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THE FIELD OF A STEP-LIKE ACCELERATED POINT
CHARGE: LIENARD-WIECHERT POTENTIALS
AND CERENKOV SHOCK WAVES REVISITED

Lubomir Sumichrast

Scalar and vector potential as well as the electromagnetic field of a moving point charge is a nice example how the

application of symbolic functions (distributions) in electromagnetics makes it easier to obtain and interpret solutions of

otherwise hardly solvable problems.
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1 INTRODUCTION

Electromagnetic field of the moving point charge is in
the literature commonly expressed in form of the Liénard-
Wiechert potentials [1-3]. In the case of the charge mov-
ing along the straight line with the constant velocity the
pertaining expressions can be obtained also by direct ap-
plication of the relativistic Lorentz transformation of the
Coulomb potential of moving charge [4]. It is shown here
that the respective results can by obtained by straightfor-
ward application of the formalism of symbolic functions
(distributions) using the classical formulae for retarded
potentials. It is shown that the application of this for-
malism makes it possible, by relatively simple means, to
solve also the case of the electromagnetic field of the step-
like accelerated charge.

It is well-known that the charge moving with velocity
v in the medium where the velocity of light is ¢ = 1/,/ze,
provided v < ¢, does not radiate electromagnetic energy
in spite of the fact that the electromagnetic field changes
in time due to the moving charge.

In the case v > ¢, that is of course impossible in
vacuum, where ¢ = ¢g = 1/,/Jio€o, but can well occur in
material media — in the theory modeled by a continuum
with ¢ = 1/,/€ < ¢o — the electromagnetic energy is
out-radiated in form of a Cerenkov shock wave similar to
sonic shock wave arising when a plane overcomes the sonic
barrier — the sound velocity in air. Here this difference in
non-propagating waves connected with the charge moving
at the velocity v < ¢ and Cerenkov radiation for v > ¢ is
shown using the expansion of the field into the spectrum
of plane, or cylindrical waves — in the first case non-
propagating evanescent waves bound to the charge and
in the second the waves radiating energy away from the
charge.

2 RETARDED POTENTIALS

In many textbooks on electromagnetics eg [1-3] the
formulae for the retarded scalar potential ®(r,t¢), and
retarded vector potential A(r,t) in the infinite homo-
geneous space with constant permittivity € and constant
permeability u, are often commonly simply written down
in the form

B(r 1) = ﬁ Q/ Q(r’,t|;|_rr—/| 1'/|/C)dv/’ (1)

Alr,t) = %Q/ J(r/’r_'rra e @)

where r is the observation point, r’ the source point,
q(r',t) is the charge density and J(r',t) the current
density. The retardation in time is given by the term
|r — r'|/c, where ¢ = 1/,/u¢ is the light velocity in a
given medium, ‘e the time needed for any information to
propagate along the path |r — r’| with the velocity c.

Formulae (1) and (2) are solutions of the wave equa-
tions

2 r

var) - 570 e, @)
2 r

V2A(1‘, t) - 01_2%527” = _IU’J(ra t) ’ (4)

obtained from Maxwell’s equations using the Lorentz
gauge. Here V2 is the Laplace operator. The field quan-
tities are then obtained in the usual way as

E(r,t) = —grad ®(r,t) — 0A(r,t)/0t, (5)
B(r,t) = curl A(r,t). (6)

The above formulation (1) and (2) means in fact the
space convolution after the the time convolution of the
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pertaining source densities ¢(r,t) and J(r,t) with the
Green function of the infinite homogeneous space G(r,t)
has been performed, ie

®(r,t) 47r5/// / G(r—r't—r7)dr c};}’)
/// / )JG(r —r',t —7)dT dv(8)

The Green function G(r,t) of the infinite homoge-
neous space is given as the solution of the wave equation

1 0%G(r,t)
VZG(r,t) — C—QT

= —5(x)3(t),  (9)

on an infinite domain, where §(¢) means the Dirac delta-
function and 4(r) = 6(z)d(y)d(z) the three dimensional
delta-function. The solution of (9) can be easily obtained
eg [5] in form of the spherical delta-function wave-front
spreading in space with velocity ¢ as a function of time,

G(r,t) =

where r = |r| = /a2 + y? 4 22. Thus substituting (10)
into (7) and (8) leads to (1) and (2).

G(r,t) =6(t —r/c)/4mr, (10)

3 RETARDED POTENTIALS FOR
THE MOVING POINT CHARGE

The charge and current density of a point charge mov-
ing with the velocity v (for simplicity) in direction of z
axis can be easily expressed using the delta-functions

q(r,t) = Qo(z)d(y)d(z — vt),
J(r,t) = Qué(x)i(y)d(z — vt)u,,

or simply J,(r,t) = vg(r,t). After having performed at
first the space convolution in (7) and (8) one obtains

where the common cylindrical coordinate system has been
introduced, with the variables and the unit vectors

p=Vr*+y?,

u, = U, cosY + uysiny, uy = —Uu,siny + uycosY,

¥ = arctan(y/x),

and with the reverse relation z = pcosvy, y = psini.
To solve (13) one may reformulate the integral therein

oo oo

-4

/ 5(15\/_%..

— 00 — 00

W=y

where 1(t—...) is the unit-step-function (Heaviside func-
tion). After the substitution ¢t — 7 = £ this integral takes
the form

(5 \/p + (z — vt +v€) /c)
dt \/p + (z — vt + v€)?

(15)

Since the square root in (15) is always positive (physically
it has a meaning of distance) the value of the variable &
in the argument of the delta-function must be positive
too. This leads to the positive root

v(z — vt) + /2 (z — vt)2 + (¢ — v2)p?

50 = 02 _ ’U2 I’ (]‘6)
of the quadratic equation
(2 —v?)E% —2u(z —vt)e — p* — (z —wt)> =0, (17)

pertaining to the zero point of the argument of the unit-
step-function in (15).
Then integral

d¢, (18)

. 1
dtﬁ VP?+ (2 — vt +v€)?

SO
yields with use of the formula 2.261 in [6] the final result

{(1 —v?/*)p? + (z—vt)Q}il/Q. (19)

4 CASE v < c:
LIENARD-WIECHERT POTENTIALS

The potentials for the moving point charge — called
Liénard-Wiechert potentials — are thus given as

c? . Q 1

O(r,t) = ?Az(r,t) =

Ame \/np? + (2 — vt)?

(20)

where 7 = 1 — (v/c)? is the Lorentz factor and (20) is the
relastivistic Lorentz transformation of the electrostatic
scalar potential. The resulting electric field intensity of a
moving point charge equals

Q  pu,+ (2 —vt)u,

_E(I'7 t) = ) (21)
e np? + (2 vt)2]3/2
with the conservative part
—vt)u,
grad d(r 1) = & 1Pt (2 = vt)u (22)

4e np? + (2 vt)2]3/2’
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Fig. 1. Conical domain and field orientatoion for the Cerenkov
radiation

and the solenoidal part

_0Art)  Q  (v/oP(z—vtu,
ot 4me P + (2 — vt)Q]g/g . (23)

The magnetic field induction of a moving point charge
reads

B(r,t) = X qu Py

7 R 1 (2 — o) (24)

Notice that the star-shaped field lines of the electric
field E(r,t) accordingly (21) are in any time instant the
same as for the electrostatic field, but the field itself is
moving, it has the conservative as well as the solenoidal
component. The equipotential surfaces of ®(r,t) are not
spherical but ellipsoidal surfaces moving together with
the charge.

The Poynting vector P = E x B/u representing the
power flow density in the electromagnetic field reads

P(r.1) = Q%v n’plpu. — (z — vt)u,)
T 16 [y + (2 —ut)?

(25)

In fact the power flow density is circulating around
the charge and this circulation is moving with it since
the expresion [pu, — (z — vt)u,) = —uy\/p? + (z — vt)?,
where uy is the unit vector of the local spherical coordi-
nate system (moving with the charge) pertaining to the
polar angle 1. The steady power density flow occurs in
the direction of the z-axis only and in the plane of the
moving charge it reads

Q*v
P, = . 26
z=vt 167’(25(1 _ 02/62)p4 ( )

5 CASE v > ¢: CERENKOV SHOCK WAVE

Velocity of the moving charge can never be higher than
the velocity of light in vacuum ¢y = 1 /‘ /lo€o - However,
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in the material media represented by continuum with p >
po and € > g¢ is the phase velocity of the propagating
plane wave ¢ = 1 /\/;E smaller than ¢y and in principle
the velocity of the moving charge can be higher than c.

In such a case the value under the square root in (16)
is positive only for the relation

vt —z > py/v?/c? — 1.

The domain defined by (27) is the conical domain to
the left from the conus vertex point z = vt and with
the conus-opening-angle «, where sina = ¢/v as shown
in Fig. 1. The conical boundary spreads out in direction
given by the angle 3, cos 8 = ¢/v. The solution outside
this domain is zero, therefore (20) must be written in the
form

(27)

O(r,t) = %Az(r,t) = o (28)

(vt = 2)* = xp?

where x = —n = (v/c)? — 1, yielding thus the electric

field intensity

Q  —pu,+ (vt — 2)u,

E(r,t) = 1(vt — 2z — py/X
0 TNy e VY
Q Uy /X — XU
— o(vt — 2z — 29
o (vt—z)2—xp2( pvX) (29)
and the magnetic field induction
Iz 1(vt —z — px)
B(r,t) = ——Quv xpu
0T N 2 e
b St =z p )
+ —Qv uy,. (30
T e : NAUTRNCY

It can be easily seen that the directions of the regu-
lar terms of the electric and magnetic field are reversed
as compared to (21) and (24). The ¢-like terms on the
conical boundary represent the shock wave.

The regular part of the pointing vector within the
conical domain reads

_ Q% X*plpus + (vt — 2)u,]

PO = Torz ot —2p — xoT

(31)

On the conical boundary enclosing the electromagnetic
field the Poynting vector P(r,t) is directed outwards and
perpendicular to this boundary.

Observe that if the charge moves with exactly the

transitional velocity v = ¢, e x = —n = 0 then in (28)
c? Q 1(vt—2)
B(r,t) = “A(rt) = "2 32
(r,) v (r,2) dme vt —z (32)

and this theory leads to E(r,t) =0, B(r,t) =0.
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6 SPECTRAL EXPANSION

When spatio-temporal spectra of the charge and curent
density is introduced one obtains after the temporal and
two-dimensional spatial Fourier transform of (11) for
q(z, Ky, Kz, w)

4@, Ky o) = 27Q0()3(w — Kv) . (33)
and similarly for J,(z, ky, Kz, w) = vq(T, Ky, k2, w). After
the substitution into (65) and integration with respect

to 2’ and k. one obtains for temporal frequency spectra
®(r,w) and A,(r,w) the formula

c? JQ
O(r,w) = 7Az(r,w) = dmen ™
“E )

exp(jryy) exp(jkz)dky, (34)

/eXP J|$|
/ — k2 — K2

where kg =w/c and k = w/v.
For the charge moving with the velocity v, for the
classical case v < ¢, ie k > ko, (34) takes the form

4mev

|:v| k2 — kg + k2)

/exp
\/ K2 — kg + K2

In this case the spectrum consists of the evanescent waves
only.

exp(jryy) exp(jkz)dk,.(35)

The integration in (35) can be performed [7] with the
result

2
O(r,w) = —A,(r,w)
v

27?5UK0(PM)eXp(jkz), (36)

where K| is the modified Bessel function of second kind,
representing cylindrical evanescent waves propagating, ie
transmitting the energy, in the z-direction only, with ex-
ponentially attenuated amplitude for p — oo. The inverse
Fourier transform in time domain yields the formula (20).

For the Cerenkov shock wave v > ¢ holds, ie k <
ko. The expression in the integral (34) represents until
fifl < k% — k? the propagating homogeneous plane waves
in directions

tug\/k§ — k2 — K2 + uyry + uk (37)
given by the unit vectors [u,,u,,u.], with the phase
velocity ¢ = w/kg. All of the them span exactly the
angle 8 with the z-axis, where tan 8 = \/kZ — k?/k, or
cos 8 = ¢/v, and this is exactly the direction in that the
conical boundary of the shock wave spreads out in space
with velocity ¢ as shown in previous paragraph and in

Fig. 1. This is the direction of the power flow density,
ie the direction in which the energy of the Cerenkov
radiation is out-radiated. For f<572! > k2 — k? one arrives
again to the spectral components in form of evanescent
waves.

Formula [34] can be integrated too [7], with the result

CQ
fI)(r,w) = —AZ(I',(U)
v

_ 9 pyo (p\/k (38)

2 — k2)exp(jkz
— 0 ) XP(J ) )
where Hél) is the Hankel function with an oscillatory
character. Here the energy is not only transmitted along
the z-axis but also out-radiated in the cylindrical radial
direction.

7 POTENTIALS OF THE STEP-LIKE
ACCELERATED POINT CHARGE

Let us consider the modified situation when the point
charge is up to ¢ = 0 at rest and for ¢t > 0 it will be
stepwise accelerated to the velocity v, ie in the direction
of the z-axis. Hence

q(r,t) = Qi(x)d(y)d (= — vtl(t)),
J(r,t) = Qué(x)d(y)d(z — vtl(t))1(t)u.,

(39)
(40)
The current density J(r,t) is obviously equal to zero

for ¢ < 0 when the charge is at rest. The formulae for the
retarded potentials now read

B(r,t) = %
J U
A.(r,t) = ﬁva
/ Ao e,

— 00

As long as t < 0 holds, the arguments of J-functions
can be equal to zero only for 7 < 0, yielding 71(7) = 0.
Therefore for ¢ < 0 the vector potential is zero A(r,t) =
0 — there is no current, the charge is at rest, and the
scalar potential

Q S(t—7—/p? +22/c) Q
4dre Vp? + 22 = dnmer

(43)
is identical with the electrostatic potential of the point
charge.

O(r,t) =
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Fig. 2. Transient domain between the field of moving charge with
v < ¢ and the electrostatic field

Fig. 3. Transient domain between the field of moving charge with
v > ¢ (Cerenkov shock wave) and the electrostatic field

For t > 0 and 7 > 0 the formulae for the retarded
potentials are the same as (13). For the variable £ in the
additional condition 7 =t — ¢ > 0, e £ < t, due to the
presence of the unit-step-function 1(7) in (41) and (42)
must be met. Hence for v < ¢, the variable & in (16)
must fulfil the condition £, < t leading to the relation

Ve2(z —vt)2 + (2 —v2)p? < *t — vz, (44)
which can be easily recast into the simple form
V224 p?<ect. (45)

The right hand side of (44) must itself fulfil the con-
dition z < ct(c/v). This together leads to the spatio-
temporal domain of validity in the form

z <ctlc/v)N\/z2+p? <ct. (46)
Since in this case ¢/v > 1 the solution is /22 + p? < ct,
ie it represents the inner domain of the sphere with the
in-time-expanding radius r = ¢t as shown in Fig. 2.
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The field inside the sphere, /22 + p? < ct, is identical
with the electric and the magnetic field of the moving

charge (21) and (24). The field outside /22 + p? > ct is
the electrostatic field

_Q puptzu,  Q
 4me [p2—|—z2]3/2

E(r,t) (47)

= u, .
4er?

Delta-like terms of the fields exist on the spherical
boundary surface r = ct in this case too and are given
by

Q (v/c) cosd

E(r0,0)],_, = dmect 1 — (v/c) cosﬁ(ur +u:)o(r —et),
(48)
B(Ta 197 t)’ = IUQU 1 ulp(s(’f' — Ct) . (49)

r=ct — dret 1 — (v/c) cosV

For the case v > ¢ the solution can exist only within
the volume of the conical domain (50). If the conditions
& > &, £ <t should hold, the inequality

Ve(vt —x)2 — p2(v2 — ) <wz—c*t (50)

has to be met. If the right hand side of (50) is positive,
ie if z > ct(c/v) then (50) is fulfilled in the domain

(vt — 2) > py/(v2/c2) — 10 \/p2 + 22 > ct. (51)

This is the spatio-temporal domain of the conus to the

right outside of the sphere /22 + p? < ¢t as seen in
Fig. 3. Together with (46) this leads to the domain of
existence of the wave depicted in Fig. 3.

8 CONCLUSIONS

The analysis presented here demonstrates that by us-
ing the formalism of Heaviside unit-step function and the
d-function as a derivative of the Heaviside function makes
it possible to obtain the results representing the relativis-
tic character of electric and magnetic field by purely clas-
sical approach. For the step-like accelerated point charge
the shape of the boundary between the electrostatic field
of the charge at rest and the dynamic field of the mov-
ing charge has been uniquely identified. This paper is a
revised version of the author’s work [8].

Appendix

Let the Fourier transform in time domain be

flw) = / F(8) exp(jwt)dt (52)

then the temporal spectrum G(r,w) of the Green func-
tion G(r,t) = 6(t — r/c)/4nr in (10) is given by the
Helmholtz equation with kg = w/c, and solution

V3G (r,w) + k§G(r,w) = —4(r), (53)
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G(r,w) = exp(jkor)/4nr . (54)

The spectral densities ®(r,w),
and vector potential ®(r,t),
in the form

A(r,w) of the scalar
A(r,t) are then expressed

B(r,w) = — / / / w) 2P frk(J_'rr,| 1 gt 55)
- s

If subsequently the two-dimensional Fourier transform
with respect to spatial variables y, z is introduced, ie

f(:Z?, ’iyvﬂz;w) =

/ F (@, 2 w) exp [~ (myy + £22)] dydz,  (57)

then transformed Helmholtz equation (53) reads

d2G(:ZT, Ry, ’imw)
dz?

—l—(k%—mi—ﬁi)G(m, Ky kz,w) = —=0(x).

(58)
General solution of the homogeneous equation (58), ie of
equation (58) with zero right hand side, equals

G(x, ky, ksyw) = Aexp(jxw/kg — K- /@5)4—
Bexp(—jz\/k§ — k2 — k2). (59)

Taking into account the radiation condition the first term
is valid for = > 0 only and the second for = < 0. This
can be generally written as

G(z, ky, kiz,w) = Aexp(jay/kf — k2 — Ag)l(x)—l—
Bexp(—jzy\/k§ — k2 — 2)1(—x).

dG/dz = (A — B)é(z)+

jv{Aexp(jz/)1(z) — Bexp(—jz/)1(-z)},
(60,61)

yielding A = B, since the delta term must cancel out.
d°G/da? = +25 A\ k2 — K2 — K20(z) — Alk2 — /@121 — K]
x {exp(jz,/-)1(z) — exp(—jz/)1(—x)}. (62)
This after substitution into (58) leads to the result

A:j/21/k§—52—55,

(63)

jexp(j|:v| k§ — K2 — K%)

G(x, Ky, kzyw) =

(64)
2\/k§ — K2 — K2

For the two-dimensional spatio-temporal spectral den-
sity of the scalar potential one thus obtains

exp(j|:1: —a'|\/kE — /@121 - /{12/)

2 _ .2 _ .2
kg Ky — Ky

exp [J(kyy + k22)] drydk, }d:z:/ . (65)

Similar formula can be found for the vector potential
A(r,w) of current density too.
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