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Analysis of the transients on the
multi-circuit overhead transmission line

Tomáš Nazarč́ık, Zdeňka Benešová
∗

In this paper a method for a transient analysis on the multi-circuit overhead transmission line with different voltage levels
(EHV and HV) is presented. The influence of inductive and capacitive couplings between the parallel circuits placed on the
same tower is studied. The transmission line model consists of mutual coupled two-port cascades which can be described
by a system of ordinary differential equations (ODE). This system has been solved numerically in MATLAB, the obtained
results provide the time distribution of currents and voltages in all conductors along the transmission line. The presented

algorithm allows solving various types of transients which can occur during switching off- and on- operations, shortcircuits
etc.
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1 Introduction

The development of the electric grid is joined with
a construction of the new transmission and distribution
lines, but nowadays it is not easy to find new routes. One
of the possible solutions can be an upgrade of the exist-
ing lines to the multi-circuit lines. In the case that all
circuits have the same voltage level the impact of induc-
tive and capacitive coupling could be reduced by using
of the suitable phase conductors layout. But, in the case
that circuits with different voltage levels are placed on
the same tower the mutual electromagnetic couplings play
more important role. There are two basic arrangements
of the tower in such systems [1]: a vertical configuration
(the EHV conductors are placed above HV system) and
a horizontal one (EHV conductors are surrounding HV
conductors or opposite). With regards to this fact the
towers of those transmission lines are more complicated
and usually the transposition which enables to compen-
sate the parameters non-symmetry caused by geometric
layout of conductors is not carried-out. The electromag-
netic couplings between conductors generate additional
induced voltages and currents in each circuit. Their value
is affected not only by non-symmetry of parameters but
also by very different values of voltages and currents in
the EHV and HV system. This influence has to be taken
into account by the transmission line and protection sys-
tem design. For this reason a detailed analysis respecting
the mentioned phenomena is needed. According to [2] the
current unbalance during the standard operation gener-
ates permanent current flowing through the earth wires.
The transient analysis with regard to the mutual cou-
plings was described in [3] using the frequency domain
analysis. The mutual coupled multi-circuit line modelled
with the circuit with distributed parameters was studied
in [4]. This paper deals with transient analysis on the

multi-circuit lines in the time domain. It is based on the
transmission line model consisting of cascades of mutu-
ally coupled two-ports. This approach allows respecting
the effect of mutual inductive and capacitive couplings
between all conductors and it enables to analyse the dis-
tribution of voltage and current along the line during
the non-standard situations which can occur eg switching
off/on processes, short-circuits on some phase, unloaded
line etc.

2 Transmission line model

The phase conductors of two voltage levels have been
modelled with the help of cascades of gamma two-ports
that are mutually coupled.

2.1 Two-port model

As usual, the basic gamma two-port of the cascade
involves passive parameters of the line (R , L , C and
G). The voltage and current source in each two-port re-
spects the induced voltage via mutual inductive couplings
and the induced current caused by mutual capacitive cou-
plings. The final structure of the k -th two-port of the
cascade of i -th phase conductor is depicted in Fig. 1.

Considering system with m phase conductors and n

earth wires then there are (m + n) coupled conductors,
the value of the voltage source in the k -th two-port be-
longing to the i -th conductor is given by the following
formula

uLi,k =

m+n
∑

j=1,j 6=i

Lij

diLj,k

dt
. (1)

In (1) Lij denotes the mutual inductance between the
i -th and j -th conductor, iLj,k is the current of the j -
th conductor in k -th two-port. The value of the current
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Fig. 1. Basic gamma element of k -th two-port of i -th phase con-
ductor

source can be expressed as

iCi,k =
m+n
∑

j=1,j 6=i

Cij

(duCj,k

dt
−

duCi,k

dt

)

(2)

where Cij is the mutual capacitance between the i -th
and j -th conductor and the uCj,k is the voltage of the
j -th conductor in k -th two-port. The parameters cor-
responding to mutual couplings are evaluated according
to the geometric layout of the conductors on the given
transmission tower. Using the algorithms described in [5]
and [6] it is possible to obtain the matrices of inductances
and capacitances. Supposing the earth wire connected di-
rectly to the ground than its model is given by the two-
port without the capacitance and the conductance. The
ground is respected by a fictional conductor with the re-
sistance Rg and inductance Lg in series according to the
Rüdenberg theory [7]. The part of diagram of the trans-
mission line model is shown in Fig. 2.

2.2. Mathematical model

To formulate the equations describing the two-port
diagram the method of state variables using current of
the inductance iL and voltage on the capacitance uC as

uknown was applied. In each two-port modelling phase
conductor there are two state variables, in each two-port
of earth wires or ground there is only one state variable.
Supposing a transmission system with m phase conduc-
tors (EHV and HV together) and n earth wires, we obtain
(m + n) cascades each of them consists of N two-ports.
The number of state variables including the back ground
way in the k -th two-port is K = 2 ∗m+ n+1, the total
number of unknown is then M = N ∗ K so the math-
ematical model describing the multi-circuit transmission
line is given by a system of M differential equations of
the first order. Using the voltage Kirchhoffs law on the
loop involving the phase conductor and ground then we
receive for the i -th conductor in k -th two-port of the
cascade the following equation

RiiLi,k + Li

diLi,k

dt
+

m+n
∑

j=1,j 6=i

Lij

diLj,k

dt
+ uCi,k

−
(

RgiLg,k + Lg

diLg,k

dt

)

− uCi,k−1 = 0 . (3)

In similar way the equations for the loop earth wire -
ground can be written. Applying the current Kirchhoffs
law on the node between the k -th and (k+1)-th two-port
of the i -th phase conductor we obtain

iLi,k +

m+n
∑

j=1,j 6=i

Cij

(duCj,k

dt
−

duCi,k

dt

)

=

GiuCi,k + Ci0
duCi,k

dt
+ iLi,k+1 . (4)

The equations for the nodes of grounding can be deter-
mined likewise (4). The load is respected in the equation
of last node in cascade or in a new loop, it depends on the
type of load. The obtained system of ODE can be rewrit-
ten into the matrix form. If the elements with derivatives

earth wires

ground

1. phase

i-th phase

m-th phase

B

earth wiresearth wires

ground ground

Fig. 2. Part of the two-port diagram
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stay on the left side of the equation and the remaining
elements on the right side we obtain

A1
d

dt
x = A2x + f (5)

where x is a column vector full of M state variables,
matrix A1 is full of coefficients belonging to derivatives
and A2 is a matrix of coefficients of elements without
derivatives. Multiplying (5) by the inverse of A1 from
left we obtain

d

dt
x = A

−1
1 (A2x + f ) = Ax + A

−1
1 f . (6)

Denoting the vector of currents in the k -th two-port of

cascade as i
(k)
L (K − m, 1) =

{

i
(k)
L1 , i

(k)
L2 , . . . , i

(k)
L(K−M)}

⊤

and the vector of voltages as u
(k)
C (m, 1) =

{

u
(k)
C1 , u

(k)
C2 , . . . ,

u
(k)
Cm

}⊤
then the vector of state variables in the k -th two-

port is defined as

x
(k)(K, 1) =

[

i
(k)
L

u
(k)
C

]

. (7)

The vector of all state variables is then given in form

x(M, 1) =
[

x
(1)

x
(2) . . . x

(k) . . . x
(N)

]⊤
. (8)

Respecting the order of state variables shown in (7)
and (8) the matrices A1 and A2 consist of the repeating
submatrices

A1 =













A
(1)
1 0 . . . 0

0 A
(2)
1 . . . 0

...
...

. . .
...

0 0 . . . A
(N)
1













(9)

Supposing only one three-phase system EHV with index 1
and one three-phase system HV with index 2 then partic-
ular submatrix A1 for the k -th two-port has the following
structure (index 0 belongs to the earth wire, index g to
the ground)

A
(k)
1 =















L1 L12 L10 −Lg 0
L12 L2 L20 −Lg 0
L10 L20 L0 −Lg 0

0
C1 C12

0 . . . C12 C1















. (10)

The matrices Li describe the self-inductances and mu-
tual inductive couplings inside the i -th three-phase cir-
cuit. The matrices Lij involves the mutual inductances
between the systems i and j . In similar way it is possi-
ble to build the matrices of capacitances Ci and Cij . For
example (11) expresses the matrix L1 of inductances in

EHV system 1, L12 resp. C12 describe matrices for induc-
tive resp. capacitive coupling between systems 1 and 2

L1 =





La1 La1b1 La1c1

La1b1 Lb1 Lb1c1

La1c1 Lb1c1 Lc1



 (11)

L12 =





La1a2 La1b2 La1c2

Lb1a2 Lb1b2 Lb1c2

Lc1a2 Lc1b2 Lc1c2



 (12)

C12 =





Ca1a2 Ca1b2 Ca1c2

Cb1a2 Cb1b2 Cb1c2

Cc1a2 Cc1b2 Cc1c2



 (13)

The solution x(t) of (6) depends on the existence of

the inverse matrix A
−1
1 , but the matrix A1 built ac-

cording to equations (7)–(10) is singular. Application of
Kirchhoffs law on the ground node B in Fig. 2., where
only branches with inductive currents (state variables)
are joined, results in equation without derivatives (it is a
node with the redundant branch)

ig +

n
∑

i=1

iL0i +

m
∑

i=1

iLi = 0 . (14)

For this reason the row of matrix A1 belonging to (14)
has only zero elements. As a consequence the determinant
A1 is equal to zero and the matrix A1 is singular. This
problem was solved by adding a very low value capaci-
tance (∼ 1 pF) parallel to the fictional conductor that
respects the ground, Fig. 3.

Lg Rg

Cg

Fig. 3. The upgraded model of the ground way

The solution of the system of ODE in (6) provides the
time distribution of all state variables in the considered
time interval. In general, the solution x(t) could be writ-
ten as a sum of exponential functions

x(t) = C1e
λ1t+C2e

λ2t+· · ·+Cke
λkt+· · ·+CMeλM t. (15)

The C1, C2, Ck and CM are integration constants, the
λ1 , λ2 , λk , λM are the eigenvalues of the matrix A . It
is known that the analysed system is stable, if all eigen-
values of its state matrix A have negative real parts. This
fact is useful for an assessment of the transients charac-
ter namely for an estimation of oscillations generation.
The numerical solution of the ODE has been solved in
MATLAB using the Runge-Kutta method of the 4th or-
der (procedure ode45).
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EHV

earth wires
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HV
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Fig. 4. Considered transmission tower

3 Illustrative examples of calculations

The above described algorithm was used to analyse a

quadruple transmission line with two EHV and two HV

circuits. Here, the transposition is not usually carried-out

and the tower is supposed to have sufficient distance be-

tween phase conductors minimizing the phase to phase

short-circuit, a sufficient it should guarantee the minimal

height of conductor above ground according to hygienic

standard of electromagnetic field distribution. This prob-

lem was solved in [8] where the influence of the tower type

and the phase layout on electric and magnetic field dis-

tribution was investigated. Optimal results were reached

for the tower Donau according to the Fig. 4 and for phase

configuration that is depicted in Tab. 1. This phase con-

figuration provides the most significant reduction of the

values of electric and magnetic field strength.

Table 1. Considered phase configuration

1. circuit 2. circuit

EHV
B B

A C A C

HV c b a c b a

The mutual influence between the EHV and HV has

been investigated in the example of the single phase short

circuit in the first EHV system on the phase C. Because

this phase conductor is placed near the axis of the tower

it could be expected that its impact on all HV conductors

is probably the most significant. It was considered that

the short circuit arises in given distance of the transmis-

sion line in the time tSC . Supposing that the line length

20 km is divided into 10 two-ports the short circuit was

modelled in the 7th two-port via value of the G param-

eter. The other EHV and HV circuits have been in stan-

dard operation that is depicted in Fig. 5, the transmitted

power in each EHV system was 800 MW and in the each

HV system 40 MW.

EHV

HV t

t

phase C of 1. EHV circuit

tSC

Fig. 5. Operation of the EHV and HV circuits in observed time
interval

In Figures 6–9 the phase currents and voltages along
the line are presented, showing some interesting featurers.
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Fig. 6. Phase currents of the 1st EHV circuit in the first two-port
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Fig. 7. Phase currents of the 2nd EHV circuit in the first two-port
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Fig. 8. Phase currents of the 1st HV circuit in the first two-port
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Fig. 9. Phase voltages of the 1st HV circuit in the first two-port
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Table 2. Voltage of the phase-C of the 1st EHV and 1st HV circuit along the transmission line

uCi (kV) i = 1 i = 2 i = 3 i = 4 i = 5 i = 6 i = 7

HV 76.98 63.47 50.46 37.57 25.42 16.23 15.49

EHV 178.1 149.8 121.4 93.22 65.31 37.61 10.64

Im { 10l}x
6

Re { }l
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-0.5

Fig. 10. The eigenvalues in the complex plane

The single phase short circuit in the EHV causes a
phase current asymmetry in others circuits. This phe-
nomenon is more significant in the HV circuits where the
quickly oscillating voltage and current with high peak-
value arise. The frequency of oscillations could be anal-
ysed with the help of state matrix eigenvalues λi . Their

position in complex plane is shown in the Fig. 10. With
regards to (15) the oscillation are caused by eigenvalues
with non-zero imaginary part which also determine their
frequency. According to Fig. 10 oscillations with the fre-
quency about 50 kHz (T ≈ 20µs) could be expected. The
damping of arising oscillations is given by their real part
value. The result impact of considered eigenvalue depends
also on the integration constant Ci in (15).

The significant advantage of the presented transmis-
sion line model consisting of the cascades of the mutually
coupled two-ports is the possibility to analyse the volt-
age and current distribution along the transmission line.
Based on the results presented in Figs. 8 and 9, the short
circuit in the phase-C of the 1st EHV circuit strongly in-
fluences the phase c of the 1st HV circuit. In despite of
the position of phase-c conductor that is located farther
than the conductors of phases-(b, a) in Fig. 11. It could
be explained by the fact that the short circuit current has
mostly reactive character and the induced voltage from

this conductor to the conductor of the phase-c of the 1st

HV circuit has a counter-phase direction.

Our algorithm allows watching changes of voltage and
current distribution along the line. The voltage distribu-
tion at three two-ports in the phase-C of the 1st EHV
circuit is depicted in Fig. 12. Similarly, Fig. 13 shows the
voltage distribution in the phase-c of the 1st HV circuit.

1. EHV circuit

1. HV circuit

c b a

C

Fig. 11. Distances between the HV conductors and the conductor
with short circuit
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uc1

uc2

Fig. 12. Voltage of the phase-C of the 1st EHV circuit in 1st , 2nd

and 3rd two-port

After the oscillation damping follows the short-circuit
steady state and the decreasing voltage amplitude along
the line could be watched. The phase voltages of the
phase-C of the 1st EHV circuit and the phase-c of the
1st HV circuit on the particular two-ports along the line
are shown in Tab. 2.
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Fig. 13. Voltage of the phase-c of the 1st HV circuit in 1st , 2nd

and 3rd two-port
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Fig. 14. Voltage decrease along the transmission line

The graph of unit voltage values is displayed in Fig. 14.
While the voltage in the short circuited phase-C decreases

uniformly to zero, the voltage in the phase-c of the 1st

HV circuit decreases from the higher initial value quicker

and does not reach the zero value.

4 Conclusion

The model of multi-circuit transmission line with two
voltage levels respecting all mutual couplings between

conductors was introduced. It is based on two-port ap-
proach and it enables to study the time voltage and cur-

rent distribution along the transmission line and to judge
the mutual influence between various voltage level sys-
tems. For the formulation of ODE describing the con-

sidered line model the method of state variable was ap-
plied. It also allows studying the stability condition for

the investigated system. The proposal algorithm can be
used for evaluation of the transients such a line switching
on/off, short circuits, automatic reclose cycle etc. In this

article the analysis of the mutual influence in the system
consisting of two EHV and two HV systems was carried-

out. The dominant impact of EHV system on HV circuits
was observed during the single phase short circuit arising
in the EHV circuit. It results in a significant phase cur-

rent asymmetry in the HV circuits and in the generation
of oscillation with high frequency and high voltage and

current peak value which are quickly damped. The volt-
age unbalance of the HV circuits is increasing along the
line towards the place of the short circuit. These facts

should be taken into account during the setup of the pro-
tection systems.
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