members with total income below (above) a certain threshold value have

smaller (larger) income from factor component Xj than they would have under the scale

transformation hypothesis. Nevertheless, we can regard the inequalities in (36) (and in

(38)) as symptomatic for situations where income from a given factor component Xj tends

to be more concentrated among population members with large (small) total income Y than

total income Y itself. In fact, if g (Xj) is positive (which is usually the case), the inequalities

in (35) imply that

Xi

n¼1
xn; j

XN

n¼1
xn; j

,

Xi

n¼1
yn

XN

n¼1
yn

and

XN

n¼iþ1
xn; j

XN

n¼1
xn; j

.

XN

n¼iþ1
yn

XN

n¼1
yn

for 1 # i # N 2 1, while those in (37) imply that

Xi

n¼1
xn; j

XN

n¼1
xn; j

.

Xi

n¼1
yn

XN

n¼1
yn

and

XN

n¼iþ1
xn; j

XN

n¼1
xn; j

,

XN

n¼iþ1
yn

XN

n¼1
yn

for 1 # i # N 2 1.

5. Estimation from Survey Data

The definitions of the Gini, Bonferroni, and Zenga indexes and the decomposition rules

outlined in Section 3 can be directly applied to population data. In this section we propose

estimators which can be applied to survey data and which should be reasonably well-

behaved for a broad class of sample designs. So let

S ¼ {i1; i2; : : : ; id} ð39Þ

denote a set of indexes corresponding to a sample of d units drawn from the population

U ¼ {1; 2; : : : ;N} and let

wi1 ;wi2 ; : : : ;wid ð40Þ

denote survey weights corresponding to the d sample units in S . In what follows we shall

assume that the survey weights wi are strictly positive and that they are scaled so that

i[S

X
wi ¼ N: ð41Þ
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The estimators we shall propose below do not actually depend on how the survey weights

are scaled. Assumption (41) is only needed to make the estimators look more similar to

their corresponding population quantities.

Now, suppose there are k̂ # d different values for total income Y among the d observed

values in the sample, and denote these values by

~y1 , ~y2 , · · · , ~yk̂
: ð42Þ

For s ¼ 1; 2; : : : ; k̂, let

n̂s :¼
i[S:yi¼~ys

X
wi ð43Þ

denote the sum of the survey weights wi corresponding to the sample units with total

income Y equal to ~ys. Moreover, let

N̂s :¼
Xs

n¼1

n̂n; s ¼ 1; 2; : : : ; k̂; ð44Þ

denote the corresponding cumulative weights. Obviously, N̂
k̂
¼ N. Based on the

cumulative weights define

s ð pÞ :¼ min{s : N̂ŝ $ N p}; p [ ½0; 1�: ð45Þ

Then, use s ð pÞ to define

M̂
2

p ðYÞ :¼

Xs ð pÞ

s¼1
~ys n̂s

Xs ð pÞ

s¼1
n̂s

; ð46Þ

M̂
þ

p ðYÞ :¼

Xk̂

s¼s ð pÞþ1
~ys n̂s

Xk̂

s¼s ð pÞþ1
n̂s

if s ð pÞ , k̂;

~yk̂
if s ð pÞ ¼ k̂;

8
>>>>><

>>>>>:

ð47Þ

and observe that M̂
2

p ðYÞ and M̂
þ

p ðYÞ at p ¼ i/N can be taken as estimators for M2
i ðYÞ and

Mþi ðYÞ, respectively. Note, however, that the estimators M̂
2

p ðYÞ and M̂
þ

p ðYÞ are defined

for every p [ ½0; 1� and that they give rise to right continuous step functions with

discontinuities at p ¼ N̂s=N for s ¼ 1; 2; : : : ; k̂. Obviously, M̂
2

p ðYÞ at p ¼ 1 is equal to the

weighted sample mean

M̂ðYÞ :¼

Xk̂

s¼1
~ys n̂s

Xk̂

s¼1
n̂s

: ð48Þ

On the other hand, M̂
þ

p ðYÞ at p ¼ 0 is larger than the weighted sample mean M̂ðYÞ, unless

there are no different values for total income Y in the sample in which case M̂
þ

p ðYÞ would

not be defined for any p [ ½0; 1�. The latter case is obviously not of interest in

applications.
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To estimate the point inequality measures, let

R̂p :¼
M̂

2

p ðYÞ2 M̂ðYÞ

M̂ðYÞ
ð49Þ

and

Îp :¼
M̂
þ

p ðYÞ2 M̂
2

p ðYÞ

M̂;þp ðYÞ
; ð50Þ

and, as before, put p ¼ i=N to get estimators for Ri and Ii, respectively.

Next, consider the synthetic inequality indexes. To define an estimator for R 0, let

r̂s :¼
N̂s ðn̂s þ n̂sþ1Þ if 1 # s , k̂

N̂
k̂

n̂k if s ¼ k̂

8
<

: ð51Þ

and use r̂s in place of the weights rs and R̂p at p ¼ N̂s=N in place of RNs
in the definition of

R 0. The resulting estimator is then given by

R̂ 0 :¼

Xk̂

s¼1
R̂N̂s=N r̂s

Xk̂

s¼1
r̂s

ð52Þ

and, under suitable conditions, it can be used to estimate R as well. Similar reasoning

suggests that B 0 and B can be estimated by

B̂ 0 :¼
1

N̂
k̂

Xk̂

s¼1

R̂N̂s=N n̂s ð53Þ

and that

Î :¼
1

N̂
k̂

Xk̂

s¼1

ÎN̂s=N n̂s: ð54Þ

can be used to estimate I.

Now, consider the population quantities involving the factor components Xj. For their

estimation we shall employ the weighted averages given by

~xs; j :¼

X
i[S:yi¼~ys

xi; j wi
X

i[S:yi¼~ys

wi

¼
1

n̂s i[S:yi¼~ys

X
xi; j wi; ð55Þ

for s ¼ 1; 2; : : : ; k̂ and j ¼ 1; 2; : : : ; c. Note that ~xs; j is the weighted average of income

from factor component Xj among the sample units with total income equal to ~ys. Using

M̂
2

p ðXjÞ and M̂
þ

p ðXjÞ to indicate M̂
2

p ðYÞ and M̂
þ

p ðYÞ with ~xs; j in place of ~ys, we define the
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step functions

R̂pðXjÞ :¼
M̂

2

p ðXjÞ2 M̂ðXjÞ

M̂ðYÞ
ð56Þ

and

Î pðXjÞ :¼
M̂
þ

p ðXjÞ2 M̂
2

p ðXjÞ

M̂
þ

p ðYÞ
; ð57Þ

which, at p ¼ i/N, provide estimates for the contributions R i(Xj) and I i(Xj). Based on the

step functions R̂pðXjÞ and Î pðXjÞ we further construct estimators for the contributions

R 0ðXjÞ, B 0ðXjÞ and I ðXjÞ. These are given by

R̂ 0 ðXjÞ :¼

Xk̂

s¼1
R̂ N̂s=NðXjÞ r̂s

Xk̂

s¼1
r̂s

; ð58Þ

B̂ 0ðXjÞ :¼
1

N̂
k̂

Xk̂

s¼1

R̂ N̂s=NðXjÞ n̂s ð59Þ

and

Î ðXjÞ :¼
1

N̂k̂

Xk

s¼1

Î N̂s=NðXjÞ n̂s ð60Þ

Also here, under suitable conditions, we can regard R̂ 0ðXjÞ and B̂ 0ðXjÞ as well as

estimators of RðXjÞ and BðXjÞ, respectively.

Since

Xc

j¼1

M̂
2

p ðXjÞ ¼ M̂
2

p ðYÞ and
Xc

j¼1

M̂
þ

p ðXjÞ ¼ M̂
þ

p ðYÞ

for every p [ ½0; 1� (as for the corresponding population quantities), it follows that the

relations

Xc

j¼1

R̂pðXjÞ ¼ R̂p;
Xc

j¼1

R̂ 0ðXjÞ ¼ R̂ 0;
Xc

j¼1

B̂ 0ðXjÞ ¼ B̂ 0

and

Xc

j¼1

Î pðXjÞ ¼ Îp;
Xc

j¼1

Î ðXjÞ ¼ Î:

hold true for the estimators as well.
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To estimate the relative contributions to the point inequality measures we can use the

values taken on by the step functions

r̂pðXjÞ :¼
R̂pðXjÞ

R̂p

¼
M̂

2

p ðXjÞ2 M̂ðXjÞ

M̂
2

p ðYÞ2 M̂ðYÞ
ð61Þ

and

ẑpðXjÞ :¼
Î pðXjÞ

Îp

¼
M̂
þ

p ðXjÞ2 M̂
2

p ðXjÞ

M̂
þ

p ðYÞ2 M̂
2

p ðYÞ
ð62Þ

at p ¼ i/N for i ¼ 1, 2, : : : , N. Note that, as for the corresponding population quantities,

r̂pðXjÞ is not defined for p [ ðN̂
k̂21

=N; 1�, and that for p [ ½0; N̂
k̂21

=N �

r̂pðXjÞ ¼ ẑpðXjÞ; j ¼ 1; 2; : : : ; c;

since an obvious generalization of relation (20) holds for weighted means as well. Taking

appropriate averages finally yields

r̂0ðXjÞ :¼
R̂ 0ðXjÞ

R̂ 0
¼

Xk̂

s¼1
r̂N̂s=NðXjÞ R̂N̂s=N r̂s

Xk̂

s¼1
R̂N̂s=N r̂s

; ð63Þ

b̂ 0ðXjÞ :¼
B̂ 0ðXjÞ

B̂
¼

Xk̂

s¼1
r̂N̂s=NðXjÞ R̂N̂s=N n̂s

Xk̂

s¼1
R̂N̂s=N n̂s

ð64Þ

and

ẑðXjÞ :¼
R̂ðXjÞ

R̂
¼

Xk̂

s¼1
r̂N̂s=NðXjÞ R̂N̂s=N n̂s

Xk̂

s¼1
R̂N̂s=N n̂s

ð65Þ

as estimators of r0ðXjÞ, b
0ðXjÞ and zðXjÞ. Again, under suitable conditions, the former two

estimators can be used to estimate r ðXjÞ and bðXjÞ as well.

Finally, to estimate the shares g ðXjÞ, one can simply use

ĝ ðXjÞ :¼

X
i[S

xi; j wiX
i[S

wi

¼

Xk̂

s¼1
~xs; j n̂s

Xk̂

s¼1
n̂s

; j ¼ 1; 2; : : : ; c: ð66Þ

It is not difficult to check that the relations between the relative contributions and the

shares outlined in Section 4 hold for the estimates obtained from the estimators defined in

the present section as well.
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6. Application to ECHP Income Data

The European Community Household Panel (ECHP) is a multi-purpose annual longitudinal

survey covering the time span between 1994 and 2001. Its aim is to provide comparable

information from EU countries. It is centrally designed and coordinated by Eurostat and

covers topics such as demographics, labor force behavior, income, health, education and

training, housing, migration, and so on. The objective of the ECHP is to represent the

population of the EU at individual and household level. More information about this survey

may be found in the accompanying documentation (see Eurostat 1996; Eurostat 2003a;

Eurostat 2003b; Eurostat 2002; Eurostat 2003c; Eurostat 2003d; Eurostat 2003e).

In the present work we analyze data about household income from the Users’ Database

(UDB) referring to the 2001 wave of the ECHP. Information on income is collected very

detailed in the ECHP questionnaire. Some of the income components are collected at

household level, while others are collected for each individual in sample households. In

order to have complete information at both household and individual level, household

income components are shared among its members aged over 16, and personal income

components are aggregated for the whole household. To be specific, income components

collected at household level are: property and rental income, social assistance and housing

allowances. All other income components are collected individually among persons aged

over 16 who reside in sample households. As for taxes, some of the income components

are collected net and others gross of taxes. To allow for the computation of comparable net

values, the survey provides net/gross ratios for each household (variable HI020 in the

Household-file of the UDB; except for the country-specific informations provided in

Table 2, all other variables listed in this work are included in the Household-file).

Below we shall apply the estimators of Section 5 to evaluate the contributions from

several income components to inequality in the distribution of total net household income

(variable HI100). To avoid excessive scattering of the contributions among a large number

of income components, we shall aggregate the latter into four main components:

. Wage and salary income (X1 :¼ variable HI111). This income component includes

wages and salary payments and any other form of pay for work as an employee or

apprentice.

. Self-employment income (X2 :¼ variable HI112). This includes any income from

self-employment such as own business, professional practice or farm, working as

free-lance or subcontractor, providing services or selling goods on own account.

. Other income components (X3 :¼ the sum of variables HI121, HI122, HI123 and

HI140). This includes capital income (variable HI121), income from property and

rents (variable HI122), private transfers (variable HI123) and adjustments for within

household non-response (variable HI140).

. Social transfers (X4 :¼ variable HI130). This includes unemployment related

benefits, pension or benefit relating to old-age or retirement, survivor’s pension or

benefits for widows or orphans, family related benefits, benefits relating to sickness or

invalidity, education related allowances and any other social benefits.

Except for the samples from France and Finland, the variables HIxxx in the UDB contain

amounts of income net of taxes. For households where these variables are filled (the
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variables referring to the income components are always filled if the net household income

variable HI100 is filled; however, for all countries, except Luxembourg, there are a few

households where the value of the net household income variable is missing), the reported

net values are consistent in the sense that

net household income ðY :¼ HI100Þ :¼

:¼ wage and salary income ðX1 :¼ HI111Þþ

þ self employment income ðX2 :¼ HI112Þ þ

þ other income components

ðX3 :¼ HI121þ HI122þ HI123þ HI140Þ þ

þ social transfers income ðX4 :¼ HI130Þ:

For households belonging to the samples from France and Finland, the variables HI111,

HI112, HI130, HI121, HI122, and HI123 report gross values, which must be converted

into net values through multiplication by variable HI020 (the household net/gross ratio),

while all other variables HIxxx still contain net values. Thus, for the households included

in the samples from France and Finland,

net household income ðY :¼ HI100Þ :¼

:¼ wage and salary income ðX1 :¼ HI111Þ þ

þ self employment income ðX2 :¼ HI020 £ HI112Þ þ

þ other income components

ðX3 :¼ HI020 £ ðHI121þ HI122þ HI123Þ þ HI140Þ

þ social transfers income ðX4 :¼ HI020 £ HI130Þ:

Finally, as for the sample weights wi, we shall follow a suggestion given in Eurostat

(2003a) and use the cross-sectional household weights provided in the Household-file

of the UDB (variable HG004). In fact, in the ECHP each household with completed

household interview has its own nonnegative cross-sectional household weight HG004,

and these weights are scaled to make sure that their sum over all interviewed households

in each country equals the number d * of interviewed households within the country.

However, since for all countries except Luxembourg there are some sample households for

which the net household income variable Y :¼HI100 is not filled, the final samples S we

shall use for estimation comprise d # d * households. Table 1 reports the values of d *, d

and the relative weight u of the sample households for which the total net household

income HI100 is missing (i.e., u is the ratio between the sum of the cross-sectional

household weights for sample households where the total net income variable HI100 is

missing and d *). Note that there is no country for which u exceeds two percent.

Now, consider Table 2. For each of the 15 countries included in the ECHP, Table 2

reports the population size, the number of households and the average household size as

from the Country-file included in the UDB provided by Eurostat. Besides this general

informations, Table 2 reports also the final sample sizes d used for estimation and some

estimates regarding the distribution of net household income Y. The estimates for the
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median were obtained from the estimator

dMedianMedianðYÞ :¼ ~ys * ;

where, in the notation of Section 5, s* is the smallest integer s, 1 # s # k̂, such that

N̂s *=N $ 0:5. Observe that the countries in Table 2 are ordered according to the estimates

R̂ 0 of the Gini index.

Next, consider the contributions in Table 3:

. Wage and salary income, with shares ĝ ðX1Þ between 0.482 in Greece and 0.680 in

Denmark, accounts for the largest share on total population income Y in all 15

countries. To understand how this factor component affects inequality, we first

observe that the contributions r̂ 0ðX1Þ, b̂
0ðX1Þ and ẑðX1Þ are clearly larger than ĝ ðX1Þ

which suggests that wage and salary income tends to be more concentrated among

high income households than total income Y itself.

To assess the impact on inequality at different levels p of the income distribution,

we shall next examine the relative contributions r̂pðX1Þ: we find that r̂pðX1Þ . ĝ ðX1Þ

for all countries for all values of p reported in Table 3, and that the trend of r̂pðX1Þ is

quite similar in all countries: r̂pðX1Þ tends to increase for 0 , p # 0.25 and to

decrease for p . 0.75. For the interpretation of the relative contributions, recall that

r̂pðX1Þ is the ratio between Mþp ðX1Þ2 M2
p ðX1Þ and Mþp ðYÞ2 M2

p ðYÞ. In Italy, for

example, r̂0:50ðX1Þ ¼ 0:661 indicates that the difference between the means of wage

and salary income among the households belonging to the upper half of the income

distribution an those belonging to the lower half is equal to 0.661 times the difference

between the corresponding means of total income Y.

Table 1. Sample sizes in the 2001 wave of the ECHP.

Country d * d (d * 2 d )/d * u

Ireland 1,760 1,757 0.002 0.001
Denmark 2,283 2,279 0.002 0.001
Belgium 2,362 2,342 0.008 0.010
Luxembourg 2,428 2,428 0.000 0.000
Austria 2,544 2,535 0.004 0.002
Finland 3,115 3,106 0.003 0.002
Greece 3,916 3,895 0.005 0.006
Portugal 4,614 4,588 0.006 0.005
UK 4,819 4,779 0.008 0.009
Netherlands 4,851 4,824 0.006 0.005
Spain 4,966 4,950 0.003 0.003
Sweden 5,680 5,085 0.105 0.020
France 5,345 5,247 0.018 0.015
Italy 5,606 5,525 0.014 0.012
Germany 5,563 5,559 0.001 0.003

Legend: d * is the number of interviewed households which coincides with the sum of the cross-sectional

household weights HG004; d is the number of households used for estimation of the inequality indexes and the

contributions to inequality from the four factor components, that is, number of households for which the net

household income variable Y :¼HI100 is filled; u is the ratio between the sum of the cross-sectional household

weights for which Y is not filled and d *.
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Î
R̂

p
0

.8
2

1
0

.7
6

3
0

.6
6

6
0

.5
0

0
0

.2
9

8
0

.1
5

7
0

.0
9

8
0

.3
5

0
0

.4
8

1
–

Î p
0

.8
2

9
0

.7
8

1
0

.7
2

7
0

.6
6

6
0

.6
2

9
0

.6
4

9
0

.6
8

5
–

–
0

.6
9

7

F
ra

n
ce

ĝ
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Î
R̂
0 p

0
.8

2
3

0
.7

4
9

0
.6

2
3

0
.4

5
8

0
.2

8
4

0
.1

5
3

0
.0

9
6

0
.3

2
9

0
.4

5
7

–
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. Self-employment income. The share ĝ ðX2Þ of self-employment income on total

population income may vary a lot from country to country. In fact, it ranges from

ĝ ðX2Þ ¼ 0:018 in Sweden to ĝ ðX2Þ ¼ 0:210 in Greece. Apart from Greece, the group

of countries with large shares ĝ ðX2Þ includes Italy (ĝ ðX2Þ ¼ 0:162), Spain

(ĝ ðX2Þ ¼ 0:145), Ireland (ĝ ðX2Þ ¼ 0:137) and Portugal (ĝðX2Þ ¼ 0:124). The

contributions r̂ 0ðX2Þ, b̂ 0ðX2Þ and ẑðX2Þ do clearly exceed ĝðX2Þ in all countries

except for Sweden, indicating that also this factor component tends to be more

concentrated among high income households than total income Y. The relative

contributions r̂pðX2Þ are, except for Sweden, clearly larger than ĝðX2Þ at all levels of

p reported in Table 3, and they tend to increase as p gets larger. In many countries

the increasing trend is quite marked starting from p ¼ 0.5.

. Other income components. The share of income from this component is about

ĝðX3Þ ¼ 0:050 in all countries except for Belgium and the United Kingdom, where

ĝðX3Þ ¼ 0:108 and ĝ ðX3Þ ¼ 0:132, respectively. The contributions r̂ 0ðX3Þ, b̂
0ðX3Þ,

and ẑðX3Þ do slightly exceed ĝðX3Þ in most countries, indicating that, like for the

former two factor components, the distribution of the other income components X3

tends to exacerbate inequality in total income Y as well. The largest contributions

r̂0ðX3Þ, b̂
0ðX3Þ, and ẑðX3Þ are observed in those countries where the share ĝðX3Þ is also

largest, that is, Belgium and the United Kingdom. Inspection of the relative

contributions r̂pðX3Þ reveals an increasing trend in most countries. In some countries

like Belgium, Finland, Sweden, and the United Kingdom the increasing trend is quite

marked in the final part of the income distribution (i.e., for p $ 0.75).

. Social transfers, with shares ĝðX4Þ between 0.190 in Ireland, and 0.323 in Sweden,

is the second largest factor component in all considered countries. As expected, the

relative contributions r̂ 0ðX4Þ, b̂ 0ðX4Þ, and ẑðX4Þ are clearly smaller than ĝ ðX4Þ,

confirming that the distribution of this income component has an offsetting impact

on inequality. In Belgium, Denmark, Ireland, Luxembourg, and the United Kingdom

some of the relative contributions r̂ 0ðX4Þ, b̂
0ðX4Þ, and/or ẑðX4Þ are even negative. As

for the relative contributions r̂pðX4Þ, they are for all countries smaller than ĝ ðX4Þ at

all levels of p reported in Table 3, and they exhibit a decreasing trend in the initial

part of the income distribution up to p ¼ 0.50, and are thereafter almost constant,

except for Sweden, where the decreasing trend holds on up to p ¼ 0.75, and for

Denmark, where r̂pðX4Þ increases after p ¼ 0.500.
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Appendix

In this appendix we prove that R 0 as defined in (27) and (28) is the ratio between the

concentration area (i.e., the area between the Lorenz curve and the straight line which joins

the origin (0, 0) with the point (1, 1)) and the area of the triangle with vertices in (0, 0),

(1, 0) and (1, 1).

So let Ps :¼ pNs
and Qs :¼ qNs

, s ¼ 1; 2; : : : ; k 2 1, be the abscissa and ordinate values

of the points at which the slope of the Lorenz curve changes. It is not difficult to see that

the conentration area is given by the sum of

. the area of the triangle with vertices in (0, 0), (P1, P1) and (P1, Q1), which is given by

A1 ¼
ðP1 2 Q1ÞP1

2

¼ RN1

P2
1

2

. the sum of areas of the k 2 2 trapezoids with vertices in (Ps21, Qs21), (Ps21, Ps21),

(Ps, Qs) and (Ps, Ps), s ¼ 2; 3; : : : ; k 2 1, which are given by

As ¼
½ðPs21 2 Qs21Þ þ ðPs 2 QsÞ� ðPs 2 Ps21Þ

2

¼ RNs21

Ps21 ðPs 2 Ps21Þ

2
þ RNs

Ps ðPs 2 Ps21Þ

2

. the area of the triangle with vertices in ðPk21;Qk21Þ, ðPk21;Pk21Þ and (1, 1), which is

given by

Ak ¼
ðPk21 2 Qk21Þ ð1 2 Pk21Þ

2

¼ RNk21

Pk21 ð1 2 Pk21Þ

2

Thus, the concentration area is given by

Xk

s¼1

As ¼ RN1

P2
1

2
þ
Xk21

s¼2

RNs21

Ps21 ðPs 2 Ps21Þ

2
þ

þ
Xk21

s¼2

RNs

Ps ðPs 2 Ps21Þ

2
þ RNk21

Pk21 ð1 2 Pk21Þ

2
:

Setting P0 :¼ 0 and Pk :¼ 1, the concentration area can also be written as

Xk

s¼1

As ¼
Xk

s¼2

RNs21

Ps21 ðPs 2 Ps21Þ

2
þ
Xk21

s¼1

RNs

Ps ðPs 2 Ps21Þ

2
:
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Using the fact that

Xk

s¼2

RNs21

Ps21 ðPs 2 Ps21Þ

2
¼
Xk21

s¼1

RNs

Ps ðPsþ1 2 PsÞ

2
;

it is easily seen that

Xk

s¼1

As ¼
Xk21

s¼1

RNs
r*

s ; ð67Þ

with

r*
s :¼

PsðPsþ1 2 Ps21Þ

2
; s ¼ 1; 2; : : : ; k 2 1;

Next, consider the hypothetical case where

Q1 ¼ Q2 ¼ · · · ¼ Qk21 ¼ 0:

In this case the concentration area would be given by the area of the triangle with vertices

in (0, 0), (Pk21, 0) and (1, 1), which is

Xk

s¼1

As ¼
Pk21

2
; ð68Þ

and since we would have

RN1
¼ RN2

¼ · · · ¼ RNk21
¼ 1;

it follows from (67) and (68) that

Xk21

s¼1

r*
s ¼

Pk21

2
:

Thus, if we set

r*
k :¼

1 2 Pk21

2
;

we get

Xk

s¼1

r*
s ¼

1

2
; ð69Þ

and since RNk
¼ RN ¼ 0 for every income distribution, it follows that the ratio between the

concentration area and the area of triangle with vertices in (0, 0), (1, 0) and (1, 1) is given

by (use (67) and (69))

2
Xk

s¼1

As ¼ 2
Xk

s¼1

RNs
r*

s ¼

Xk

s¼1
RNs

r*
sXk

s¼1
r*

s

:

Rescaling the weights r*
s through multiplication by 2 N 2 yields finally the definition of R 0

in (27) and (28).
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List of Notations

Symbol Equation Meaning

N (1) Number of population members

yi for i ¼ 1, 2, : : : , N (1) Total incomes of the population members

Y (1) Symbol to indicate the total income variable

pi for i ¼ 1, 2, : : : , N (2) Cumulative population shares

qi for i ¼ 1, 2, : : : , N (3) Cumulative income shares

Ri for i ¼ 1, 2, : : : , N (4) Gini’s point inequality measures

R (5) Gini’s synthetic inequality index

M2
i ðYÞ for i ¼ 1, 2, : : : , N (6) Mean income of the i “poorest” population members,

i.e., the i population members with smallest total

income Y

M(Y) (7) Mean income of the whole population

B (8) Bonferroni’s synthetic inequality index

Ii for i ¼ 1, 2, : : : , N (9) Zenga’s point inequality indexes

k (9) Number of different values among y1, y2, : : : , yN

Nj for j ¼ 1, 2, : : : , k (9) Cumulative frequencies corresponding to different values

among y1, y2, : : : , yN

Mþi ðYÞ for i ¼ 1, 2, : : : , N (10) Mean income of the n 2 i “richest” population members,

i.e., the n 2 i population members with largest

total income Y

I (11) Zenga’s synthetic inequality index

nj for j ¼ 1, 2, : : : , k (11) Absolute frequencies corresponding to different values

among y1, y2, : : : , yN

c (12) Number of factor components

xi, j for i ¼ 1, 2, : : : , N

and for j ¼ 1, 2, : : : , c

(12) Incomes from the c factor components

Xj for j ¼ 1, 2, : : : , c (13) Symbols to indicate factor components

M(Xj) for j ¼ 1, 2, : : : , c (13) Population means of the factor components

M2
i ðXjÞ for i ¼ 1, 2, : : : , N

and for j ¼ 1, 2, : : : , c

(14) Mean incomes from the factor components among

the i “poorest” population members, that is, among the

i population members with smallest total income Y

Mþi ðXjÞ for i ¼ 1; 2; : : : ; N

and for j ¼ 1; 2; : : : ; c

(15) Mean incomes from the factor components among

the n 2 i “richest” population members, that is, among

the n 2 i population members with largest

total income Y

R i(Xj) for i ¼ 1; 2; : : : ; N

and for j ¼ 1; 2; : : : ; c

(16) Contribution to the Gini point inequality index Ri from

factor component Xj

I i(Xj) for i ¼ 1; 2; : : : ; N

and for j ¼ 1; 2; : : : ; c

(17) Contribution to the Zenga point inequality index Ii from

factor component Xj

ri(Xj) for i ¼ 1; 2; : : : ; N

and for j ¼ 1; 2; : : : ; c

(18) Relative contribution to the Gini point inequality index Ri

from factor component Xj

ziðXjÞ for i ¼ 1; 2; : : : ; N

and for j ¼ 1; 2; : : : ; c

(19) Relative contribution to the Zenga point inequality index Ii

from factor component Xj

R(Xj) for j ¼ 1; 2; : : : ; c (21) Contribution to Gini’s synthetic inequality index R from

factor component Xj

B(Xj) for j ¼ 1; 2; : : : ; c (22) Contribution to Bonferroni’s synthetic inequality index B

from factor component Xj

I (Xj) for j ¼ 1; 2; : : : ; c (23) Contribution to Zenga’s synthetic inequality index I

from factor component Xj
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Symbol Equation Meaning

r (Xj) for j ¼ 1; 2; : : : ; c (24) Relative contribution to Gini’s synthetic inequality index

R from factor component Xj

b(Xj) for j ¼ 1; 2; : : : ; c (25) Relative contribution to Bonferroni’s synthetic inequality

index B from factor component Xj

zðXjÞ for j ¼ 1; 2; : : : ; c (26) Relative contribution to Zenga’s synthetic inequality index

I from factor component Xj

R0 (27) Modified version of Gini’s synthetic inequality index

rs (28) Weights in Gini’s synthetic inequality index

B0 (29) Modified version of Bonferroni’s synthetic inequality index

R0(Xj) for j ¼ 1; 2; : : : ; c (30) Contribution to the modified version R0 of Gini’s synthetic

inequality index from factor component Xj

B0(Xj) for j ¼ 1; 2; : : : ; c (31) Contribution to the modified version B0 of Bonferroni’s

synthetic inequality index from factor component Xj

r0(Xj) for j ¼ 1; 2; : : : ; c (32) Relative contribution from factor component Xj to the

modified version of Gin’s synthetic inequality index

b0(Xj) for j ¼ 1; 2; : : : ; c (33) Relative contribution from factor component Xj to the

modified version of Bonferroni’s synthetic

inequality index

g (Xj) for j ¼ 1 ; 2; : : : ; c (34) Share of factor component Xj on total population income

S (39) Set of indexes i identifying population units belonging

to a sample

d (39) Sample size, i.e., number of indexes i in S.

Note that in the application of Section 6 we considered for

estimation only sample households for which the net

household income variable Y :¼HI100 is filled.

Thus, the samples S used for estimation do not comprise

all interviewed households: in fact, for every country

there are some interviewed households for which the

net household income variable Y :¼HI100 is not

filled (see Table 1).

wi for i [ S (40) Survey weights corresponding to the sample units i [ S

k̂ (42) Number of sample units with different total income Y

~y1 , ~y2 , · · · , ~yk̂
(42) Different values of total income Y among sample units

n̂s for s ¼ 1; 2; : : : ; k̂ (43) Sum of survey weights corresponding to the sample units

with total income Y equal to ~ys

N̂s for s ¼ 1; 2; : : : ; k̂ (44) Cumulative survey weights corresponding to different

values of total income Y in the sample

s ( p) for p [ ½0; 1� (45) s ðpÞ :¼ min fs : N̂s $ N pg, that is, number of different

values ~ys of total income Y among sample units with

total income not larger the pth sample quantile

of total income

M̂
2

p ðYÞ for p [ ½0; 1� (46) Weighted mean of total income Y among sample units with

total income not larger than the pth sample quantile ~ysð pÞ

M̂
þ

p ðYÞ for p [ ½0; 1� (47) Weighted mean of total income Y among sample units with

total income larger than the pth sample quantile ~ys ð pÞ

M̂ðYÞ for p [ ½0; 1� (48) Weighted sample mean of total income Y

R̂p for p [ ½0; 1� (49) Estimates for Gini’s point inequality measures

Îp for p [ ½0; 1� (50) Estimates for Zenga’s point inequality measures
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Symbol Equation Meaning

r̂s for s ¼ 1; 2; : : : ; k̂ (51) Estimates for the weights in the modified version of

Gini’s synthetic inequality index R 0

R̂ 0 (52) Estimate for the modified version R 0 of Gini’s synthetic

inequality

B̂ 0 (53) Estimate for the modified version B0 of Bonferroni’s

synthetic inequality

Î (54) Estimate for Zenga’s synthetic inequality index I

~xs;j for s ¼ 1; 2; : : : ; k̂

and for j ¼ 1; 2; : : : ; c

(55) Weighted average of income from factor component

Xj among the sample units with total income equal to ~ys

R̂pðXjÞ for p [ ½0; 1�

and for j ¼ 1; 2; : : : ; c

(56) Sample estimate for the contribution R i(Xj)

at i ¼ dN pe

Î pðXjÞ for p [ ½0; 1�

and for j ¼ 1; 2; : : : ; c

(57) Sample estimate for the contribution I p(Xj)

at i ¼ dN pe

R̂ðXjÞ for j ¼ 1; 2 ; : : : ; c (58) Sample estimate for the contribution R0(Xj)

B̂ðXjÞ for j ¼ 1; 2; : : : ; c (59) Sample estimate for the contribution B0(Xj)

Î ðXjÞ for j ¼ 1; 2; : : : ; c (60) Sample estimate for the contribution I (Xj)

r̂pðXjÞ for p [ ½0; N̂
k̂21

=N�

and for j ¼ 1; 2; : : : ; c

(61) Sample estimate for the relative contribution

riðXjÞ at i ¼ dN pe

ẑpðXjÞ for p [ ½0; N̂
k̂21

=N�

and for j ¼ 1; 2; : : : ; c

(62) Sample estimate for the relative contribution

ziðXjÞ at i ¼ dN pe

r̂ðXjÞ for j ¼ 1; 2; : : : ; c (63) Sample estimate for the relative contribution r0ðXjÞ

b̂ðXjÞ for j ¼ 1; 2; : : : ; c (64) Sample estimate for the relative contribution b0ðXjÞ

ẑðXjÞ for j ¼ 1; 2; : : : ; c (65) Sample estimate for the relative contribution zðXjÞ

ĝðXjÞ for j ¼ 1; 2; : : : ; c (66) Sample estimate for the share of factor component Xj

on total population income
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Langel, M. and Y. Tillé. 2012. “Inference by Linearization for Zenga’s New Inequality

Index: A Comparison with the Gini Index.” Metrika 75(8): 1093–1110. Doi: http://dx.

doi.org/10.1007/s00184-011-0369-1.

Lerman, R. and S. Yitzhaki. 1984. “A Note on the Calculation and Interpretation of the

Gini Index.” Economics Letters 15(3): 363–368. Doi: https://doi.org/10.1016/0165-

1765(84)90126-5.

Lerman, R. and S. Yitzhaki. 1985. “Income Inequality Effects by Income Source: A New

Approach and Applications to the United States.” Review of Economics and Statistics

67(1): 151–156. Available at: https://www.researchgate.net/profile/Shlomo_Yitzhaki/

publication/24094305_Income_Inequality_Effects_by_Income/links/02e7e5274ff3f

ce713000000.pdf (accessed April 2017).

Lorenz, M.O. 1905. “Methods of Measuring the Concentration of Wealth.” Publications of

the American Statistical Association 9(70): 209–219. Doi: http://dx.doi.org/10.2307/

2276207.

Polisicchio, M. 2008. “The Continuous Random Variable with Uniform Point Inequality

Measure I(p).” Statistica & Applicazioni 6(2): 137–151.

Polisicchio, M. and F. Porro. 2009. “A Comparison Between the Lorenz L(p) Curve and

the Zenga I(p) Curve.” Italian Journal of Applied Statistics 21(3–4): 289–301.

Porro, F. 2008. “Equivalence Between the Partial Order Based on L(p) Curve and Partial

Order Based on I(p) Curve.” In Atti della XLIV Riunione Scientica: Università della
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