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An accurate representation of reality in numerical variably-saturated flow models requires reliable
estimates of necessary model parameters. Inverse modeling seeks to estimate parameters such as the
saturated and residual water contents, the saturated hydraulic conductivity, the shape parameters of the soil
hydraulic functions, using easily attainable observations of actual or cumulative water fluxes, pressure
heads, water contents, and concentrations. The inverse procedure usually combines the nonlinear least-
squares-based (SSQ) parameter optimization method with a numerical solution of the variably-saturated
flow and transport equations. The SSQ-based inverse method is however sensitive to outliers. A novel
Squared e-Insensitive Loss Function (SILF) approach is introduced in this study. The SILF approach is
inspired by the e-insensitive loss function proposed by Vapnik (1995). The objective function used in the
SILF approach is similar to the least-squares objective function, except that it penalizes only for errors
greater than a certain predefined acceptable error term €. The SILF approach shows an improved
performance over the SSQ approach in estimating the soil hydraulic parameters. Apart from providing
robust estimates of the soil hydraulic parameters, the SILF approach also gives an approximation of the
relative measurement error during sampling.

KEY WORDS: Vadose Zone, Inverse Problem, Insensitivity Loss Function.

Navin K. C. Twaraka}vi, Hirotaka Saito, Jirka Simfmnek, M. Th. Van Gepuchten: INVEBZI}IE
MODELOVANIE PRUDENIA VODY VO VODOU NENASYTENEJ PODE S POUZITIM
NECITLIVOSTNEJ STRATOVEJ FUNKCIE e. J. Hydrol. Hydromech., 58, 2010, 3; 33 lit., 5 obr., 3 tab.

Presna reprezentacia skutocnosti v numerickych modeloch pridenia vo vodou nenasytenej pdde vyzaduje
spol’ahlivé urcenie potrebnych parametrov modelu. Inverznym modelovanim sa snazime o urcenie takych
parametrov, ako su rezidudlna vlhkost' pody, nasytena hydraulickd vodivost, tvarové parametre
hydraulickych funkcii pddy, vyuzijic Tlahko realizovatelné pozorovania momentalnych alebo
kumulativnych tokov vody, tlakovych vySok, vlhkosti pddy a koncentracii rozpustenych latok. Inverzna
procedira obycajne kombinuje nelinedrnu optimalizdciu parametrov zalozeni na metdode najmenSich
Stvorcov (SSQ) s numerickym rieSenim transportnych rovnic vo vodou nenasytenej pdde. Tato metdda
(SSQ) je vsak citliva na nahodné chyby. Nova, necitlivostna stratova funkcia s necitlivostou g(SILF),
pouzita v tejto §tadii, bola in§pirovana navrhom publikovanym Vapnikom (1995).

Optimalizovana funkcia pouzita v pristupe SILF je podobna tej, ktora sa pouziva v metdode najmensich
§tvorcov s tou vynimkou, ze tato penalizuje len chyby vicsie ako je uréita preddefinovana akceptovatel'na
chyba ¢. Pri uréovani hydraulickych parametrov pody tato metéoda SILF preukazala svoje prednosti pred
pristupom SSQ. Okrem toho, ze metdoda SILF dava robustné odhady hydraulickych parametrov pody,
umozinuje tiez aproximaciu relativnych chyb merania pocas odberu vzoriek.

KEUCOVE SLOVA: vodou nenasytena pdda, inverzny problém, necitlivostné stratové funkcia.
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Introduction

Experimental determination of soil hydraulic
properties relating the soil water content, the capil-
lary pressure head, and the hydraulic conductivity
can often be a time-consuming and work-intensive
process (Klute and Dirksen, 1986; Dirksen, 1991).
As a result, detailed characterization of soil hydrau-
lic functions required for accurate model predic-
tions of water flow in the heterogeneous vadose
zone is seldom done. On the other hand, informa-
tion about soil-water pressure heads and moisture
contents (also referred to as state variables) can be
obtained readily and economically using instru-
ments such as tensiometers, neutron probes, and/or
time domain reflectometry (TDR). The availability
of state information, such as moisture contents,
pressure heads and fluxes, in field-scale vadose
zone studies is therefore much more common than
knowledge of soil hydraulic properties. As a result,
much research effort has been devoted to estimating
soil hydraulic parameters using this so-called state
information. The utilization of state information
(i.e., water content and pressure head data) to infer
model parameters is the quintessence of a class of
modeling techniques referred to as “inverse prob-
lems”.

In the past two decades, a number of inverse
modeling studies for estimating soil hydraulic pa-
rameters in the vadose zone has been published
(e.g., Kool et al. 1985; Kool and Parker 1987,
Eching and Hopmans 1993; van Dam et al. 1994;
Simiinek and van Genuchten 1996, Hopmans et al.,
1997, Vrugt et al., 2008). The inverse-problem-
based parameter estimation technique involves the
indirect estimation of soil hydraulic functions using
repeated numerical solutions of the governing flow
equation for variable-saturated water flow, such as
the Richards equation (Richards, 1931; Jury et al.,
1991), with different parameter sets, and comparing
computed results with experimental observations.
The Richards equation is first solved numerically
using the parameterized soil hydraulic functions
with initial estimates for their parameters. These
parameters are then optimized by minimization of
the objective function that contains the sum of
squared deviations between observed and predicted
state variables, using repeated numerical simula-
tions of the flow process (Hopmans et al., 2002).
This iterative inversion of the flow equation in nu-
merical models is in contrast to direct inversion
techniques used in analytical solutions (Yeh, 1986).

To summarize, numerical inverse estimation tech-
niques involve the coupling of a numerical model
of flow with a parameter optimization algorithm
such as the Marquardt-Levenberg method
(Marquardt, 1963) or various global optimization
methods (e.g., Vrugt et al., 2008).

Let § = {yi, J»...., J,} denotes the vector of ob-
served state variables of size ¢ (such as water con-
tents, pressure heads, fluxes) at various locations
and times and Y(9) = {Y1(9), Y2(9),..., Y, (0)} de-
notes the corresponding model predictions using a
parameter set 0 = {0, 0,..., 05} of size s such that

Se@®c R, (1)

where R* represents the s-dimensional Euclidean
space and ® denotes the feasible parameter space
that is predefined in the model using reasonable
upper and lower bounds for each parameter (Vrugt
et al., 2005). The prediction efficiency of the in-
verse model with a given parameter set J is repre-
sented by the residual vector E(J), which is lin-
ear/non-linear transformation of differences be-
tween the observed data, y, and the model predic-
tions, Y(9):

E(5) = y(Y(9),Y) = {€,(0),€,()....e, (5)},  (2)

where y(.) is a user-defined linear/non-linear trans-
formation function. In an inverse problem, one
estimates the “best parameter set” by minimizing
some kind of a lumped estimate (referred to as the
objective function) from the residual vector E(J)
such that model predictions are as close as possible
to corresponding observed values (Vrugt et al.,
2005).

The choice of the objective function is important
for a reliable estimation of model parameters. One
of the commonly used objective functions is the
Sum of Squared Residuals (SSQ) which is based on
non-linear least squares. Essentially, the SSQ ob-
jective function is the sum of residuals wherein the
residual is the quadratic transformation of the dif-
ference between the observed data and model pre-
dictions:

4 ~ 12
SSQ(E(5)) = _ZlWi[Yi(ﬁ)—yi] ; 3)
=
where W; is a weight vector (i = 1..q) that assigns a
degree of importance to each residual. Popularly

used inverse formulations, such as those used in the
HYDRUS suite of softwares (Simiinek et al., 2005,
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2008), employ the weighted SSQ as the objective
function to estimate the best parameter set.

Non-linear least squares-based objective func-
tions infer parameters by minimizing the sum of the
weighted squared differences between the observed
state variables and those calculated by a mathe-
matical model. A detailed literature review reveals
that non-linear least-squares-based objective func-
tions (such as SSQ) have been the most widely used
objective functions for parameter optimization in
hydrological sciences (Hopmans et al., 2002).
However, Finsterle and Najita (1998) have ques-
tioned the robustness of the least-squares criterion
because of the tendency of outliers in the measure-
ments to strongly influence the outcome of the in-
verse modeling. Finsterle and Najita (1998) com-
pared other robust estimators to the standard least-
squares objective function. It was observed that
robust estimators decreased relative weights of
outliers and thus made the estimated parameters
less affected by the presence of non-gaussian and
gaussian errors (Simiinek and Hopmans, 2002).

While significant attention has been given to ad-
dressing outliers in data sets during optimization,
measurement errors that are a result of detection
limits and sensitivity of a particular instrument have
been assumed to be negligible and ignored in the
past. In this paper, we propose a new approach to
handle measurement errors in datasets in inverse
problems by using a new objective function called
the Squared e-Insensitive Loss Function (SILF)
proposed by Vapnik (1995). The SILF function is
defined as follows:

SILF(E(5),8) = £ W2 (5)

i=1

where

li(g):{ln(a)—f,-l—s [%:(8) =5 >«
0 %,(6) -7 <e

“4)

where ¢ is an optimally selected parameter called
the acceptable error. Fig. 1 compares the SILF and
SSQ objective functions. The SILF objective func-
tion is very similar to the SSQ objective function
except that residuals smaller than ¢ are considered
to be insignificant. Similarly to SSQ, a quadratic
transformation is used for residuals greater then &
(Vapnik, 1995). One may observe that the SILF
objective function attains the form of the SSQ ob-
jective function for the acceptable error equal to
zero (¢ = 0). The performance of SILF objective
functions has been compared to traditional objec-

tive functions (SSQ, Absolute Mean) in previous
studies (e.g., Hastie et al., 2001), in which SILF
was shown to improve the fit between predicted
and observed data. Previous studies have shown an
improved fit of observed data when the SILF objec-
tive with a non-zero acceptable error was used,
indicating that the SSQ objective function may not
necessarily lead to the best possible parameter es-
timate (e.g., Kwok and Tsang, 2003). In this paper,
we analyze the robustness of the SILF approach for
inverse modeling of vadose zone flow processes.

A

Loss

—Sle—>
-ve g g
Residuals

+ve

Fig. 1. Significance of residuals to the value of SSQ and SILF
objective functions.

Obr. 1. Vyznam rezidualov vzhl'adom k hodnotam funkcii SSQ
a SILF.

Theory
Governing equations and numerical modeling

Variably-saturated flow in soils is a highly
nonlinear and dynamic phenomenon. Commonly
used numerical models for variably-saturated water
flow in the vadose zone typically employ the clas-
sical Richards equation (Richards, 1931). For a
one-dimensional scenario, the Richards equation is
described mathematically as follows:
00 0

_—[K(h)%—K(h)}—S,

E 0z ®)

where 6 is the volumetric water content [—], & — the
soil water pressure head [L], ¢ — time [T], z — the
distance from reference datum [L], K(%) — the un-
saturated hydraulic conductivity as a function of 4
or @ [L T"'], and S is the sink term usually account-
ing for the root water uptake.

A high nonlinearity in the variably-saturated wa-
ter flow equation exists due to the dependence of
the hydraulic conductivity, K(#), and the water
content, &(#), on the pressure head, 4. Conse-
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quently, modeling of variably-saturated water flow
involves solving Eq. (5) along with a nonlinear
model that characterizes relationships between the
water content, pressure head, and unsaturated hy-
draulic conductivity. The Gardner exponential
model (Gardner, 1958), the Brooks and Corey
model (Brooks and Corey, 1964) and the van
Genuchten-Mualem model (van Genuchten, 1980)
are among the most widely used approaches to rep-
resent the dependence of the hydraulic conductivity
and the water content on the capillary pressure
head. Readers are referred to Leij et al. (1997) for a
detailed discussion on the most commonly used soil
hydraulic models. Of all available soil hydraulic
models, the van Genuchten-Mualem model (van
Genuchten, 1980) is perhaps the most widely used
model to characterize the hydraulic conductivity
and water content dependence on the capillary pres-
sure head. The van Genuchten-Mualem model is
described as follows:

0, + 9"_0"1 h<0
O(h) = |1 + |eh|" f; (6)

) h>0

O(h)-6.

S (h)=——L 6b
() ) (6b)
K=K, T1-1-8,"")"7? (6¢)
m=1-1/n, n>1, (6d)

where 6(h) is the volumetric water content at the
pressure head % [—], 0, and 6, — the saturated and
residual volumetric water contents [—], respectively;
Se(h) — the degree of saturation at the pressure head
h [-], K, — the saturated hydraulic conductivity [L
T'], @ (L") and n [-] are van Genuchten’s shape
parameters, and / is a tortuosity or pore connectivity
parameter estimated by Mualem (1976) to be 0.5.
Egs. (5) and (6) have been used with or without
additional modifications to model variably-
saturated water flow and have been successfully
extended into two and three dimensions (e.g.,
Pruess et al., 2004 or Simiinek et al., 2006).

SILF inverse formulation

Simiinek and Hopmans (2002) and Hopmans et
al. (2002) provide a detailed description of the SSQ
approach for estimating soil hydraulic parameters
using inverse modeling. For an inverse modeling
problem involving multiple measurement sets of

size ¢;, the SSQ-based objective function ¢ used in

HYDRUS-1D (Simiinek et al., 2005) is mathemati-
cally described as

- P4 o2
o(0),7,0)= X u; .levi,j[Yi,jw)—yi, i o
i=l j=

where p is the number of measurement sets, u; — the
weight corresponding to each measurement set, v;;
— the weight corresponding to the /™ data point of
the i™ measurement set, 0 — the parameter set (as
described earlier in (1)), y;; — the /™ data point of the
i" measurement set and Y;(J) is the corresponding
model prediction.

In the HYDRUS software, the Marquardt-
Levenberg algorithm (Marquardt, 1963) is used to
optimize the objective function. The Marquardt-
Levenberg algorithm combines the Newton and
steepest descent methods, and provides confidence
intervals for the optimized parameters. It should be
noted that the Marquardt-Levenberg algorithm is a
local minimization approach seeking a local mini-
mum in the vicinity of the initial estimate of opti-
mized parameters, requiring reasonable initial esti-
mates of parameters. There are other local and
global optimization approaches that could be also
considered to solve the optimization problem.
Readers are referred to the above referenced litera-
ture (e.g., Simiinek and Hopmans, 2002; Hopmans
et al., 2002; Vrugt et al., 2005, 2008) for more de-
tails. The proposed SILF methodology essentially
uses the same solution framework as SSQ. The only
difference between the SSQ and SILF based ap-
proaches is the definition of the objective function.

To ensure the robustness of the objective func-
tion in estimating parameter values during inverse
modeling, a good understanding of the nature of
measurement errors in collected datasets is needed
(e.g., Roth et al., 1990; Simiinek and van Genuch-
ten, 1996). Most statistical methods, such as SSQ-
based inverse modeling, are based on the assump-
tion of homoscedastic and Gaussian errors. Gaus-
sian errors have a similar variance that is independ-
ent of the ‘true’ value of a particular variable.
However, one often encounters data when observ-
ing natural processes wherein the error variance is
directly related to the ‘true’ variable value. Such
errors are referred to as heteroscedastic errors. Ho-
moscedastic errors may be considered as a special
case of heteroscedastic errors with a heteroscedastic
variance of zero. Considering the error distribution
of typically observed soil data and inspired by the
SILF objective function, we propose for inverse
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modeling of vadose zone processes the SILF-based
objective function 7 that uses relative errors instead
of absolute errors as follows:

(1 @).5.0)= Tty .levf,j 1)
=l j=

where
Y, (6 =i |- edi, @3],
i (6)= &
0 bl
yi,j
3

where symbols represent parameters, observations
and model predictions as described earlier in Egs.
(3) through (6).

The parameter set, J, to be estimated may in-
clude any combination of soil hydraulic parameters,
such as 6, 6,, K, a, n and [. The observed data set
can include observed water contents, 6(f), pressure
heads, A(f) and/or instantancous or cumulative
boundary fluxes, ¢(¢) (e.g., infiltration or outflow
data) at different times and locations, or retention,
h(6), or hydraulic conductivity, K(%), data. One
may observe that the SILF-based objective func-
tion, 7, attains the form of the weighted Root Mean
Squared Error (RMSE) approach (which is linearly
related to the SSQ-based objective function ¢ de-

fined by Eq. (7)) when the acceptable error ¢ is
equal to zero. The SSQ-based and SILF-based in-
verse models thus estimate the same parameter sets
when the acceptable error is zero. Similarly, when
observed dataset involves only homoscedastic er-
rors, the acceptable error ¢ may be multiplied by
one instead of the observed value ;.

In the SILF-based objective function 7 (Eq. (8)),
the insensitivity of the error is considered on a rela-
tive basis. The error is considered to be significant
only if the ratio of the absolute residual e,(0) to the
observed value is greater than the acceptable error,
¢. In scenarios wherein the soil measurements suf-
fer from heteroscedastic errors, the SILF-based
objective function may be expected to show an
improvement in fitting the observed data.

The performance of the SILF objective function
is strongly dependent on the choice of ¢ (Kecman,
2001, Hastie et al., 2001). For example, one cannot
expect reliable estimates of parameters if ¢ is larger
than the range of the observed data. On the con-
trary, when the acceptable error ¢ is zero (same as

SSQ), the objective function may overfit measured
data by fitting measurement errors (Hastie et al.,
2001). The value of ¢ must therefore be selected so
that it reflects the statistical distribution of errors in
the measured data in some way. Several researchers
have pointed out a direct linear dependence of the
optimal value of ¢ on the noise in the observed data
(Kwok and Tsang, 2003; Smola et al., 1998). The
optimal ¢ has been suggested to be between 0.6 and
1.0 times the variance of the noise in the observed
data set. One may thus choose the optimal value of
& when the variance of noise in the observed data is
known. For the SILF objective function described
in (8), one may use an acceptable error that is 0.6—
—1.0 times the relative sensitivity of the measuring
instrument.

In many cases, the variance of the observed data
is not known. It may then be of interest to estimate
the noise in the observed data for quality assurance
and quality control purposes during the parameter
optimization process. In such case we suggest the
following approach: (a) vary the acceptable error, ¢,
from zero to a certain maximum value at equal
intervals, (b) perform inverse modeling using the
SILF approach, (c) estimate the Root Mean
Squared Error (RMSE) between the observed and
predicted data, and (d) choose the optimal value of
¢ that corresponds to the minimum RMSE.

The SILF formula was implemented in the in-
verse modeling framework of the HYDRUS-1D
software package (Simiinek et al., 2005). No addi-
tional changes of the model were needed since the
rest of the inverse modeling framework for the
SILF approach is the same as for the SSQ ap-
proach. We then analyzed the performance of the
SILF approach by considering two sets of case
studies. In the first case, the soil hydraulic parame-
ters were estimated using inverse modeling for a
hypothetical numerical one-step outflow experi-
ment, in which the observed data sets were created
by perturbing true values (model-generated) with
heteroscedastic noises of varying levels. In the sec-
ond case, we compared the performance of the
SILF and SSQ approaches for several tutorial ex-
amples supplied with the HYDRUS-1D software.

Case studies

Case Study 1: Numerical analysis of a one-step
outflow experiment

In the first case study, we consider the inverse
solution of a one-step outflow experiment. The
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experiment is setup based on the problem presented
by Kool et al. (1985). The soil profile, consisting of
a 3.95-cm long soil sample and a 0.57-cm thick
ceramic plate, is discretized using 50 nodes, five of
which represent the ceramic plate. Only a few dis-
cretization nodes were needed in the ceramic plate
since the plate remains saturated during the entire
experiment, thus causing the flow process in the
plate to be linear. Outflow is initiated using a pres-
sure head of —10 m imposed on the lower boundary.
The direct problem was first solved using the fol-
lowing soil hydraulic parameters: 6, = 0.187, 6, =
=0.388,2=0.042cm™, n=1.535,K,=54 cmh’,
K, (of the ceramic plate) = 0.3 cm h™, and /= 0.5, to
calculate cumulative bottom fluxes at selected time
steps that were assumed to represent the

‘true’/unperturbed observed data set y; for the in-

verse problem. Perturbed data sets of varying noise
levels were then created as follows:

i@ =5 [1£E* O] i=l.g ®)

where ¢ is the size of the observed data set (here g
= 9), £ — a perturbation level that describes the
magnitude of noise, y(0,1) is a normally distributed
random number, and yp(&)is the perturbed ob-

served data as a function of £ Fig. 2 shows the
unperturbed (true) and perturbed cumulative bottom
fluxes (§ = 0.01, 0.03, 0.05 and 0.07) used in the
numerical experiment. The goal of the inverse
problem is to estimate soil hydraulic parameters, 6,
o, and n, from observed cumulative bottom

fluxes y* (&) . Similarly as Kool et al. (1987), we

assumed that 6, and K, were measured independ-
ently and were thus known. Both SSQ and SILF
approaches were used to estimate the soil hydraulic
parameters using perturbed data sets. We used the
same initial parameter estimates for the SSQ and
SILF approaches to allow for a reasonable compari-
son of the inverse modeling results. The obtained
soil hydraulic parameters were then compared to
their true values.

The following key objectives were addressed in
this analysis: (1) How well do the SILF and SSQ
approaches fit the perturbed and underlying true
observation data set? (2) How close to the ‘true’
parameter set are the soil hydraulic parameters es-
timated from perturbed observations using the SILF
and SSQ approaches? And finally, (3) does the
optimal acceptable error used in the SILF approach
provide an information about the noise in observa-
tions?

08
n_- -
w64 T
2
= 0.5 A
=
2
£2 044 < Unperturbed
ﬁ = — =001
P
g 034 Z £=0.03
E —=0.05
o 02 =007
) e AU
0.1 4
0 T T T
001 01 1 1o 100

Time ( hr)

Fig. 2. Unperturbed (true) and perturbed observed data sets for
different perturbation levels (£ = 0.01, 0.03, 0.05, and 0.07)
used in the numerical experiment.

Obr. 2. Pozorované udaje (nevyhladené realne) a vyhladené
udaje (s chybami merania a spracovania) pre rozdielne tirovne
spracovania (¢ = 0,01; 0,03; 0,05 a 0,07), ktoré boli pouzité
v numerickych experimentoch.

The SILF and SSQ approaches were used to es-
timate the soil hydraulic parameters using the data
sets perturbed with different levels of noise. As
described earlier, the choice of the acceptable error
is crucial to the efficiency of the SILF approach. In
order to estimate the optimal value of the accept-
able error, a thorough search was performed as
described earlier. The optimal value of the accept-
able error minimizes the Root Mean Squared Error
(RMSE,)) between the perturbed data and model
predictions

S ) -, )
RMSE, = 4|~ ; ©)
q

where Y;(0) is the model-predicted data that is

calculated using the parameter set ¢ estimated from
the perturbed observed data set. As an example,
Fig. 3 shows the variation of the SILF-based func-
tion, 7z, and the RMSE, (between predicted values
and observed data with the perturbed level &= 0.03)
for inverse solutions with different acceptable er-
rors. It is interesting to observe that the solution
obtained using the SSQ approach does not produce
the minimal RMSE,, even though the SSQ objective
function is designed to minimize RMSE,. The
RMSE, is minimized with an acceptable error & =
=0.031 for the perturbed data set of £ = 0.03. Simi-
lar analysis carried on all perturbed data sets shows
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a nearly 1:1 relationship between the optimal ac-
ceptable error and the perturbation level ¢ of the
data set. Fig. 4 shows a plot between the optimal
acceptable error ¢ estimated with the SILF ap-
proach and the perturbation level ¢ of the perturbed
data set. The observed linear trend between these
two variables is consistent with the observations
made in earlier applications of the SILF approach
elsewhere (Smola et al., 1998). Similarly to Smola
et al. (1998), a strong linear relationship exists also
in our analysis (¢ = 0.95¢; R* = 0.97). This result is
very useful as it indicates that measurement errors,
as a result of instrument sensitivity during vadose
zone sampling, can be estimated indirectly using
inverse modeling.

One of the biggest strengths of the SILF ap-
proach is the robustness in capturing the underlying
functional relationship despite of errors in data sets
(Hastie et al., 2001; Vapnik, 1995). Parameter sets
estimated using different perturbed data sets were
used to calculate cumulative outflow fluxes, which
were then compared to the corresponding perturbed
(RMSE,) and unperturbed (RMSE,;, Eq. (10)) ob-
servations.

(10)

RMSE,,

0.012

0.01 A ——RMSEp

—SILF

0.008

0.006

0.004

Error (in cm)

0.002

i
i

! Optimal &
o~

0

T T T T T
0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08

Acceptable Error, €

Fig. 3. SILF and RMSE, for the perturbed data set (§ = 0.03) in
the SILF approach as a function of the acceptable error. The
star symbol indicates RMSE, for the SSQ approach. The error
indicates the optimal estimate of the acceptable error.

Obr. 3. SILF a RMSE, pre subor vyhladenych udajov (§ =
0.03) pre SILF ako funkcia akceptovatelnej chyby. Hviezdicka
oznacuje RMSE, pre SSQ. Chyba oznacuje optimalnu pri-
jateI'nt chybu.

0.08
0.07 1
0.06 e '
0.05 -

0.04

Acceptable error, €

0.03 7 s £ =0.95¢
0.02

.

001 g

OC” T T T T T T T 1
0 0.01 0.02 0.03 004 005 0.06 0.07 0.08
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Fig. 4. Relationship between the estimated optimal acceptable
error and the perturbation level. Note that the strong linear
dependency is similar to that suggested by Smola et al. (1998).
Obr. 4. Vzt'ah medzi urenou optimalnou prijatelnou chybou
a uroviiou vyhladenia chyb. VSimnite si, ze linearna zavislost
je podobna tej, ktort navrhol Smola et al. (1998).

Tab. 1 shows estimates of RMSE,,, and RMSE,
for cumulative outflow fluxes using soil hydraulic
parameter sets estimated using inverse analysis of
different perturbed data sets. An obvious observa-
tion in Tab. 1 (as previously seen in Fig. 3) is that
the SILF approach seems to have smaller RMSE
values than SSQ approach for all perturbation lev-
els. It can therefore be concluded that the SILF
approach is an improvement over SSQ for inverse
modeling purposes. Another interesting observation
in Tab. 1 is the relative magnitude of RMSE,, and
RMSE,. At low perturbation levels, the RMSE,, is
smaller than the RMSE, indicating that both ap-
proaches (SSQ and SILF) seem to capture the un-
derlying hydrological process well in spite of the
noise in the data set. However, when perturbation
levels are high enough (§ = 0.07) for the noise in
the data set to override the hydrological informa-
tion, both SSQ and SILF (to a lesser extent as indi-
cated by the smaller RMSE, and RMSE,;) ap-
proaches seem to lose their generalization ability
and fail to capture the underlying functional rela-
tionship, resulting in RMSE,, being greater than
RMSE,. Tab. 2 compares the soil hydraulic pa-
rameters estimated using the SILF and SSQ ap-
proaches from different data sets to their ‘true’ val-
ues. Parameters estimated using the SILF approach
are in general closer to the ‘true values’ than those
estimated using the SSQ approach.
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Table 1. Root Mean Squared Errors (RMSE) between observed bottom water fluxes (perturbed and unperturbed) and those
calculated with parameters estimated using inverse analysis of the onestep outflow experiment.

Tabulka 1. RMSE medzi tokmi vody pozorovanymi cez dolnu plochu vzorky pody (merané a vyhladené), ako aj vypocitané
s parametrami uréenymi inverznou analyzou jednostupiiového vytokového experimentu.

RMSE, [x10~ cm]

RMSE,, [x10~ cm]

Perturbation Acceptable error.
level, & P € 7 SSQ approach SILF SSQ SILF
’ approach approach approach

0.00 0.00 0.00 0.00 0.00 0.00
0.01 0.008 3.90 3.89 3.56 33
0.03 0.030 11.20 9.30 4.85 2.96
0.05 0.040 20.40 20.30 15.32 14.85
0.07 0.072 18.52 18.39 20.43 18.85

Table 2. Soil hydraulic parameters (6,, a, and r) estimated from the unperturbed and perturbed data sets using the SSQ and
SILF approaches. The values in parentheses are the estimates of 95% confidence intervals.

Tabul ka 2. Hydraulické parametre pddy (8,, a, a n) uréené z nameranych a vyhladenych hodnét pomocou procedur SSQ
a SILF. Hodnoty v zatvorkach s odhady s 95% pravdepodobnostou vyskytu.

Inverse approach and ~ Acceptable

data set used error & 0 ¢ "

- 0.187 0.042 1535

SSQ/SILF (£ =0.00) 0.00 (0.186, 0.188) (0.041, 0.043) (1.534, 1.536)
~ 0.182 0.040 1.490

SSQ (£=0.01) - (0.171,0.191) (0.034, 0.045) (1.428,1.551)
~ 0.182 0.040 1510

SILF (5 =0.01) 0.008 (0.174,0.191) (0.036, 0.043) (1.432, 1.544)
~ 0.169 0.034 1.424

SSQ (6=10.03) - (0.140, 0.197) (0.020, 0.047) (1.324, 1.522)
- 0.179 0.039 1.474

SILF (6 =0.03) 0.030 (0.149, 0.191 (0.024, 0.043) (1354, 1.531)
- 0.178 0.053 1.630

$8Q (5=0.05) - (0.118, 0.238) (0.011, 0.081) (1.069, 2.001)
~ 0.187 0.046 1535

SILF (5 =0.05) 0.040 (0.128,0.214) (0.018, 0.061) (1.169, 1.893)
~ 0.119 0.021 1.299

SSQ (£=0.07) - (0.052, 0.186) (0.012, 0.0304) (1.19, 1.403)
SILF (2= 0.07) 0072 0.120 0.022 1.299

(0.072, 0.185)

(0.014, 0.0334)

(1.22, 1.39)

It may also be observed in Tab. 2 that parameters
estimated using the SILF approach tend to have
smaller confidence intervals than those estimated
using the SSQ approach. The robustness of the
inverse problem may be analyzed by plotting re-
sponse surfaces (Hopmans et al., 2002). The re-
sponse surface is obtained by solving the flow
equation, with the appropriate boundary and initial
conditions, for many possible combinations of a
selected pair of parameters within their predeter-
mined ranges, while keeping the other parameters
constant. This type of analysis should also be done
before the experiment is conducted to investigate
the well-posedness of the inverse problem (Hop-
mans et al., 2002). Fig. 5 presents one set of re-
sponse surfaces showing the variation of the SSQ
(SILF with the acceptable error of zero) and SILF

(for the optimal non-zero acceptable error) objec-
tive functions for the « and n parameters for the
inverse analysis with the perturbed data set (§ =
=0.03). Even though 6, is a parameter of interest in
this exercise, we choose to discuss the response
surface for « and n parameters because the residual
water content tends to be relatively insensitive to
the inverse modeling procedure. For estimation of
the response surface, we assumed 6, to be the opti-
mized value of 0.187. The response surface of the
SILF objective function with the optimal acceptable
error indicates an improvement in inverse model-
ing. The greater slope of the response surface
around the minimum of the SILF objective function
implies smaller confidence intervals of optimized
parameters.
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Fig. 5. Response surfaces indicating the sensitivity of the objective functions [(a) SSQ and (b) SILF] to the a an n [-] parameters

for the inverse analysis of the onestep outflow experiment using
the location of the ‘true’ parameter set and 6, = 0.187.

observed data perturbed with & = 0.03. The star symbol indicates

Obr. 5. Povrchy, indikujuce citlivost’ optimalizovanych funkcii [(a) SSQ a (b) SILF] k parametrom a a n [—] pre inverznu analyzu
jednokrokového vytokového experimentu s vyuzitim vyhladenych udajov s & = 0,03. Hviezdicka oznacuje miesto ,,skuto¢ného”

suboru parametrov a 6, = 0,187.

Case Study 2: Tutorial examples from HYDRUS-1D

Previous studies (such as Toorman et al., 1992,
van Dam et al., 1992) have observed inverse mod-
eling of one-step outflow experiments when the OF
is composed exclusively of cumulative outflow data
results in parameter estimates that are often unreli-
able and non-unique. In order to further verify if the
SILF approaches universally improves the inverse
modeling results, we performed a second case study
that involved the analysis of the performance of the
SSQ and SILF approaches for a variety of real-
world examples. For this purpose we consider the
following examples that are provided as tutorials of
inverse modeling and distributed with the HY-
DRUS-1D software package (http://www.pc-
progress.com/en/Default.aspx?hydrus-1d): (a) hori-
zontal flow and redistribution (Vachaud, 1968), (b)
horizontal infiltration (Vachaud, 1968), (c) upward
infiltration (Wierenga, personal communication),
(d) drainage in a sand column (Vachaud, 1968), (¢)

multistep outflow experiment (Hopmans, personal
communication), and (f) transient flow involving
hysteresis (Vogel et al., 1996). Tab. 3 lists the type
of observed data and estimated parameters in each
of these examples, as well as the RMSE estimates
for predictions using the SSQ and SILF approaches.
In each of these case studies that cover a variety of
real-world vadose zone flow experiments, the SILF
approach exhibits an improvement in parameter
estimation (lower RMSE). Even though the im-
provement is not significant for some cases, the
presence (even if, insignificant) of an improvement
over SSQ approach indicates the need for further
exploration in to the efficacy of the SILF approach.
We would like to note that the SILF approach is
interesting for two reasons: (a) presence of an im-
provement in parameters over the SSQ approach as
well as (b) estimation of an acceptable error that
provides an insight to the accuracy of the experi-
ments.
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Table 3. Performance of the SSQ and SILF approaches in estimating the soil hydraulic parameters for the selected HYDRUS-

1D tutorial problems.

Tabulka 3. Vysledok aplikacie procedir SSQ a SILF na urcenie hydraulickych parametrov pddy pre vybrany priklad modelu
HYDRUS-1D; 1 — horizontalne pridenie a redistribucia; 2 — horizontalna infiltracia, 3 — infiltracia vertikdlne nahor, 4 — drenaz
pieskovej vzorky pody, 5 — viackrokova vytokova metdda, 6 — neustalené pradenie s hysterézou.

Inverse model Observed data Estimated para- RMSE in SILF approach

[units] meters SSQ approach Acceptable RMSE

error, &

Horizontal flow o) [-] 6,6, 0,n K1 0.0261 0.01 0.0257
and redistribution”
Hori)zontal infiltra-  6(¢) [-] 0,0, 0,n Kl 0.0412 0.05 0.0396
tion
Upward Infiltra- h(0) [cm], 6,,a,n, K, [ 3.7378 0.01 3.7336
tion” o) [-]

h(t) [cm]

¢(t) [em s™]
Drainage inasand  6(¢) [-] 0,,a,n, Kl 0.0144 0.15 0.0140
column®
Multistep outflow h(t) [cm] 0,0, 0,n Kl 7.6298 0.15 7.5221
experiment 2 q(t) [em s]
Transient flow h(f) [cm] a, a,,n 4.6059 0.06 4.6043

involving hystere-
sis ©

o0 [-]

“shape parameter for the wetting branch of the retention curve
Summary and conclusions

Previous studies (such as Finsterle and Nagjita,
1998) have concentrated on robust estimators that
were designed for tackling outliers in the data sets.
Another small, yet significant, source of error that
needs to be addressed during inverse modeling is
the effect of measurement errors that are a result of
instrument sensitivity and detection limits. We hy-
pothesized that consideration of measurement er-
rors in the inverse modeling process is bound to
further improve the reliability of parameter estima-
tion.

In this paper we evaluated an inverse analysis of
vadose zone flow processes to estimate soil hydrau-
lic parameters wherein the measurement errors
were considered. The proposed method, called the
SILF approach, is based on the objective function
that uses the squared e-insensitive loss function
proposed by Vapnik (1995) that sums up quadrati-
cally transformed estimates of residuals whose ab-
solute values are above a pre-defined threshold
level (called the acceptable error). The SILF ap-
proach thus decreases the cumulative impact of
smaller measurement errors by not penalizing them
in the objective function. The performance of the
SILF approach was tested on a variety of case stud-
ies and compared to the standard non-linear least-
square approach (SSQ), in which the acceptable
error is always set to zero. The SILF approach

shows an improvement over the traditionally used
SSQ approach and provides more robust estimates
of soil hydraulic parameters.

One of the key requirements of the SILF ap-
proach is an apriori estimate of the acceptable error
&. As shown in this paper, when information regard-
ing the acceptable error is not available, it can be
estimated (although it is time consuming) simulta-
neously with the soil hydraulic parameters using a
thorough, iterative, search-based technique. Apart
from improved estimates of the soil hydraulic pa-
rameters over SSQ, the SILF approach can thus
provide information about the level of noise in ob-
served data sets (the optimal acceptable error) that
may be used for quality control purposes at a later
stage. The estimated optimal acceptable error also
provides an approximation of the relative mea-
surement and sampling errors caused during data
collection stage. For inverse models based on real-
world experiments, we believe that the value of
acceptable error to be used can depend on the in-
strumentation or measurement errors involved. In
cases where such data is not available, the accept-
able error has to be selected on a trial-and-error
basis.

There are many different types of errors associ-
ated with measurements that should be taken into
account. Even though the currently proposed ap-
proach lumps all kinds of errors together, estima-
tion of hydraulic parameters may improve if these
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errors can be separated in terms of their sources.
This is one of the areas of future research. The
SILF approach is expected to be useful in other
hydrological inverse modeling/parameter estima-
tion problems, especially when apparent measure-
ment and/or sampling errors are expected in obser-
vations and when the number of empirical model
parameters is large so that the model has the flexi-
bility to over-fit the data. Application of the SILF
approach to other hydrological problems is also a
topic of our future research interest.

List of symbols

E(9) — residual vector [-],

h — soil water pressure head [L],

K(h) — unsaturated hydraulic conductivity as a function of
R[LT",

K — saturated hydraulic conductivity [L T™'],

/ — tortuosity or pore connectivity parameter [],

n — van Genuchten’s shape parameter [—],

p — number of measurement sets,

R* — s-dimensional Euclidean space [-],

S — sink term [L T™'],

Se(h) — degree of saturation at the pressure head 4 [],

t — time [T],

u; — weight corresponding to each measurement set,

w; — weight vector [],

() — linear/non-linear transformation function [-],

Y'(&) - perturbed observed data as a function of &,

z — distance from reference datum [L],

— van Genuchten’s shape parameter [L'],

e — acceptable error [—],

® — feasible parameter space [—],

1% — volumetric water content [—],

O(h) — volumetric water content at the pressure head 4 [—],

0, — saturated volumetric water contents [—],

0, — residual volumetric water contents [—],

vij — weight corresponding to the /" data point of the i
measurement set,

Vij — j™ data point of the /™ measurement set,

& — perturbation level that describes the magnitude
of noise,

w(0,1)  — normally distributed random number,

Y(0) = {Y1(9), Y2(9),..., Y,(6)} —model predictions using a
parameter set 0 [—],

V=0n 72 0g) —vector of observed state

variables of size g [],
0=1{01,02...,0} — parameter set of size s[—].
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INVERZNE MODELOVANIE PRUDENIA VODY
VO VODOU NENASYTENEJ PODE

POUZITIM NECITLIVOSTNEJ

STRATOVEJ FUNKCIE ¢

Navin K. C. Twarakavi, Hirotaka Saito,
Jirka Simtinek, M. Th. Van Genuchten

Predchadzajuce studie (ako napr. Finsterle a Najita,
1998) sa sustredili na robustné odhady eliminacie chyb v

databazach. Ostatné si malé, ale stale vyznamné chyby,
ktoré by mali byt’ vylucené pocas inverzného modelova-
nia, ako je vplyv chyb merania, ktoré st dosledkom
citlivosti pristrojov a rozsahu merania. Predpokladali
sme, Ze uvazenie chyb merania pocas inverzného mode-
lovania je spojené s d’al$im zvySenim spol'ahlivosti urce-
nia parametrov.

V tejto praci sa hodnoti inverzna analyza pridenia
vody v nenasytenej zone pddy, s uvazenim chyb mera-
nia. Navrhnutd metéda nazvana SILF je zalozend na
pouziti kvadratickej, necitlivostnej stratovej funkcie s
necitlivostou €, navrhnutej Vapnikom (1995), sumujicej
kvadraticky transformované odhady rezidualov, ktorych
absolutne hodnoty su vyssie, ako preddefinovany limit
(nazyvany tiez akceptovatel'nou chybou).

Metdda SILF znizuje sumarny vplyv malych chyb
merania tak, ze ich nepenalizuje v optimaliza¢nej funk-
cii. SILF bol testovany na viacerych pripadovych §ta-
diach a vysledok bol porovnany so Standardnou neline-
arnou metddou najmensich $tvorcov (SSQ), v ktorej je
prijatend chyba vzdy nastavena na nulu. Tento pristup
(SILF) je zlepSenim tradi¢ne pouzivaného pristupu SSQ
a vysledkom st robustnejSie odhady hydraulickych pa-
rametrov pody.

Jednym z kl'd€ovych poziadaviek pristupu SILF je a
priori urCenie prijatelnej chyby ¢. Ako je to ukazané v
tomto ¢lanku, ak nie je dostupnd informacia o prijatelnej
chybe, potom tato chyba méze byt urcena (hoci je to
¢asovo narocné) simultanne s hydraulickymi parametra-
mi pédy pomocou iterativnej techniky. Okrem zlepSe-
nych odhadov hydraulickych parametrov pédy v porov-
nani s SSQ, pristup SILF dava informacie o Grovni Sumu
v meranych hodnotach — optimalna akceptovatel'na chy-
ba, ktora mdze byt vyuzitd na neskorSiu verifikaciu.
Optimalna akceptovatel'na chyba dava tiez aproximaciu
relativnych chyb merania a vzorkovania, pocas zberu
udajov. Sme presvedceni, ze pre inverzné modelovanie,
zaloZzené na meraniach, akceptovatelna chyba zavisi od
vlastnosti pristrojov a od chyb merania. V pripade nee-
xistencie takychto udajov, prijatelnd chyba moéze byt
vybrana postupom pokus — chyba.

Existuje mnozstvo chyb v dosledku merani, ktoré mu-
sia byt vzaté do uvahy. Hoci bezne pouzivany postup
zdruzuje vSetky druhy chyb, urcenie hydraulickych pa-
rametrov sa moze zlepsit, ak tieto chyby mézu byt sepa-
rované podrla ich zdrojov. Toto je jednou z oblasti buda-
ceho vyskumu. Procedura SILF bude pravdepodobne
uzito¢na aj v inych metoédach inverzného modelovania,
resp. uréovania parametrov, predovsetkym v pripadoch,
ked’ sa oCakavaji chyby pri merani a vzorkovani a ked’
je pocet parametrov modelu vac¢si. Pouzitie procedury
SILF v inych hydrologickych problémoch je predmetom
dalsieho vyskumu.

Zoznam symbolov

E(0) — rezidualny vektor [],

— tlakova vyska pddnej vody [L],
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K(h) —nenasytena hydraulickd vodivost' ako funkcia 4
[LT,

K — nasytend hydraulicka vodivost [L T'],

/ — tortuozita, alebo parameter konektivity pérov [—],

n — van Genuchtenov tvarovy parameter [—],

p — pocet sérii merani,

R* — s-rozmerny Euklidovsky priestor [-],

S — odberovy &len [L T,

Se(h) — nasytenost’ pri tlakovej vyske 4 [-],

t —¢as [T],

u; — véha zodpovedajuca kazdej sérii merania,

4 — vahovy vektor [],

() — linearna/nelinearna transformacna funkcia [],

y'(&) - vyhladené pozorované tidaje, ako funkcie &,

z — vzdialenost’ od referen¢nej urovne [L],

a — van Genuchtenov tvarovy parameter [L™'],

e — akceptovatel'na chyba [],

0 — vyuzitel'ny priestor parametrov [—],

0 — objemova vlhkost’ [-],

o(h) — objemova vlhkost’ pri tlakovej vyske & [-],

0, — nasytena objemova vlhkost’ [-],

0, — rezidualna objemova vlhkost’ [-],

Vij — véha zodpovedajuca tidaju j*, sérii merania i™,

Pij — tidaj /™ v sérii merania /",

& —uroven vyhladenia, ktora je charakterizovana urov-
fiou Sumu,

w(0,1)  — normalne rozdelenie nahodnych &isel,

J=0n 70 7y} — vektor pozorovanej stavovej

premennej velkosti g [—],
Y(0)={Y\(6), Y2()),..., Y(6)} — modelova predpoved’ pomocou
série parametrov J [],

0={01,00,...,04} — subor parametrov vel'kosti s [—].
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