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MHD stagnation point flow of Jeffrey fluid by a radially stretching surface
with viscous dissipation and Joule heating
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Abstract: The steady stagnation-point flow of an electrically conducting fluid due to convectively heated stretched disk
in the radial direction is considered. Effects of viscous dissipation and Joule heating are present. Mathematical modelling
is based upon constitutive relations of Jeffrey fluid. The governing partial differential equations are first transformed into
the coupled system of ordinary differential equations and then solved for the convergent series solutions. Numerical
values of skin friction coefficient and local Nusselt number are also computed and analysed.
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INTRODUCTION

Understanding and modelling for the flows related to non-
Newtonian fluids are of both fundamental and practical
significance in the industrial and engineering applications. The
rheological characteristics of such fluids are important in the
flows of nuclear fuel slurries, lubrication with heavy oils and
greases, paper coating, plasma and mercury, fossil fuels,
polymers etc. These fluids have a nonlinear relationship
between the shear stress and shear rate. The associated
equations of non-Newtonian fluids are very complex and higher
order than the governing equations of viscous fluid. The non-
Newtonian fluids in general are divided into three main classes
namely the differential, rate and integral types. The simplest
subclass of non-Newtonian fluids is the rate type material. The
present study considers the Jeffrey fluid model. This fluid
model exhibits the properties of ratio of relaxation to
retardation times and retardation time. Few attempts about
Jeffrey fluid model are mentioned in the studies by
Kothandapani and Srinivas (2008), Tripathi et al. (2011), Hayat
et al. (2012), Abbasi et al. (2015) and Farooq et al. (2015).

Fluid motion in the region of a stagnation point exists on all
moving solid bodies. The role of stagnation point is important
because the separation streamlines passing through them
describe different flow regions. Thus the problems studying the
stagnation point flow over a stretching surface are classic in
fluid mechanics. Initially Hiemenz (1911) studied the steady
flow of viscous fluid in the neighborhood of a stagnation point.
Later the seminal work of Hiemenz (1911) was extended by the
various researchers. For instance Attia (2007) presented the
axisymmetric stagnation point flow towards a stretching surface
in the presence of uniform magnetic field and heat generation.
Zhu et al. (2010) presented an analysis to study the slip
condition in stagnation point flow generated by power law
stretching sheet. Turkyilmazoglu (2012a) explored the
stagnation point flow for three-dimensional steady flow of
viscous fluid by a stretchable disk. Soret and Dufour effects in
stagnation point flow of Jeffrey fluid are examined by Shehzad
et al. (2013).

Boundary layer flow due to stretched surface is a subject of
abundant studies at present. It is because of occurrence of such

flows in various engineering and industrial processes like
cooling of metallic sheets in a bath, annealing and thinning of
copper wires, aerodynamic extrusion of plastic and rubber
sheets, drawing of plastic films and sheets, glass fiber and paper
production etc. (for details see Crane, 1970; Hayat and Awais,
2011; Hayat et al., 2011). Mukhopadhyay (2013) studied
magnetohydrodynamic (MHD) boundary layer flow and heat
transfer by an exponentially stretching sheet embedded in a
thermally stratified medium. Numerical simulation of MHD
nanofluid flow and heat transfer with viscous dissipation is
reported by Sheikholeslami et al. (2014). Very recently Hayat
et al. (2015) examined MHD stagnation-point flow of Jeffrey
fluid over a convectively heated stretching sheet.

The purpose of present study is to discuss the MHD
stagnation point flow of Jeffrey fluid by a radially stretching
sheet. The sheet possesses convective type surface condition. It
is noticed that previous literature for heat transfer over a
stretching surface is mainly restricted to either prescribed
temperature or heat flux at the wall. Heat transfer due to
convective boundary conditions has a definite role in processes
such as thermal energy storage, gas turbines and nuclear plants
etc. (see Aziz, 2009; Hayat et al., 2014a; Makinde and Aziz,
2010). Series solutions of the resulting systems are obtained by
homotopy analysis method (HAM) (see Abbasbandy et al.,
2013; Hassan and Rashidi, 2014; Hayat et al., 2013; Hayat et
al., 2014b; Rashidi et al., 2012a, 2012b; Turkyilmazoglu,
2012b). Relevant convergence criteria are established. Plots for
different quantities are shown and discussed.

FORMULATION

Consider the two-dimensional stagnation point flow of
Jeffrey fluid by a radially stretching surface. The surface
coincides with the plane z =0 whereas the fluid occupies the

region z>0. A uniform magnetic field of strength B; is
applied along the y-axis. The velocity distribution (Attia,
2007) in the flow close to the stagnation point is given by
U.(r)=ar, W,(z)=-2az and the velocity of the stretching
sheet is U,,(r)=cr . Here a and c¢ are the positive constants

and 7 is the radial coordinate. The constitutive relationships of
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Jeffrey fluid are (Hayat et al., 2012; Kothandapani and Srinivas,
2008):

T=-pl+8S, 1)
y7i d

S= A+ —A |, 2
araga) @

where p denotes the pressure, I the identity tensor, ux the
dynamic viscosity, 4 the ratio of relaxation and retardation

times and /4 the retardation time. The quantities A; and

%Al are defined by

A =Vv+(W), 3)
d d
EA] —E(A1)+(V'V)Al. (4)

Using the equations of continuity and momentum, the
resulting boundary layer equations can be expressed as follows:
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where u and w are the velocity components along the radial
(r) and axial (z) directions, respectively, T is the
temperature of fluid, 7,, is the temperature at the wall, (e is the
specific heat, £ is the thermal conductivity, p is the density,
v is the kinematic viscosity, 4 is the convective heat transfer
coefficient and 7, is the ambient temperature.

Considering the dimensionless variables

(10)

the continuity equation (1) is identically satisfied and the
resulting problems in f and & are reduced to the following

forms:

;B s )

2 2 (1
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S/(m)=1.1(n)=0. 6 =-41-6(0)] at =0,

, 13)
S (m)=4, 6(n)=0as n— o,
in which £ denotes the Deborah number, Ha® the Hartmann
number, A the ratio of rates of stream velocity to the stretching
velocity, Pr the Prandtl number, Ec the Eckert number and
7 the Biot number. These parameters are defined as follows:

2
B=1c, Ha’ =—O-BO , Azg, Pr:K,
¢ c o
14
k h U2 (19
o= , Y= , Ec= .
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Non-dimensional skin friction coefficient and Nusselt
number are given by

1 1 (f(0)=B1(0)
ERATY? [f”<o>+ﬂf'<0)f”<0)]’ "
(Re, )" Nu, =-'(0),

where Re, = er? Iv s local Reynolds number.

SERIES SOLUTIONS

The initial guesses and auxiliary linear operators are given
below:

-7
fom)=An+(1-4)(1-¢7"), 90(77)=71/i—y, (16)

Li=f"-f, Loy=6"-6. (17)

The above auxiliary linear operators satisfy the following
properties

Lf(Cl +C2€n +C3€_’7)=O,L9(C4€77 +C5€_n)=0, (18)
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inwhich GG (i=1-35) are the arbitrary constants.

The corresponding problems at the zeroth order are given in
the following forms:

(1-p) e[ Fp) - o] (19)
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p)Lg F(n;p)—ﬁo(n)] (20)
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Here p is an embedding parameter and 7 ; and 714 are

the non-zero auxiliary parameters. The nonlinear operators
are represented by N, and Ngy. When p=0 and p=1 one

has

F1:0)= fo(m), 6(1,0)=6,(1),

R R 24
fD)= 1), 6(n.1)=607).

Clearly when p is increased from 0 to 1 then f(7,p)

and 6(17,p) vary from fo(77), 6o(17) to f(17) and 6(7).
By Taylor's expansion we have

1. p)= folm+ E ",

25
19" p) )
Sl == ST
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, 26)
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The convergence of above series strongly depends upon
Iy and hig. Here i and T are selected properly so that

the Egs. (25) and (26) converge at p =1 then we can write

fm = fo(m+ Z Sn(), (27)

m=1

67 =60(m)+ X 6,,(1) e8)
The resulting problems at mth order deformation are:
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Solving the above mth order deformation problems, the
general solutions can be expressed as follows:

(D) = () +Ci +Cre +Cie™", (34)
O, (1) = 0, (1) + C4e” +Cse™", (35)

where /" and @, indicate the special solutions.
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Convergence of the homotopy solutions

It is obvious that the series solutions (27) and (28) consist
of the non-zero auxiliary parameters % ; and 74 which can

adjust and control the convergence. For the range of
admissible values of 7 ; and 7, of the functions f”(0) and

0’(0), the 7, and 719 curves are plotted for 12-th order of

approximations. Figs. 1 and 2 depict that the ranges for the
admissible values of 7, and hg are —1.30<7,<-0.20

and —1.40<7%4 <-0.30 respectively.
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RESULTS AND DISCUSSION

The governing dimensionless equations (10) and (11) along
with the boundary conditions (12) are solved through
homotopic procedure. The computed homotopic solutions are
plotted to examine the influences of emerging parameters

namely Deborah number /, Hartmann number Ha®, ratio
parameter A, Prandtl number Pr, Eckert number Ec and Biot

number ¥ on the velocity field f’(77) and temperature profile
o(n). 3-6
parameters 4, Ha®, [ and A, on the velocity field. The
effects of 4 on the velocity profile f’(77) are shown in Fig. 3.

This Fig. indicates that an increase in 4 enhances the veloci-

Figs. show the influence of dimensionless

')

iHﬂ2=y=0.l,Pl' =07, E =03

Fig. 3. Effects of 4 on f”().

ty and boundary layer thickness (0<A4<1). It is noted that the

boundary layer thickness vanishes when 4=1.0. For 4 >1,

the velocity increases and the boundary layer thickness
decreases by increasing A. Fig. 4 depicts the influence of

Ha® on the velocity profile f’(7). It has been noticed that the

magnetic field retards the flow. Physically the apparent
viscosity of the fluid increases to the point of becoming a
viscoelastic solid when magnetic field is applied to any fluid. It
is of great interest that the yield stress of the fluid can be
controlled accurately through variation of the magnetic field
intensity. The result is that the ability of the fluid to transmit
force can be controlled with the help of an electromagnet which
gives rise to many possible control-based applications including
MHD power generation, electromagnetic casting of metals,
MHD ion propulsion etc. Influence of the Deborah number S

on f’(n7) is shown in Fig. 5. It is observed that the velocity of

fluid and associated boundary layer thickness increase for
larger A Since the Deborah number S is dependent upon 4,

(retardation time) and physically larger retardation time of any
material makes it less viscous which ultimate results in an
increase of its motion. Fig. 6 shows the influence of 4 on

S’(m). Itis seen that an increase in /4 retards the flow.

Here increase in A; enhances the relaxation time i.e., more

time is required for a perturbed system to retain its original
position. The drag forces increase and consequently the
reduction occurs in the velocity.

Figs. 7-9 show the influence of different parameters Ec, y

and Pr on temperature profile #(77). Characteristics of Eckert

number Fc on temperature profile are sketched in Fig. 7. It is
found that the temperature and thermal boundary layer
thickness are enhanced with an increase in Ec. With an
increase in Ec the heat energy is stored in the fluid due to
friction forces which enhances the temperature profile.
Influence of Biot number y on temperature profile is shown in
Fig. 8. It is noticed that the stronger convective heating at the
sheet allows the thermal effect to penetrate deeper into the
quiescent fluid. This results in the larger temperature and
thicker thermal boundary layer. Increasing values of Prandtl
number Pr decrease conduction and enhance pure convection
i.e. transfer of heat through unit area. That is why the
temperature and thermal boundary layer thickness decrease
with an increase in Pr (see Fig. 9).
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Fig. 6. Effects of 2, on f”(77).

Figs. 10-12 show the variations of ratio of rates of free
stream velocity to the stretching velocity A, Hartmann number

Haz, ratio of relaxation and retardation times 4;, Deborah
number [, Biot number y and Eckert number Ec on skin
friction coefficient and local Nusselt number respectively.

05 1y

04Fy
NV A== 0LPr=07 E =03, l1=f=
N =01, Pr=0.7, =03, l1=5=02
UER SN Y

\ \',\ y =00, 0.2, 04, 0.6

020

015 A=Ha'=5=01, Ec =03, ;= =02

010 Pr=01, 0.2, 0.3, 04

005

Fig. 9. Effects of Pron (7).

Figs. 10 and 11 are drawn to examine the variations of A4
and A, on skin friction coefficient. It is found that skin friction
coefficient enhances for larger values of 4 and 4;. Moreover,

the local Nusselt number which represents the heat transfer rate
at the surface increases for larger ¥ and Ec (see Fig. 12).
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Fig. 12. Effects of y and Ec on local Nusselt number.

Table 1 is presented to find how much order of
approximations is necessary for a convergent solution. It is
noticed that 15th order of approximations are sufficient for the
velocity field whereas 25th order of approximation are required
for the temperature field. Table 2 is presented for the numerical
values of skin friction coefficient for different values of 4,

Ha?, £ and 4. It is noticed that the skin friction coefficient

increases for larger values of Ha® and S . However the skin
friction coefficient are decreased when 4 and g increase.

Tables 2 and 3 are presented for the numerical values of local
Nusselt number for different values of y, Ec and Pr. This

Table represents that the values of heat transfer rate become
larger when we increase the values of  and Pr while it is

smaller with an increase in Ec.

Table 1. Convergence of homotopy solutions when 4; =0.2,

A=0.1, Pr=07, y=0.1, Ec=0.3, f=0.2 and Ha*=0.1.

Order of approximation — f7(0) —8(0)
1 1.0557 0.087226
5 1.1553  0.078061
10 1.1570  0.075656
15 1.1570  0.075298
20 1.1570 0.075218
25 1.1570  0.075169
30 1.1570  0.075169
35 1.1570 0.075169

Table 2. Values of skin-friction coefficient for different values of
the parameters A4, Haz, B and A when Pr=0.7, y=0.1 and
Ec=0.3.

A Ha* B 2 1C,\Re,
00 0.1 02 02 12017
0.1 1.1570
0.2 1.0920
0.1 0.0 1.1534
0.3 1.1856
0.5 1.2412
0.1 0.0 1.0298
0.1 1.0946
0.3 1.2170
02 0.0 12674
02 1.1570
04 1.0711

Table 3. Values of local Nusselt number for different values of 7,

Ec and Pr when A=Ha”=0.1 and f=4 =0.2.

y Ec Pr -6(0)
0.5 03 0.7 02236
0.7 0.2688
0.9 0.3020
0.9 0.0 0.3953
0.5 0.3023

1.0 0.2087
0.9 1.0 05 02730
0.6 0.2889

0.8 0.3381
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CONCLUDING REMARKS

Axisymmetric stagnation point flow of Jeffrey fluid is
explored. The flow is induced by a radially stretching surface.
The concept of convective boundary condition is analyzed. The
final outcomes of this investigation are listed below:

. Magnetic field retards the fluid velocity and
momentum boundary layer thickness.

. Velocity of fluid can be boosted by increasing its
retarding time.

. Prandtl number Pr reduces the temperature field and
decreases the thermal boundary layer thickness.

. Both the temperature and thermal boundary layer
thickness are enhanced for the larger Biot number .

. Temperature profile increases for larger Eckert
number Ec.

. The values of skin-friction are smaller in case of
hydrodynamic flow when we compare it with the
hydromagnetic flow.

. The values of local Nusselt number are reduced for

larger Eckert number Ec. For Ec =0 the results in absence of
viscous dissipation can be recovered.
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