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This paper presents closed form solution for unsteady flow equation corresponding to the transient hy-
draulic head, flow rate and volumetric exchange of a confined aquifer which is in contact with a constant
piezometric head at one end and a stream whose water level is rising at a constant rate at the other end. The
aquifer is also subjected to receive constant inflow due to rain infiltration. The unsteady groundwater flow
equation is solved using Laplace transform to get analytical expressions for the transient hydraulic head and
flow rate at the left and right interfaces and the net volumetric exchange of water at the aquifer-stream inter-
face. The analytical results presented here show the effect of recharge due to rain infiltration on the net
volumetric exchange and reveal the conditions for which net inflow in the aquifer could be positive, nega-
tive or zero. The results obtained have the capability to determine transient hydraulic head for two extreme
scenarios: (i) very slow rise and (ii) very fast rise in the stream water. Analytical result show that the net
volumetric exchange could be positive, zero or negative depending on the surface infiltration and stream
water rise rate.

KEY WORDS: Piezometric Head, Flow Rate, Volumetric Exchange, Confined Aquifer, Analytical Solu-
tion, Laplace Transform.

Rajeev Kumar Bansal, Samir Kumar Das: HYDRAULICKE VYSKY, RYCHLOSTI PRUDENIA A OB-
JEMOVE TOKY VO ZVODNENOM KOLEKTORE, UI}CENE ANALYTICKYM RIESENIM ROV-
NICE NEUSTALENEHO PRUDENIA PODZEMNYCH VOD. J. Hydrol. Hydromech., 57, 2009, 2; 13 lit.,
6 obr.

Prispevok obsahuje analytické rieSenie rovnice neustaleného prudenia vzhladom na neustalenu
hydraulicka vysku, rychlost’ pradenia a objemové toky vo zvodnenom kolektore s napéatou hladinou, ktory
je v kontakte s konstantnou piezometrickou vyskou na jednej strane a s tokom s konstantne sa zvysujiicou
hladinou vody na strane druhe;.

Zvodneny kolektor je tiezZ napajany konStantnou rychlostou infiltrovanou vodou zo zrdzok. Rovnica
neustaleného prudenia podzemnej vody je rieSena s pouzitim Laplaceovej transformacie, aby sme ziskali
neustalenu tlakova vySku na lavej aj pravej strane a objemovy pritok vody na rozhrani zvodneny kolektor —
tok.

Vysledky analytického rieSenia, ktoré predkladame, ukazuji vplyv infiltracie zraZzok na dopliiovanie
podzemnej vody a odhalujii podmienky, za ktorych pritok do zvodneného kolektora mdze byt kladny,
negativny, alebo nulovy. Ziskané vysledky umoziuju urcit’ neustalené hydraulické vysky pre dva extrémne
scenare: (i) vel'mi pomalé a (ii) vel'mi rychle zvysenie hladiny vody v toku. Analytické rieSenie ukazuje, Ze
objem vody, ktorou je zvodneny kolektor dopliiovany, mdze byt kladny, zaporny, alebo nulovy, v zavislosti
na intenzite infiltracie a rychlosti zvySovania sa hladiny vody v toku.

KLUCOVE SLOVA: piezometricka vyska, rychlost pradenia, pritok do podzemnych vod, ohranideny
zvodneny kolektor, analytické rieSenia, Laplaceova transformacia.
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1. Introduction

The study of water table rise in aquifers due to
surface infiltration and canal recharge has received
considerable importance from hydrogeologists and
environmental engineers. Water table rise due to
seepage from canals, with or without vertical infil-
tration is investigated by a number of researchers.
The change in water table under the steady state
condition has been studied by Maasland (1959),
while the unsteady cases have been examined by
Hantush (1967), Marino (1974), Gill (1984),
Mustafa (1987), Barlow and Moench (2000). Ex-
haustive reference on earlier works can be obtained
from the monographs of Polubarinova-Kochina
(1962) and Huisman (1978). Recently Boufadel and
Peridier (2002) have presented the analytical ex-
pressions for hydraulic head and volumetric ex-
change of water between an aquifer and a con-
stantly rising stream under no recharge condition.

In this study, we present analytical solution of
the groundwater flow equation to obtain pertinent
expressions for transient hydraulic head, flow rate
and volumetric exchange in a confined aquifer. The
aquifer is in contact with constant piezometric head
at one end and a stream whose water level is rising
at a constant rate at the other end. The aquifer also
receives a constant recharge due to surface infiltra-
tion. The closed form solution establishes the de-
pendence of hydraulic head, flow rate and volumet-
ric exchange on the recharge rate.

2. Problem formulation and analytical solution

We consider the aquifer to be confined, homoge-
neous, isotropic, and incompressible. As shown in
Fig. 1, the aquifer is in contact with a constant wa-
ter head A, at one end and a stream with initial wa-
ter level A; at the other end. The water level in the
stream is rising at a constant rate from its initial
level A, up to hy in time ¢, and remains there for
indefinite time. During the time ¢,, the aquifer also
receives percolation recharge at a constant rate N.
The groundwater flow equation in the aquifer,
which is a continuity equation (Forchheimer,
1901), can be written as

2
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where £ is the hydraulic head [L], K — the saturated

hydraulic conductivity [L T™], S, — specific stora-
tivity [L™'], b — the average thickness of the aquifer

(1)

[L], N — constant recharge per unit area of the aqui-
fer [L T"'], L — the length of the domain and
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Fig. 1. Schematic diagram of a confined aquifer with recharge.
Obr. 1. Schematicky diagram zvodneného kolektora s napétou
hladinou s pritokom.

We prescribe the initial condition as

h(mt=0)=h0—h0_hL

x 3)

and the boundary conditions as

h(x=0,t) =k 4
ho —hy,
h(x=L,t)=hy + ; t for 0<r<¢, 5)
r
h(x=L,t)=h, fort>1t, (6)
Introducing the following dimensionless variables
0= h_ho; X:E; rz—Kzt
hy, = ho L S.L
and y= — 1 (7)
S,L
we get
2 2
0 ¢9+ L°Ne(r) 00 ()

ox?  Kb(hy—hy) ot

where
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0 ift <0
e(n)= 1 if 0<z<y 9
0\ ifr>y
: I?
Letting, m=——. (10)
Kb(h; —hy)
Eq. (8) can be written as
0°6 00
5 +mN€(r)=a— (11)
T

and accordingly the initial and boundary conditions
become

6(X,r=0) = (12)
0(X =0,7)=0 (13)
9(X=1,r)=1—§for r<y (14)
O(X =1,r)=0for 7> . (15)

Analytical solution of the groundwater flow Eq.
(11) can be obtained by applying the Laplace trans-
form, defined as

smh(l X )\/_

0(X.p)= | ¢ P O(X,0)dr. (16)
0

Using (16), Eq. (11) reduces to

2 -rp
d—H(X pyemN| 28|
dx? Z

= pg(Xap)_e(Xar = 0)
Invoking (12) in (17), we obtain

2 -rp
45 -0(X,p)+mN e 77 1
x> p

=pd(X,p)-X.

(17)

(18)

Eq. (18) is an ordinary differential equation whose
solution can be defined as

Q(X,p):{Acosh(X\/;)+Bsinh(X\/;)} +

_e 7P
+£+mN ! e2
p p

where 4 and B are arbitrary constants and can be
found out by taking Laplace transform of Eqgs. (13)
to (15) and using them in Eq. (19). Substituting the
values of 4 and B in Eq. (19), we obtain

(19)

N ¢ 7?7 sinh(1- X)\/p

— X mN
O(X,p)=—+"|1

_e—yp)_
P p

sinh X\/7

s1nh \/—

1 e ”Psinh X \/;

p2 sinh\/;

—| mN +—
( j?’p s1nh\/7

N +—
( ]7 pzsinh\/;

(20)

The inverse Laplace transform of Eq. (20) can be obtained using the calculus of residues (Sneddon, 1972;

Brown and Churchill, 1996). This leads to

2.2
sinn;rX[l—e_" * TJ . D" sinnﬂX[l—e_” z Tj
© 0
Q(X,T):X{l—lj +2mN ¥ 33 —2(mN+—Jz 3 fort <y
Y n=l1 nr Y Jn=1 nr
(21)
and
sin nﬁX(e_”zﬁz(F}’) - e_"zﬂzr] (-1)"sin nﬁX(e_nzﬂz(r_y) - e_"zﬂzr]
Q(X»T)=2’11N§ 13 -2 [mN+lj§ 3 for 72y
n=l1 nr Y )n=1 n
(22)
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Eq. (21) provides the expression for the hydraulic
head from the initial time up to time ¢, (equivalently
y) whereas Eq. (22) provides it for the subsequent
time. Egs. (21) and (22) becomes identical for z=17.

2.2
-n" sinnﬂX(l—e” z Tj

The water head expressions for a horizontal aquifer
without recharge can be obtained by setting N = 0
in Egs. (21) and (22). Accordingly, we obtain

H(X,f):X(l—ij—zozo 3 forr <y (23)
e Y n=1 nr
(=1)" sinnz X (e_(“2+”2” -y _ e—(a2+n2ﬁ2)rj
ox,)=-2 % — P o6
Y n=1 e

These results are in conformity with the results
obtained by Boufadel and Peridier (2002). One can
also derive the expressions for the asymptotic
cases of very fast and very slow rise of the water in
the stream by taking y — 0 and y — oo in Egs. (24)
and (23) respectively. The corresponding analytical
expressions are

o (=1)"sinnzrX _,2;2;

O(X,r)= -2% 3 (25)
n=l nrw
1 2 2
9(X,r)=X+2mN§%(1—e‘” z ’J -
n=l n 1w
1N« 2.2
—2mN§ (=D smnﬁX(l_e_n T T} 26)
— 3 3
n=1 nr

22
T mN

V4 n=l1 n27Z2

1 0w T 1
Oy-o=l-—+= -+ -2mNx e——2(mN+—
e

o0
QX:OszNZj 2 2
n=l1 nrw Ve
N\ LnTTT
Opy=1-L-"N_1 H,n$ED ° +2(
2 4 n=1 n°rz

3. Flow rate and volume exchange

The flow rate through a unite cross sectional
area in the aquifer is given by (Bear and Verrujit,
1987)
27

Introducing the following dimension less flow rate
Q and after using Eq. (7) in Eq. (27), we get

_ q
0= ~K (hy —hy)/ L 29)
and

Gl
0-—". (29)

The expressions for dimensionless flow rate O at
the left and right boundary of the aquifer can be
obtained by substituting X=0 and X = 1.

2.2
Oo_ln—nﬂ'r
2 (1)'e

for0<z<y (30)
n=1 nzﬂz
(—1)" (e—nzﬂ'z(‘[—}/) _ e—nzﬂzrj
5 forz>y (31
n=1 n27r2
1 © e }1272'21'
mN+—jz for0<z<y (32)
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B (_Dn (e—nzﬁz(r—}/) _ e—nzﬂer N (e—l’lzﬂz(‘[—}/) _ e—nzﬁzrj
— _ _ >
Oy = 2mNnEI 5 2£mN + 7]’51 e forc>y  (33)

The net volume outflow at right interface can be obtained after integrating dimensionless flow rate O

at X=1.

T
V(r)=10(X=Lz")dr' (34)
0
Utilizing Eq. (34) in (32) and (33), we obtain following expressions
2 2 2 2
T mN o (=)"(1-e 7T [ J (1—e 7777
Vie<y)=r|1-— |- 2222 _omN 3 2mN +— |y ————=, (35)
( 7) ( 27] 2 3y n=1 n47r4 " Y Jn=1 ntrt
L mN 2 - 2 (-eTT)
Vy(rzy)zl___ Y omN amN + - , (36)
23 2 ”:1 ntz? e nl nirt

1 (1= 7Ty )

Vic>y)= V+2mNZ a4

The steady state net inflow or outflow of the vol-
ume is obtained from Eq. (37) by setting z—o and
this yields

¥ 1

Ve 5 (I-mN) 3

From the definition of m, given by Eq. (10) one
can easily infer that m is negative (as H; < Hy).
Since N is positive, Eq. (40) implies that V,, in-
creases linearly with recharge rate N. Based on Eq.
(38), the volumetric exchange can be either positive
(outflow), zero or negative (inflow) depending
upon following conditions

1

(3%)

>——— for V_>0, 39
Y 3(1=mN) o (39)
L frv—0 (40)
g 3(1-mN) T

1
y<—— for V,_<0. (41)

3(1—mN)

The Egs. (39)—(41) show important relationship
for volumetric exchange between aquifer and ad-
joining water body.

2
w (1—e™" 7r Y1 —n V4 (T 7)
[2 N+7j (e )(4 5 ! 3

n=l1

4. Results and discussion

In order to illustrate the applicability of this ana-
lytical solution, we consider a hypothetical aquifer
oflength L=100m, b=4m, K=0.00l ms', S, =
0.09 m’, hy =10 m, h; =5 m and ¢ = 3 days.
While computing Egs. (21) and (22) and other se-
ries solutions, we find good convergence for all
values of dimensionless time t considered for this
problem. The spatial and temporal variation in hy-
draulic head (1 — 6) in the aquifer during and after
the rise of stream water for N = 2 mm hr "' and 4
mm hr "' is plotted in Fig. 2, utilizing Egs. (21) and
(22). A higher recharge rate shows overall water
table rise in the aquifer; although the relative rise of
water table in the middle of the aquifer is more
evident than that of rest of the aquifer. Figs. 3 and 4
show the flow rates at the left and right interfaces
respectively that are being plotted against time 1 for
N =0, 2 and 4 mm hr'. We observe that the flow
rate (Qx=o) is higher at the beginning and decreases
rapidly with time and becomes zero for large values
of t (Fig. 3). For higher recharge rate, the hydraulic
gradient available to the water to at X = 0 reduces
and as a result the flow rate (Qx-¢) decreases. Fig. 4
shows the flow rate at X = 1 for various recharge
rate defined by Q.. At the initial stage, Oy is
positive (outflow) and as time passes this outflow
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Fig. 2. Hydraulic head (1 — 0) in the aquifer for different time t
under recharge rate N =2 and 4 [mm hr'].

Obr. 2. Hydraulicka vyska (1 — 0) v zvodnenom kolektore
v rozdielnych ¢asoch 7 pri rychlosti pritoku vody N =2 a 4
[mm h'].
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Fig. 3. Flow rate at X = 0 for N = 0, 2 and 4 [mm hr'] as
a function of time 7.

Obr. 3. Rychlost’ pridenia pri X =0 pre N=0, 2 a 4 [mm h']
ako funkcia ¢asu 7.

decreases and becomes zero. For higher values of y
(>1), one can approximate the time 1. when Qy- =
= 0 by neglecting the summation terms in Eq. (32),
and this yields

— N=0
0.8 1 -~ N =2mmihr
--- N = 4 mm/hr
T 04
Ead
(o]
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o] ]
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08
-1.2
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Fig. 4. Flow rate at X =1 for N = 0, 2 and 4 [mm hr'] as
a function of time 7.

Obr. 4. Rychlost’ pridenia pri X=1pre N=0, 2 a4 [mm h']
ako funkcia ¢asu 7.

(42)

For 7 > 7., the flow rate becomes negative (in-
flow) and attains its maximum value near 7 = y. It
decreases thereafter and finally becomes zero for
large value of the time. Increase in recharge rate
provides higher hydraulic gradient at X = 1, result-
ing increase in the outflow and reduction in inflow
while compared with the cases for N =0 and 2 [mm
hr']. The volumetric exchange (V) is plotted
against the time t using Eqgs. (35) to (37) for differ-
ent values of N and ¢ (Fig. 5). Using elementary
calculus, one can show that for y > 1, V attains its
maximum value at the same instant of time © = 1,
when Qyx-; becomes zero. The corresponding value
of V can be simplified from Eq. (36) as

/4 1 mN 1
= 2(1 mN') Y (3mNy +4)+ s (43)

Vmax

The volume that enters or leaves the aquifer (V)
after the rise in the stream water can be expres-
sed as

2 2 2
N\ Ry Nty
V}(X):VOO_V;/szNE( 1) (1464 )_(2mN+lj§%. (44)
n=l1 nr Y Jn=1 nr

The sensitivity of recharge and corresponding vol-
ume inflow and outflow are shown in Fig. 6. We

notice that V., decreases as y increases. In the ab-
sence of recharge (N = 0), there is always an inflow
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Fig. 5. Net volumetric exchange V' at stream-aquifer interface
as a function of time 7.

Obr. 5. Prietok cez hranicu zvodneného kolektora ¥ na hranici
tok — kolektor ako funkcia ¢asu 7.
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Fig. 6. Sensitivity plot with respect to the recharge param-
eter V.
Obr. 6. Citlivost vzhl'adom na parameter pritoku N.

(V) < 0). However, in the presence of recharge,
one can obtain an outflow in this period by choos-
ing an appropriate recharge rate and y.

5. Conclusion

In this study we have obtained analytical expres-
sions to analyze and volumetric exchange in a con-
fined aquifer that is in contact with a constant pie-
zometric head at one end and a constantly rising
stream at the other end. The mathematical expres-
sions presented here have the ability to quantify
hydraulic head; flow rate and volume exchange and
can deal with the asymptotic cases. Sensitivity of

the solutions with respect to the change in the re-
charge rate is analyzed. It has been shown that the
conditions for net volumetric exchange to be posi-
tive, zero or negative, depend on surface infiltration
and stream water rise rate.

List of symbols

h(x,f) —hydraulic head [L],

K — hydraulic conductivity [L T™'],

S, — specific storitivity [L™],

hyo — piezometric head at the left boundary (Fig. 1) [L],

hy — initial piezometric head in the stream (Fig. 1) [L],

X — horizontal x-axis [L],

t — time [T],

t, — time in which the stream water rises from 4 to /; at a

constant speed [T],

— mean aquifer depth [L],

— constant recharge rate [L T'],

— flow rate [L T™'],

— length of the aquifer [L],

— spatial coordinate equal to x/L [—],

— flow rate [],

— flow rate at the left boundary X=0 [—],

— flow rate at the right boundary X=1 [-],

— net volumetric exchange at the stream-aquifer inter-
face [-],

— steady state volumetric exchange [—],

max — Maximum volume [—],

»  —volume that enters or leaves aquifer after the rise

in the stream water,
O(X, 7) — (h— ho)/(hy — ho) [],

I
- o

TR xR =

SN

T — time equal to (K £)/SL? [],

7, — time when the flow rate Qy-; =0 [-],

y — time equal to (K #,)/SL? corresponding to time, ¢ = 1,
[-].
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HYDRAULICKE VYSKY, RYCHLOSTI PRUDENIA
A OBJEMOVE TOKY VO ZVODNENOM
KOLEKTORE, URCENE ANALYTICKYM
RIESENIM ROVNICE NEUSTALENEHO
PRUDENIA PODZEMNYCH VOD

Rajeev Kumar Bansal, Samir Kumar Das

Stadia obsahuje analytické vyrazy na vyjadrenie ob-
jemov pritoku do zvodneného kolektora s napétou hladi-
nou, ktory je v kontakte s konStantnou piezometrickou
vyskou na jednej strane a konStantne sa zvySujicou
hladinou vody v toku na strane druhej. Matematické
vyrazy, ktoré uvadzame, umoziuju kvantifikovat’ hy-
draulicku vysku, rychlost’ priadenia a objemy pritoku do
zvodneného kolektora a umoziuju zhodnotit asymp-
totické pripady. Praca analyzuje citlivost’ rieSenia voci

zmenam rychlosti pritoku do zvodneného kolektora.
Stadia ukazuje, Ze rychlost pritoku do zvodneného
kolektora méze byt’ pozitivna, nulova, alebo negativna, v
zévislosti od rychlosti infiltracie a od zmien Grovne hla-
diny vody v toku.

Zoznam symbolov

h(x,t) — hydraulicka vyska [L],
K - hydraulicka vodivost’ [LT™],

Ss  — mernd kapacita [L‘l],

hy  — piezometricka vySka na l'avej hranici (obr. 1) [L],

h;,  — pociatocna piezometricka vyska v toku (obr. 1) [L],

X — horizontalna os x [L],

t —Cas [T],

t.  —cas, pocas ktorého voda v toku stipne konstantnou
rychlostou z hg, po A, [T],

b — priemerna hrubka zvodneného kolektora [L],

N  —konstantnd rychlost’ pritoku do zvodneného kolektora
[LT],

g  —rychlost pradenia [LT],

L —dizka zvodneného kolektora [L],

X  —priestorova stradnica, rovnajuca sa x/L [—],

O  —rychlost pradenia [-],

QOyx—o— rychlost’ pradenia pri pravej hranici X =0 [-],

Oy - —rychlost pradenia pri l'avej hranici X =1 [],

V' — prietok na hranici tok — zvodneny kolektor [—],

V, — ustaleny prietok na hranici [-],

Vinax — maximalny objem [—],

V.o —objem, ktory vstupuje, alebo vytekd zo zvodneného
kolektora po zvyseni hladiny vody v toku [-],

t —&as(K&/SLP [,

7. — Cas, ak je rychlost pridenia Qy—; = 0 [],

y — &as rovnajiici sa (K #,)/SL?, zodpovedajici Gasu 1 = 1,[].
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