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A NOTE ON INTEGRAL VORTEX STRENGTH
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Controversial aspects of the conventional and widely used concept of the integral vortex strength are
briefly discussed. The strength of a vortex is usually calculated as the circulation along the vortex boundary,
or equivalently due to Green’s theorem, as the surface integral of vorticity over the planar vortex cross
section. However, the local effect of an arbitrary "superimposed shear" is fully absorbed by vorticity what
makes the circulation a shear-biased vortex characteristic. The present paper shows that different vortex-
strength models can be derived on the basis of different local vortex intensities proposed in the literature.
The outcome of these models naturally differs, even for an ideally axisymmetric vortex. Three different
vortex-strength models are compared and discussed by examining the unsteady Taylor vortex.
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Decomposition.
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V praci jsou strucné diskutovany sporné stranky konvencéniho a Siroce uzivaného pojeti integralni sily
viru. Sila viru je obvykle pocitana jako cirkulace podél hranice viru nebo ekvivalentné podle Greenovy véty
jako plosny integral vifivosti pfes pti¢ny rovinny fez virem. Lokalni efekt libovolného "superponovaného
smyku" je vSak plné€ absorbovan vifivosti, coz €ini z cirkulace smykové zkreslenou virovou charakteristiku.
Tento ¢lanek ukazuje, Ze l1ze odvodit rizné modely sily viru na zékladé rtiznych lokalnich intenzit viru
navrzenych v odborné literature. Vysledky téchto modeli se piirozené lisi, dokonce i pro idealné osové
symetricky vir. Na podkladé zkouméani nestacionarniho Taylorova viru jsou porovnany a diskutovany tfi
ruzné modely sily viru.

KLICOVA SLOVA: cirkulace, nestacionarni Tayloriv vir, intenzita viru, sila viru, vifivost, rozklad

vifivosti.
1. Introduction

The concept of the strength of a vortex tube —
circulation 7/~ — is closely associated with Helm-
holtz's theorems and Kelvin's circulation theorem in
basic fluid mechanics (Batchelor, 1967; Panton,
1984; Saffman, 1992; Green, 1995). Recall that a
vortex tube is the set of all vortex lines passing
through a simply-connected surface in space and a
vortex line is everywhere tangent to the local vor-
ticity vector. The concept of vortex strength as the
circulation along the vortex boundary is widely
employed to characterize the initial state, evolution,
and decay of large-scale vortical structures. Here,
the meaning of the term "vortex" and "vortical
structure” is more general and not necessarily coin-
ciding with a vortex tube (as defined above). Due to

Green’s theorem, vortex strength is frequently de-
termined as the surface integral of vorticity over the
planar vortex cross section. The weak point of this
well-established and widely used concept is that
vorticity does not represent a true local vortex in-
tensity. The controversy is caused by the well-
known fact that vorticity cannot distinguish the
effect of a "background shearing" from the "actual
swirling motion of a vortex" (note that one obtains
a net circulation for the region of a simple shear
due to a net vorticity). Vorticity is always a more or
less shear-biased local intensity of the actual swirl-
ing motion of a vortex. Consequently, the circula-
tion along the vortex boundary is always a more or
less shear-biased integral vortex strength. More-
over, the vortex circulation is dependent on the
vortex-boundary definition adopted.
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In the next two sections, it is shown, for simplic-
ity in 2D, that different vortex-strength models can
be derived on the basis of different local vortex
intensities. Three different vortex-strength schemes
are considered: conventional vorticity-based circu-
lation, circulation based on the so-called residual
vorticity (Kolar, 2007), and the integral of the local
swirling-strength parameter (Zhou et al., 1999). The
first two schemes are applied to the unsteady Tay-
lor vortex for which they are easily analytically
treatable. It is further shown that they provide natu-
ral bounds (upper and lower estimates) for the third
scheme based on the local swirling-strength pa-
rameter.

2. Vortex-strength models

For an arbitrarily chosen vortex-intensity concept
the vortex cross section is generally defined in Fig.
1. The conventional vortex circulation in 2D is
given by
I'= gﬁde [ wd 4, (1

4

where b denotes a velocity component aligned
along the vortex boundary C, vorticity w is inte-
grated over the vortex cross section 4; bounded by
C. The vortex boundary C can be defined by the
requirement of zero vorticity contour — this is
physically the most natural choice of threshold —
inside which the vorticity magnitude is non-zero
everywhere.

planar simply-connected
vortex cross section:
defined by the non-zero
vortex intensity

\

vortex boundary:
defined by the zero
intensity contour

Fig. 1. Generally defined vortex cross section.
Obr. 1. VSeobecné definovany fez virem.

The fact that vorticity absorbs the local shearing
effects has motivated a novel approach to vortex
identification (Kolar, 2007) which is based on
purely kinematic grounds, namely on the triple
decomposition of the local relative motion near a

point (TDM). Vorticity is decomposed into two
parts, shear vorticity and residual vorticity. The
residual vorticity is associated with the local resid-
ual rigid-body rotation near a point obtained after
the extraction of an effective pure shearing motion.
Geometrical interpretation of the residual vorticity

(denoted below as @y ) is particularly simple in

2D and quasi-2D problems.

Focusing on the flow kinematics near a point, the
residual vorticity is interpreted in terms of the least-
absolute-value angular velocity of all line segments,
within the flow plane, going through the given
point (Kolar, 2007, 2008). Consequently, the global
motion of an ideal axisymmetric vortex in concen-
tric shearing layers is interpreted in terms of the
virtual superposition of distinguished /ocal relative
motions near a point as shown in Fig. 2 (for clarity
including a circular translation). It should be em-
phasized that this superimposing construction is of
a non-destructive nature (shear vorticity and resid-
ual vorticity are of the same sign) and is applicable
to infinitesimal motional changes only.

The circulation based on the residual vorticity,
labelled "residual circulation", can be introduced in
a similar manner as the conventional circulation.
The residual circulation reads

Tres :Af Orps 44, , ()
b

where @y is given by subtracting the shear vor-
ticity @y, from the (total) vorticity . The (non-

zero) residual vorticity is basically the simplest
measure of the dominance of planar vorticity mag-
nitude over planar strain-rate magnitude. For the
planar velocity-gradient tensor of the form

(”x ”yJ — alternatively  represented by
v, —u,

s/12 -wl2
wl2 -s/2

2D principal rate of strain and w is the 2D vorticity
— it follows (Kolar, 2007)

PRINCIPAL
AXES .
j where s denotes (twice) the

O=vy—u,, 3)

| | \/4u +(u +v )2 , 4)

Ogps = O — Wgyy =(sgna))[|a)|—|s|] )
|| >
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deformable fluid
element as a set of
discrete undeformable
material points
(initial state)

circular
translation

b D D
b D D

rigid-body
rotation

pure shearing

Fig. 2. Virtual infinitesimal motional changes of the fluid
element within an ideally axisymmetric vortex (each change at
the final stage), according to Kolar (2007).
Obr. 2. Virtudlni infinitesimalni pohybové zmény elementu
tekutiny uvnitf idedlné osové symetrického viru (kazda zména
v koneéném stavu), podle lit. Koldr (2007).

wgps =0 for |a)|S|s| (6)

The vortex cross sections in (1) and (2) are gen-
erally different, A, # A,, as the vortex-boundary
definition is naturally subjected to the local vortex
intensity adopted: the condition of zero intensity at
the boundary is required, see Fig. 1.

Note that, unlike /" which is always non-zero for
a simple shear, /.. is always zero for a simple

shear as desired for vortex-identification criterion.
A third model of the vortex strength is based on
the local swirling-strength parameter of the vortex-
identification method of Zhou et al. (1999). The
local vortex intensity, called swirling strength, is

proposed in terms of the angular frequency of revo-
lutions of spiralling streamlines in a local reference
frame moving with the examined point. In 2D, this
frequency is just a half of \V@® —s* under the cor-
responding vortex-identification condition |a)| > |s|
In view of the quantitatively same vortex-strength
value for a rigid-body rotation evaluated by all the

three considered vortex-strength models, it follows
for the third model

I, =[VJo*-s*d4,. (7)
4

The boundary of the second vortex-strength
model [z coincides with that of the third model

I',, and is found by the same condition |s| :|a)|

Consequently, the corresponding vortex cross-
sections are identical, 4, = 4,.

3. Application of different vortex-strength
models to the unsteady Taylor vortex

From the simple conversion between Cartesian
and polar coordinates and the relations (3), (4) we
obtain for an arbitrary unsteady axisymmetric dis-

tribution of tangential velocity V = V(r,t) (r is
radius, r=+/x + y2 , and ¢ denotes time)

10 ov vV
= (V)= —, 8
@ r@r(r) 6r+r ®
ov v
=|——— 9
Isl=\5 ©)

The vortex region is identified in Koldr (2007)
by the condition of non-zero residual vorticity, that
is, in 2D, by the condition |a)| >|s| which can be
rewritten as (monotonous decay of vorticity with
increasing radius is naturally assumed, at least in-
side the vortex region)

ov V| _|ov vV
_+_

or r 5_7

. (10)

Consequently, 0V/or and V/r must have the
same sign inside the vortex region. The vortex
boundary is found by @y, =0, or equivalently, by
oV /or =0. Hence, the vortex radius is the radius at

which the tangential velocity is a maximum what is
just the conventional definition of the circular vor-
tex core (Green, 1995).
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From (5) and (8)—(10), the final expression for
non-zero g (i.e. for the vortex region) reads

oV
a)RES=2(sgna))‘E‘ for |a)|>|S| (11)

The unsteady Taylor vortex (e.g. Panton, 1984)
centred at (0,0) is described in polar coordinates by

the tangential velocity distribution V(r,t) of the
following form

(12)

where 4, B are positive physical parameters related
to angular momentum and/or viscosity. Using (8),
(11) and (12), the unsteady vortex boundary in
terms of @ and @y can be easily determined from

the conditions @=0 and

oV/or=0), respectively,

opes =0 (ie.

R, (= boundary radius at which @ =0)= \/% , (13)

R, (= boundary radius at which @pq =0) =, fé :
(14)

The circulation — the vortex strength based on @
— is obtained from (8), (12) and (13) after a short
calculation (e denotes the base of the natural loga-

rithm)
(15)

The residual circulation — the vortex strength
based on @y — is determined from (11), (12) and
(14) as a similar hyperbolic function of time as in
the case of I~

Ry

Trps =47R, -V(R,) -4z [ V dr=
’ (16)

B e t
From (15) and (16) it follows

I
RES _2.fe —e~0.579.

(17)

This result that I is less than sixty percent of
I is valid for the unsteady Taylor vortex of the

velocity distribution (12). The same apparently
holds for the ratio of the vortex-strength decay rates

dl g / d¢t and dI” / dt. Recall that [, — unlike

["— does not absorb any local shearing effects near
a point and is based on the local rigid-body rotation
only (cf. Fig. 2). It is easy to verify that for the lim-
iting case of rigid-body rotation of a circular fluid
region we obtain I'ypq /1" =1, as expected.

The vortex region defined by @y is the same
as the region defined by the swirling-strength pa-

rameter Vo’ —s® (see Section 2). Both these re-
gions are characterized by |a)| > |s| and bounded by

the condition |s| = |a)| However, with the exception

of the rigid-body rotation of a circular fluid region,
both these regions are smaller than the @-based
vortex region bounded by the condition @ =0.

Denoting & = |S| / |a)| , we have

0<l-e<,/(1-g)(1+&)<1 for O<e<l. (18)

From here the following upper and lower esti-
mates for the third vortex-strength model 7, given
by (7) can be drawn

Ipps <I, <1 (19)

This result is not surprising as the swirling-
strength parameter, though somewhat better for
vortex-identification purposes than vorticity, still
remains a strongly shear-absorbing quantity (Kolar,
2007). Consequently, at a given instant of time, the
values of I, are higher than those of [, though

the vortex region is the same for both different un-
derlying non-zero vortex intensities.

4. Concluding remarks

As shown above in 2D, different vortex-strength
models can be derived on the basis of different
local vortex intensities. The vortex region, vortex
boundary and, consequently, the (integral) vortex
strength are directly dependent on the choice of a
local vortex intensity. The vortex strength is calcu-
lated for the planar simply-connected vortex cross
section defined by the non-zero vortex intensity and
bounded by the zero intensity contour (Fig. 1).

Three vortex-strength models are discussed and
compared by examining the unsteady Taylor vor-
tex. These models include the well-known conven-
tional circulation 7, the so-called residual circula-
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tion [ 'pq based on the residual vorticity (Kolar,

2007), and the integral /', of the local swirling-

strength parameter (Zhou et al., 1999). The out-
come of these models naturally differs, even for an
ideally axisymmetric vortex. For the unsteady Tay-

lor vortex flow, /" and ;. are analytically ex-
pressed by (15) and (16) as hyperbolic functions of
time, and the integral /7, is estimated by (19).
Unlike ['zq, both /"and [', are shear-biased
vortex-strength models. However, for the special
case of a simple shear, /" is always non-zero
whereas [y and [, are always zero as desired

for true vortex characteristics. In this regard, 17, is

certainly better than /. The integral /', is derived

from the local vortex intensity vw”—s”. As
pointed out in Koldr (2007), the quantity w” — s
exhibits a strong inherent bias towards [|w|+|s|1

while employed in vortex identification. This fact
makes /', a shear-biased vortex-strength model
though generally having lower values than /"which
is apparently more absorbing a local shear than 7,

(see also (19)). Summing up, in the description of
vortex strength, there are strong reasons to prefer

the residual circulation [y ¢ to the conventional
circulation /" and the integral I',. Note that the
quantity /. has already proved its usefulness for
the description of single and twin jets in crossflow
(Kolar and Savory, 2007). For different nozzle ar-
rangements, an almost universal behaviour of /7;.q
has been revealed for the resulting secondary-flow
counter-rotating vortex pair.
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List of symbols

A — parameter of the unsteady Taylor vortex according to
(12) [T,

A — vortex region defined by @ [L*],

A, — vortex region defined by wggg [L*],

As — vortex region defined by vo? —s? [L%],

b — velocity component aligned along the vortex bound-
ary C[L T,

B — parameter of the unsteady Taylor vortex according to
(12) [L? T],

C — vortex boundary [L],

e — base of the natural logarithm, Euler's number [],

r — radius [L],

R, — boundary radius at which @ =0 [L],

R, — boundary radius at which wgpg =0 [L],

N — (twice) principal rate of strain (in 2D) [T™'],

t — time [T],

u,v  — components of the velocity vector (in 2D) [L T],

14 — tangential velocity [L T'],

x,y  — Cartesian coordinates (in 2D) [L],

x,y  — subscripts stand for spatial partial derivatives,

r — surface integral of @ [L* T™'],

Tres — surface integral of wpgs [L* T,

I, - surface integral of Vo? —s* [L* T,
£ — ratio, & =|s|/|o| [-],

® — vorticity (in 2D) [T™],
wrgps — residual vorticity (in 2D) [T,
wgy  — shear vorticity (in 2D) [T
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POZNAMKA O INTEGRALNTI SILE VIRU
Vaclav Kolaf

Integralni sila viru je pocitana obvykle jako cirkulace
podél hranice viru nebo, ekvivalentné podle Greenovy
véty, jako plo$ny integral vifivosti pfes pficny rovinny
fez virem. V piipad¢ interakce viru se smykem je vSak
lokalni efekt libovolného "superponovaného smyku"
pln€ absorbovan vifivosti, coz ¢ini z cirkulace smykovée
zkreslenou virovou charakteristiku. Ve 2D je ukazano, ze
rizné modely sily viru lze odvodit na zakladé riznych
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lokalnich intenzit viru. Tyto integralni charakteristiky
jsou pocitany pies pfi¢ny rovinny fez virem, ktery je na
hranici definovan podminkou nulové intenzity viru.
Oblast viru a hranice viru pfimo podléhaji volbé lokalni
intenzity viru.

Na podkladé zkoumani nestacionarniho Taylorova vi-
ru (12) jsou porovnany a diskutovany tii rizné modely
sily viru. Tyto modely zahrnuji konven¢ni cirkulaci 7,
tzv. rezidualni cirkulaci I'ppg, ktera je zalozena na rezi-
dualni vifivosti (Kolar, 2007), a integral I, lokalniho
parametru vifivé sily (Zhou et al., 1999). Vysledky téch-
to modeld se prirozené lisi, dokonce i pro idealné osové
symetricky vir.

Cirkulace /" a rezidudlni cirkulace I'jgg jsou analy-
ticky vyjadfeny pro nestacionarni Taylordv vir (12) jako
hyperbolické funkce ¢asu vztahy (15) a (16). Pro velikost
integralu 7', je stanoven odhad (19).

Narozdil od I'ygg,jak /tak I'; jsou smykove zkres-
lené modely sily viru. Pro specialni ptipad prostého
smyku je vSak 7 vzdycky nenulové, zatimco Ijpg a I’z
jsou vzdycky nulové, jak je zaddouci pro spravné virové
charakteristiky. V tomto ohledu je 7", lepsi nez /. In-

tegrdl I'; je odvozen z lokalni intenzity viru vow?® —s* .
Jak je zdiiraznéno v praci Koldr (2007), veli¢ina o —s*
vykazuje pfi uziti pro virovou identifikaci silné zkresleni
smérem k [|w|+|s|]. Tato skutecnost nevyhnuteln¢ ¢ini z
integralu I, smykové zkresleny model sily viru, acko-
liv obecné dosahuje nizsich hodnot nez cirkulace 7, ktera
absorbuje lokalni smyk vyraznéji nez I'; (viz také (19)).
Miuzeme shrnout, ze existuji padné divody preferovat pii

popisu integralni sily viru rezidualni cirkulaci I'zpg pfed

konvenéni cirkulaci 7" a integralem I',.

Seznam symbolii

A — parametr nestaciondrniho Taylorova viru podle (12)
[T,

A, — oblast viru definovana pomoci @ [L?],

A, — oblast viru definovana pomoci @ggg [L*],

As — oblast viru definovana pomoci ve? —s* [L%],

b — slozka rychlosti podél hranice viru C [L T™'],

B — parametr nestaciondrniho Taylorova viru podle (12)
[L?T],

C — hranice viru [L],

e — zaklad pfirozenych logaritmti, Eulerovo ¢islo [—],

r — radius [L],

Ry — hrani¢ni radius, pro ktery @ =0 [L],

R, — hrani¢ni radius, pro ktery wppg =0 [L],

s — (dvakrat) hlavni rychlost deformace (ve 2D) [T™'],

t —cCas [T],

u,v  —slozky vektoru rychlosti (ve 2D) [L T"'],

Vv — tangencidlni rychlost [L T™'],

x,y  — kartézské soutadnice (ve 2D) [L],

x,y  — dolni indexy oznacujici prostorové parcialni derivace,

r — plosny integral pres w[L> T™'],

I'gps — plodny integral pies wgppg [L* T,

I';  —plo$ny integral pres Vo? -2 [L*T,
& — pomér, & =|s|/|w| [],

® — vifivost (ve 2D) [T™'],

opps  — rezidualni vifivost (ve 2D) [T™],

gy — smykova vifivost (ve 2D) [T™].
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