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Abstract

In this paper we show why the poorly conducting cytoplasmic
membranes have little effect on the overall impedance of the tissue
above a certain frequency, and derive an estimate of this upper
frequency. It is further shown that the induced transmembrane
potentials at different sites over the membrane can be found
through a simple formula for frequencies above the threshold,
without the need to analytically or theoretically model the
membranes directly. The findings are validated for an irregular
cell shape through rigorous numerical modeling.
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Introduction

There has been a general research trend towards exploring
possible health hazards arising from wireless communi-
cation systems, and with it an increasing interest in
electrical modeling of tissues from knowledge of sub-tissue
and cellular details and exploring possible effects [1].
Schwan et al. [2,3], were among the first to provide a
framework for understanding the electrical behavior of
tissues as an assembly of cells, and to employ a spherical
cell model and the solution of Laplace's equation to arrive
at an analytical model for the transmembrane potential
(TMP) induced through the external field across the
membrane model. Theoretical estimation of bio-impedance
and induced membrane voltages are useful in studying
electroporation in membranes, which might be applicable
for treatment of certain cancers [4].

While analytical formulas might provide good TMP
models for simple cell shapes, they fail to provide the
accurate TMP distribution for more complex cell shapes.
The need to provide estimates for more realistic cell shapes
have been shown [5-7], and numerical electromagnetic
modeling has been employed together with several cell
models [8-11]. In these works, however, in order to
evaluate the induced TMP, the membranes are often
included in the computational mesh directly. Obviously,
this increases the computational complexity because the
numerical grid (mesh) has objects with extremely large
contrasts in size: the membrane model on the order of
several nanometers, and the inner volume mesh-cells on the
order of micrometers. With most electromagnetic

simulation engines, such an arrangement can lead to
increased computational load, and poor quality results [12].
To remedy this problem at very low frequencies, it has been
shown that the membranes can be substituted by a zero-
thickness boundary condition [12]. Upon numerical simu-
lation, the new model will produce the same field results in
all regions, and a voltage drop at the interface equal to that
of the original model. This method is applicable to low
frequencies, however.

This paper shows why the presence of membranes loses
significance in the overall impedance, and can be neglected
in theoretical estimations of tissue impedance after a certain
frequency, and further shows how to calculate the induced
TMP without directly modeling the membranes at such
frequencies. This obviously reduces the number of mesh
elements, allows uniform element sizes for better matrix-
conditioning, and makes computer simulation of multiple-
cell tissue models possible.

Materials and methods

In order to investigate the effect of thin cell membranes on
the impedance at sufficiently high frequencies, we first
assume fairly general conditions:

(1) The membranes can be considered as insulating, and
(2) They occupy a sufficiently small volume fraction.

We will then find conditions under which the absence of
membranes does not affect the impedance and fields
obtained at non-membrane regions in the model.

Intuitively, at low frequencies, charging and dis-
charging can occur at the site of poorly conducting
membranes in response to the externally induced electric
fields, which act more or less as barriers for the free
electrolyte charges in the cytoplasm and the extra-cellular
aqueous medium. Since the membranes are extremely thin
(about 5.5 nm), this capacitive charging results in extremely
high concentrations of electric field within the membrane,
known as the membrane amplification effect [5]. At higher
frequencies, where displacement currents dominate over
conduction currents, this effect gradually vanishes. Above
the transition frequency, the presence of cell membranes in
the electrical model has almost no effect on the overall
electric field distribution and impedance.
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To investigate this assumption more rigorously, let us
consider the local model around the membranes [5,14] as
presented in Figure 1. The local field distribution in this
region is quasi-electrostatic and can be solved by defining a
voltage excitation V in a parallel-plate (capacitor) structure.
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Fig.1: Models for field distribution with and without membranes: (a)
The case where the electric field is perpendicular to the membrane;
(b) The case where the electric field is parallel to the membrane.

We assume all materials to be non-magnetic, i.e. y=1is
assumed for all regions. We assume d =d, +d, and

dpm K dgq, which correspond to the case of cytoplasmic
membranes being extremely thin and having sufficient
volumes of aqueous phase on either side. For all numerical
examples below, d, =5nm [5] and d =100d,, It is also
worthy of note, that the distributed electrical description for
the cell is used here to facilitate discussion, and the physical
conclusions obtained are rather general (also valid for
mesh-based computation of the fields).

We now compare the impedance of the models with
and without membranes in Figure 1 for both polarizations.
For fields parallel to the membrane, corresponding to the
local models in Figure la, the fields in non-membrane
regions are obviously independent of the presence of
membrane. This is justified by analogy to circuit concepts;
parallel capacitors have the same potential, independent of
each other and equal to that of the common terminal. For
field polarizations perpendicular to the membrane, the
series model in Figure 1b can be considered. For the fields
in non-membrane regions to be independent of membrane
presence, the total current density in models with and
without membranes should be the same under equal voltage
excitations, which means that the two models should have
the same impedance, or that the admittance ratio M in
(Eq.1) becomes equal to unity;
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where f, =d, /(d, +d,) is the volume fraction of the
membrane in the local model, and 44 = 2(1/€4q1 + 1/ eaqz)_l.

For sufficiently low frequencies (below the first
relaxation of pure water around 20 GHz), we assume the
aqueous phase to be described by ¢, =¢, +o/jws, .
Inserting this in (Eq.1), we see that for w < g/¢,gy the
admittance ratio can grow unboundedly, while for >
/e gy, M =1+ f, (8, /e, ) A typical biological solution
can be exemplified by & =60 and o= 1S-m™ and these
values have also been used to model internal cell properties
[14], and the membrane can be modeled by a real
permittivity of &, =9 [15]. This yields |[M —1/<0.02
after a transition frequency of about f =100 MHz, implying
that the same field at non-membrane regions, and the same

local admittance is obtained either with or without
membranes above f7.
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Fig.2: The electrical properties of the aqueous phase: solid line: real
permittivity, dash-dotted line: effective conductivity.
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Fig.3: Log plot for the difference of the admittance ratio M from
unity, which shows that approximately from =100 MHz onwards,
the presence of membrane becomes insignificant in the overall
admittance.
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Fig.4: Membrane amplification factor G. The first drop occurs when
displacement currents become dominant. The second drop occurs
due to water relaxation around 20 GHz.

Intuitively, the displacement current dominates in the total
current density for w > o/¢€,€y, and the conduction current
(and the blocking effect of the membrane for free charges)
loses significance in determining the overall field. At the
same time, even though the conduction current in the
aqueous phases gradually increases (due to the increasing
field penetration into the cytoplasm, upper-bounded by an
average field value in the tissue), the accumulated charge
on either side of the membrane unboundedly decreases with

frequency, since PO = -J. / J® . This in turn decreases the

induced membrane voltage, which is also evident in the
corresponding relation for the membrane amplification

G=E /E, (E is the average field strength; V =Ed )
which for the model in Figure 1b simplifies to (Eq.2).
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Forw K a/e.gy, G =d, /dm, which can be quite large
considering the extremely thin membrane. For w > o/

g, GZ¢ /¢

m?

which does not exceed a value of 40,
based on permittivity values from literature [14,15].
Consequently, the amplification factor drops to a lower
plateau at the same transition frequency as the admittance
ratio.

The constant real-part model used for &,, does not hold
near and above the first water dispersion frequency. To
provide a full-spectrum analysis, the complex permittivity
of the aqueous phase &, has to be replaced by the
frequency-dependent permittivity model for the biological
solution. We use a recently published model for pure water
which covers frequencies up to 25 THz [16], at 37°C and
with an additional ionic conductivity term of o =1S-m”.
For this wide-band model, the membrane permittivity is
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considered to be &, =2.5, in agreement with the high-

frequency values for lipids [17]. The model is graphically
shown in Figure 2. The frequency-dependence of M and G
are given in Figure 3 and Figure 4. In this more accurate
analysis, the transition frequency is seen to be around 100
MHz, in accordance with the previous discussion. The
amplification factor undergoes a second decrease as the
permittivity of water decreases drastically after 20 GHz.
Remarkably, the admittance ratio remains near unity, and
thereby supports our procedure for removing the
membranes in the numerical model at some higher
frequencies as well.

As a side note, we see that heating and thermal
absorption of energy from the applied field (proportional to
|E [) can also increase within the cytoplasm at higher

frequencies, as membrane amplification drops and
penetration of the field into the cytoplasm increases. This is
further justified considering the monotonic increase of
cytoplasmic effective conductivity with frequency (Fig. 2,
see also [5]).

Retrieving the transmembrane potential

Having obtained the correct field distributions at all regions
(except the membrane) using analytical or theoretical
methods, one <can obtain the externally-induced
transmembrane voltages as a post-processing step by
considering (Eq.3) from Maxwell's equations:

V.[(a,.+ng,.)E[]=o 3)

The expression inside the brackets represents the
addition of the conduction and displacement currents,
which we denote by Jj . It can be shown from (Eq.3) that

across any surface, the normal component of J, is
continuous. It can therefore be concluded that:
1 i I
Jo=J0 =I5 )
from which the electric field across the membrane E;; can
be deduced as in (Eq.5);

(O-m +jw£m)ErJr_1 = (01 +j(1.)£1)E1J‘ (5)

The induced transmembrane voltage due to the external
field; AVE¥ = EL -d,,, expressed in terms of the more

useful parameters of membrane capacitance and
conductance per unit area, is simply obtained as:
(01+jwe)EL
AVext = 1L 6
m (gm+jwem) ( )

which can be used to recover the membrane potentials (or
electric fields) after obtaining the numerical field results.
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Results

To verify the proposed procedure, we can compare a direct
computation of TMP with the one obtained by removing the
membranes from the numerical mesh and using (Eq.6). We
can do this numerical experiment for a non-trivial example
cell shape.

To elaborate, we use a biconcave cell model with a
diameter of 16 um, whose least thickness at the center is 4
um. The interior and exterior are filled with the same

aqueous medium Eay - Numerical field simulations have

been performed using a commercial electromagnetics
solver (CST-EMS®). The normal component of the electric
field (transmembrane voltage divided by membrane
thickness d,,) is obtained in two ways: first numerically by
including the membrane in exact field simulations, and
subsequently by removing it from the numerical model and
using the field distribution obtained without membranes in
(Eq.6). We note that for this example, the removal of
membranes always leads to a uniform field (potential
distribution) in all regions. The results of both approaches
are compared in Figure 5 at frequencies of 1 MHz, 1 GHz,
and 500 GHz respectively for an ambient electric field
strength of E=1 V/m.

Discussion

At 1 MHz, we are far below the characteristic frequency of
f ~100 MHz, conduction currents dominate, and the

membranes cannot be removed from the model. This is
observed in Figure 5a, where the actual membrane field
does not agree with the use of (Eq.6). The potential
distribution around the cell model is also given, which
indicates the pronounced effect of the membrane on the
otherwise uniform field distribution in other regions. At 1
GHz, however, the potential distribution with membranes
agrees with the uniform potential distribution that is
obtained without membranes and (Eq.6) faithfully
reproduces the actual membrane fields. The agreement
continues at higher frequencies, i.e. at 500 GHz, though
with reduced amplification. Obviously, the numerical
results verify the presented approach.

From a computational point of view, this will obviously
reduce the number of elements and, more remarkably, help
maintain a uniform mesh size across the model. For tightly
packed tissue models composed of membranes separating
cytoplasmic regions, such simplification may drastically
reduce the computational effort by allowing us to solve an
almost homogeneous tissue model. Consequently, larger
multiple-cell scenarios can be solved with implications for
tissue-level electroporation studies [5].

We shall underline our basic assumption of d,;, < dggq,
or equivalently f,, < 1, which means that the local volume
fraction of lipid membranes should be rather small. This
condition is essential for constructing a local model such as
that in Figure 1, and thus for the whole conclusion to hold.
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This condition usually holds for cell membranes, since cells
have dimensions typically extending to and beyond several
micrometers. It does not hold for dense intracellular
arrangements of membranes or the outer segment of retinal
rod cells, which have a stacked arrangement of
membranous disks. In such cases, the effective medium
approach might be used to simplify the computational
model.
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Fig.5: Potential distribution with the presence of membranes,
and normal electric field in the membrane (along the dashed
curve in the cell membrane); solid line: results of removing
membranes in the numerical model and retrieval of membrane
fields using (Eq.6), Markers: exact numerical computation of
membrane fields, for (a) IMHz, (b) 1GHz, (¢) 500 GHz.
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