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HYBRID CONTROL OF ELECTRIC VEHICLE
LATERAL DYNAMICS STABILIZATION

Khatir Tabti — Mohamend Bourahla — Lotfi Mostefai
∗

This paper presents a novel method for motion control applied to driver stability system of an electric vehicle with
independently driven wheels. By formulating the vehicle dynamics using an approximating the tire-force characteristics into
piecewise affine functions, the vehicle dynamics cen be described as a linear hybrid dynamical system to design a hybrid
model predictive controller. This controller is expected to make the yaw rate follow the reference ensuring the safety of the car
passengers. The vehicle speed is estimated using a multi-sensor data fusion method. Simulation results in Matlab/Simulink
have shown that the proposed control scheme takes advantages of electric vehicle and enhances the vehicle stability.
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1 INTRODUCTION

Recently, pure electric vehicle have achieved sufficient

driving performance due to important improvements in

motors and batteries design technology. That, we can

summarize the advantage of vehicle propelled by electric

motor into the following point that the torque generation

of an electric motor is very quick, accurate and can be

measured easily [1].

In fact, the yaw rate of a car is influenced by distur-

bance torques resulting from crosswind, breaking, and

acceleration on a -split road, so on, and a conventional

front-wheel steering system cannot guarantee the vehicle

stability on slippery roads. An electric vehicle equipped

with two individual electric motors in the rear has the

advantage of another steering control input, i.e. torque

steering. Stability improvement, using torque steering is

usually addressed as Direct Yaw-moment Control (DYC),
[2].

In this paper, we propose a hybrid Model Predictive
Control (MPC) design that the aim is to track the above
indicated reference, hence providing the driver with the
desired yaw rate. The major advantage of MPC is the
capability of handling in a single framework multiple in-
puts and outputs, constraints on inputs, states, and out-
puts, and optimization with respect to a predefined per-
formance criterion.

In the next Section we formulate the vehicle dynamics
using the front and rear tire slip angles as the states, and
the vehicle yaw rate as the output. By assuming a con-
stant longitudinal velocity and approximating the func-
tions that relate the tire force to the tire slip angles by a
piecewise affine maps, the vehicle dynamics are reformu-
lated as a linear hybrid system in piecewise affine (PWA)
form. By transforming the PWA model in an equivalent
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Fig. 1. Top-view vehicle dynamics model
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mixed-logical dynamical (MLD) system, the obtained ve-
hicle dynamics formulation is used as a prediction model
in a hybrid model predictive control. For completeness the
performance is investigated by simulations in last section,
[3].

2 OVERALL SYSTEM MODELING

2.1 Vehicle model

Figure (1) shows the planar model of an electric vehicle
with two electric motors placed at the rear wheels. This
vehicle model has two degree-of-freedom (DOF), ie, the
yaw and lateral motions. However, the roll, vertical, and
pitch motions are not considered here due to neglecting
the suspension system. The load transfers induced by the
lateral and longitudinal accelerations are also taken into
account in the mathematical model [4]

• Lateral motion

mv(β̇ + γ) = Fyfl + Fyfr + Fyrl + Fyrr (1)

• Yaw motion

Iz γ̇ = lf (Fyfl + Fyfr)− lr(Fyrl + Fyrr) +Mz (2)

Mz =
1

2
d(Fxrl − Fxrr) (3)

Ff = (Fyfl + Fyfr), Fr = (Fyrl + Fyrr) (4,5)

where the longitudinal motion can be expressed as
follow

mv̇ = −(Fxfl + Fxfr + Fxrl + Fxrr) (6)

In the above equations, m denotes the mass of the
body, Iz the moment of inertia concerning the yaw
motion, β the side slip angle, γ̇ the yaw angular
acceleration,v the longitudinal velocity, δf the steer-
ing angle of front wheel, lf , lr the distances from
the center of gravity to the front and rear axles re-
spectively, Mz the yaw moment applied by differential
braking, which must be determined from the control
law.

2.2 Electric Motor and Drive Modelling

Permanent Magnet Synchronous (PMSM) motors are
the most popular motors for in-wheel applications be-
cause typically they have a high power/weight ratio when
compared with other machines and also have higher ef-
ficiency, since no power loss is associated with machine
excitation. The developed torque of a salient pole PMS
motor in d− q coordinates is

Td =
3

2
pp(λmiq − (Ld − Lq)idiq). (7)

Furthermore, since the dynamic responses of modern mo-
tor drives are much faster than wheel dynamics, and con-
sidering the dominant poles of the closed loop system,

an electric motor and its drive can be simply modeled as
follows [5]

G(s) =
T

T ∗
=

k

(1 + sTe)(1 + sTm)
, (8)

where Te is the delay due to inverter and Tm is the
electrical time constant of electric motor.

3 CONTROL SYSTEM DESIGN

In order to improve stability of the vehicle, the side
slip angle and the yaw rate of the vehicle are controlled
to trace their desired values. The direct yaw moment gen-
erated by the longitudinal forces is employed as the con-
trol input to make actual responses approach the desired
values.

3.1 Piecewise affine model

The front and rear tire forces Ff , Fr respectively, are
nonlinear functions of the tire slip angles αs , αr and of
the longitudinal slip λ ∈ [0, 1] .

Since the tire slip angles are small for high speed turns
we can approximate tan(α) ≈ α , hence getting

αf = δf − β −
lfγ

v
, αr = −β +

lrγ

v
(9,10)

We assume that during the turning maneuver the lon-
gitudinal velocity v is constant and we use a model of
the tire forces which, for a constant longitudinal slip s ,
is piecewise linear

Ff (αf ) =

{

−cfαf if − pf 6 αf 6 pf
−(dfαf + ef ) if αf > pf

(11a)

Fr(αr) =

{

−crαr if − pr 6 αr 6 pr
−(drαr + er) if αr > pr

(11b)

where cf , cr denote the cornering stiffness coefficients of
the front and rear wheels respectively, Pf and Pr are
called the critical side slip angle. The force equation (11)
is simplified in order to reduce the complexity of the
dynamical model. A qualitative sideslip angle-tire force
characteristic is shown in Fig. 2. It is obvious from (11)
that the tire forces are symmetric functions, ie, for any
j ∈ f, r and αj , [6]

Fj(−αj) = −Fj(αj) (12)

-pj

Fj

aj

pj

Fig. 2. Qualitative characteristic of the sideslip angle-tire force

relation
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Fig. 3. Partitions adopted for the under steering vehicle model

We can now write the hybrid (PWA) bicycle model of
the vehicle

[

β̈

γ̈

]

=

[

−
Ff (αf )+Fr(αr)

mv
−

Ff (αf )a+Fr(αr)b
mv

− v

−
Ff (αf )a+Fr(αr)b

Izv
−

Ff (αf )a
2+Fr(αr)b

2

Izv

]

[

β̇

γ̇

]

+

[

−
Ff (αf )+Fr(αr)

m
0

−
Ff (αf )+Fr(αr)

Iz

1
Iz

]

[

δf
Mz

]

(13)

The dynamics model is a second order piecewise affine
(PWA) system (Sontag 1981), [7]

ẋ(t) = Ac
ix(t) +Bc

i u(t) + ϕc
i (14a)

y(t) = Ccx(t) +Dcu(t) (14b)

i ∈ I : Hix(t) 6 Ki (14c)

Where x = [β, y|′ is the state vector, u = [δf ,Mz]
′ is

the input vector, y = γ is the output, and i ∈ I is
the active region, where I = 1ṡ and s is the number of
regions of the PWA system. Inequalities (14c) are derived
from the inequalities in (11), and partition the state space
into polyhedral regions, that define the different operating
conditions (linear, and positive and negative saturation,
for each pair of tires). Hence, they are also called system

modes. The matrices Ai, Bi, i ∈ I, C,D , define the vehicle
dynamics in the different conditions, and are obtained by
substituting the different force expressions (11) in (12).
The active region (or active mode) i of the PWA system
is selected by evaluating (14c) for the current value of the
state x .

Since (11) defines 3 conditions per each pair of tires,
there are in total 9 modes. Since (12) is symmetric with
respect to αj due to the symmetry of (11) and the poly-
hedral partition is symmetric, the PWA vector field in
(14a) is symmetric with respect to the state-input vector.

3.1 Hybrid MPC designer

Hybrid model predictive control has been recently ap-
plied to problems in automotive systems. In the MPC
strategy, at each sampling instant a finite horizon open
loop optimal control problem is solved, by using the cur-
rent state as the initial condition.

Several modeling formalisms have been developed to
describe hybrid systems, including PWA and MLD sys-
tems. The language HYSDEL (HYbrid Systems DEscrip-
tion Language) was developed in [8] to obtain MLD mod-
els from a high level textual description of the hybrid dy-
namics. HYSDEL models are used in the Hybrid Toolbox
for Matlab [9] for modeling, simulating, and verifying the
safety properties of hybrid systems and for designing and
prototyping hybrid MPC controllers. This section cov-
ers all the nonlinear elements experimented with during
MPT control design [10]. These elements can be mixed
and matched to investigate their combined effect on MPT
controller performance and design is shows in Fig.6.

The piecewise affine model developed in Section III.
A. is discretized in time with sampling period Ts

ẋ(k + 1) = Aix(k) +Biu(k) + ϕi (15a)

y(k) = Cx(k) +Du(k) (15b)

i : Hix(t) 6 Ki (15c)

Obtaining a model that can be used to design a hybrid
MPC controller for tracking a reference yaw rate by actu-
ating the active front steering and the differential braking.

b
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Fig. 4. General Scheme of the proposed control system with MPT control
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Fig. 8. Vehicle position during the simulation

The design of such a controller has been explored by the
authors in (Bernardini et al 2009).

The hybrid MPC controller solves at every control
cycle the problem

min
Un(k)

j(x(k), Un(k), γr) (16a)

s.t. x(‘0 |k ) = x(k) (16b)

i(h |k ) : Hi(h|k )x(h |k ) 6 Ki(h|k ) , (16c)

x(h+ 1 |k ) : Ai(h|k )x(h |k ) +Bi(h|k )u(h |k ) + ϕi(h|k ) ,

(16d)

y(k) = Cx(k) +Du(k) (16e)

umin 6 u(h |k ) 6 umax, (16f)

xmin 6 x(h |k ) 6 xmax, (16g)

ymin 6 y(h |k ) 6 ymax, (16h)

h = 0, . . .N − 1, (16i)

Where J is the (quadratic) cost function that encodes
the control objective (yaw rate tracking), (16f),(16g),(16h)
model the constraints on inputs, states, and outputs, N is

the prediction horizon and UN(k) = u(0|k), . . . u(N − 1|k)).

4 SIMULATION AND RESULTS

In this section we show the simulation results for the
MPC controller in closed loop with the nonlinear model
of the vehicle dynamics which, besides the nonlinearities
on the yaw rate and on the tire forces. However, the tire
force curves of the simulation model match the one of the
prediction model.

The nonlinear simulation model will not be described
here in details, due to space limitations. We consider
m = 1891 kg, Iz = 3213 kgm2 , a = 1.47 m, b = 1.43 m,
consistent with a typical passenger vehicle, and nominal
speed v = 20 m/s. The parameters of the piecewise affine

model of the tire forces are assumed Cf = −9.06× 104 ,

df = 9.06 × 103 , ef = −9.14 × 103 for the front tires,
where the critical slip angle is pf = 0.11 rad, and Cr =

−1.65×105 , dr = 1.65×104 , er = −9.39×103 for the rear
tires, with critical slip angle pr = 0.06rad. The switched
MPC controller is simulated with sampling period Ts =
50 ms, and the horizons are N = 3 steps for prediction.

The input constraints in (16f) are: −0.35 ≤ δ ≤ 0.35
rad, −1000 ≤ Mz ≤ 1000 Nm,

The state constraints in (16g), which are due to the
limited knowledge of the tire force maps, are: −5 ≤ γ ≤ 5
rad/s, −5 ≤ y ≤ 5 m/s.

The control scheme is depicted in Fig.4, the simula-
tions focus on aggressive maneuvers shows in Fog.5, where
changes abruptly as a square wave.
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Figure 7 shows that the controller keeps the vehicles
yaw rate thoroughly near the yaw rate reference and that
the yaw moment provided by differential braking is used
during the transient, but it is zero at steady state, as
required.

The braking torque on each wheel is obtained from yaw
moment using the torque distribution scheme detailed in
Fig. 4.

From Fig. 6 it can be observed that during this simu-
lation the yaw moment it has a good control using MPT
controller by local MPC and the controller stabilizes the
system on a close steady state achievable yaw rate.

In Fig. 8, without the controller system, the vehicle
passes the target lateral displacement and additional ef-
forts are required to return the car into the path. Obvi-
ously the controller successfully helps the driver to handle
the lane change.

5 CONCLUSION

In this paper, we have proposed a hybrid model pre-
dictive control approach for coordinating the active front
steering and the electric control actuators affecting the
dynamic stability of the vehicle. The formulation of a
model based on the vehicle dynamics with respect to the
front and rear tire slip angles, and the use of an approx-
imation on the tire force characteristics that result into
piecewise affine dynamics describing the overall complex
vehicle system, the optimization problem of the MPC
controller can be proposed as a mixed integer quadratic
problem. The model formulation allows us to clearly ana-
lyze the stability region of the closed loop dynamics. Sim-
ulations in nominal and disturbed conditions have been
shown, which suggest hybrid MPC as a promising and vi-
able candidate for such a challenging and sensitive control
issue in automotive engineering.
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