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Abstract

In this communication, we characterize a measure of information of type (¢, 3,7) by taking certain
axioms parallel to those considered earlier by Harvda and Charvat along with the recursive relation
(1.7). Some properties of this measure are also studied. This measure includes Shannon information
measure as a special case.
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1. INTRODUCTION

Shannon’s measure of entropy for a discrete probability distribution

P = (pla ~~~-apn)> Di = 07 sz =1,

i=1
given by
H(P) ==Y pilogp;
i=1

has been characterized in several ways (see Aczel[1]). Out of the many ways of cha-
racterization the two elegant approaches are to found in the work of

(¢) Fadeev [5], who uses branching property viz.,

P1 P2
Hy,(p1,...,pn) = Hp_1(p1 + p2,p3, ..., Dn) + (p1 + p2) H. ( ; ),
< ) 1P p2.ps )+ 2)2p1+p2p1+p2
(1.1)

n =3.4,...for the above distribution P, as the basic postulate, and

(74) Chaundy and McLeod [3], who studied the functional equation

n m n

DD Smigy) =3 fvi) +>_f(a)  for pi>0,4;>0. (12)

i=1 j=1 i=1
Both the above mentioned approaches have been extensively exploited and gene-
ralized. The most general form of (1.2) has been studied by Sharma and Taneja ,
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who considered the functional equation

n m n m n m

SN Fia) =) Fwigla) + DD g flay)

i=1 j=1 i=1 j=1 i=1 j=1
Spi=Yg¢=1 p; >0, ¢ >0 (1.3)
i= j=1

We define the information measure as:
Hn(ph"wpn;a?ﬂu’y) = (2% IZ ll/’y 5/7 )
=1

a#’y#ﬁ7 a7ﬁ77>07

for a complete probability distribution P = (p1,....,pn), »i > 0, >0 pi = 1.
Measure(1.4) reduces to entropy of type S(or @) when « = v = 1(or f = = 1)
given by

Hn(pla 7pna5) = (217,8 - 1)71 [ZP? - 1] ) ﬂ 7& ]-7 ﬁ >0 (15)
i=1
When 8 — 1, measure (1.5) reduces to Shannon’s entropy[7], viz.

Hy(p1, ... p2) sz log, pi- (1.6)

The measure (1.5) was characterized by many authors by different approaches.
Harvda and Charvat[6] characterized (1.5) by an axiomatic approach. Darcozy [4]
studied (1.5) by a functional equation. A joint characterization of the measure (1.5)
and (1.6) has been done by author in two different ways. Firstly by a generalized
functional equation and secondly by an axiomatic approach. Later on Tsallis[8| gave
the applications of (1.5) in Physics.

In this communication, we characterized the measure (1.4) by taking certain axi-
oms parallel to those considered earlier by Harvda and Charvat[6] along with the
recursive relation (1.7). Some properties of this measure are also studied.

The measure (1.4) satisfies a recursive relation as follows:

Hn(p17 o5 P 057677) - Hn—l(pl + D2, P35 - Pns Oé,ﬁ,’}/)

A
= ——lem (p1+pz)”‘”H2< - £ ;ow)

A(am - A([‘f,'y) p1+Dp2 ’ p1+ D2
A p p
+A¢(pl +p2)B/A/H2 ( ! ) 2 ; %ﬂ) )
By e p1+p2 p1+pe

aFy#B, a,B,y>0 (1.7)
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y—o y=8

where p1 + p2 > 0, A(a,’y) =(27% —1) and A(B»’Y) =27 —-1).

n
H(p1,po, o Pri ) = A lZp?” - 1] paFyay>0#£1
=1
H(pr,pa, - pni7: B) = A [1 - pr”] s B# 7 By >0# 1.
i=1
Proof:
Hn(pl»'“apn;avﬁv’}/)_anl(pl +P2;p3a-~;pn§a»ﬁ»7)

y—o -8 a a a
_ (2w7 _ 9= )_1{(])1/7 _pf/v) + (p2/7 _pg/v) +o+ (pn/v _pg/V)}

)" H(p1+p2) = (p1+p2) 7 4+ (05 =057 e (02T —pEI))
Y-« y—B8

— 25 T = T pS T — B — (b1 + po) Y + (pr + )P/}

Y-« =8

25 =275 ) ! + 057 — (o1 +p2)*/ )

Yo

+(277

=8 _
— 25 Y (py + p2)? T = PP = py

y—«o =B o o/ o/
=27 -277) l(pl +p2) g |:(p1i;72)°‘/7 + (Pr%m)am N 1]
B/ B/
y—«o y=8. _ Py D2
+(25 —27% 1 pL+p B/v |1 — _
( )"t (1 +p2)*7 (p1+p2)*/”

A
— (e afy P1 P2 .
o A(a ’y)_A(/;?_—y) (pl +p2) Hy (P1+p2’ p1+p2 ’ @, ry)

A
By B/ P1 P2 .
+A(5,7)—A<u,7) (p1 +p2)”/ " Ha (p1+pz’ pitpz’ 1 ﬁ) 7

which proves (1.7).

2. SET OF AXIOMS

For characterizing a measure of information of type («,3,7) associated with a
probability distribution P = (p1,...,pn), pi > 0, >.i p; = 1, we introduce the
following axioms:

(1) H,(p1, ..., Pn; @, B,7)is continuous in the region

pi > 0, Z?:lpi::l? Q, Bv’y>0;

(2> H2(17 05 «a, ﬂ77) =

(3) H2(%5 %7 Q, 677) = 1, a 6)7 >0

(4) Hn(p1s 5 0i=1,0, Dit1, - Pn; @, B,7)

= n—l(ph vy Pi—1y Pit1y -y Pny @, 677)
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for every i = 1,2,....n;
(5) Hypq1(p1s --->pi—1avilvvi2api+17--~7pn§057677)
_Hn(p17"'7pi—17pi7pi+17~"7pn;a7677)
A

= ) pla/’)/ H2(vi1/pi7 'UiQ/pi y O ’7)
A, —A
a,y) (B,7)
A(ﬁﬂ) B/
+A p; H2('Ui1/pi,vi2/pi; v, 5)7
B e

« # "}/ % 55 a? /87/7 > 0
for every v;, + v, —pl >0, i=1,2..n
where, A, ) = (2 v —1) and Ap = (ZW;ﬁ

—1), a#y#p

Theorem 2.1. If o # 8 # ~; «, 8,7 > 0, then the axioms (1) — (5) determine a
measure given by

n

Hyu(p1, - Pni @ 8,7) = (Aar) — Ag) D (05 of7 _ iy,

i=1

atv#B, a,By>0 (2.1)

where A, ) = (25" —1) and Ay = (2# -1).

Before proving the theorem we prove some intermediate results based on the above
axioms:

Lemma 1. If vy, >0, k=1,2,...,m; ;" vy = p; > 0 ,then

Hn+m71(pla vy Pi—1,U15 -0y Umy Pit1y -5 Pnsy Q IBW’)

A «
— Hn(pla ey P @ 677) + ﬁpi al Hm(vl/pi7 ceey v’m/p’ba «, ’Y)
(e, ) (B,7)
A(Bm B/
+ o0 Hn(v1/pis s vm/pi; 7, B) (2.2)
A(ﬁ —A
) (e, )

Proof :- To prove the lemma, we proceed by induction.For m = 2, the desired
statement holds(cf. Axiom(IV)). Let us suppose that the result is true for numbers
less than or equal to m, we shall prove it for m+1. We have

Hy g (P15 oo Die1, V15 ooy U1y Dic1s -oos Py 0 3,7)

= n-‘rl(pla -~-7pi—1,U1aL7 Pit+15---5Pns @, Ba'y)

A(a )
+—WLQ/VHm(U2/La teey vm+1/L; a, ’7)
A(a,w) IR

A
+A$L’B/Vﬂm(v2/Lv ooy U1/ L 7y, B)
(B:7) (e, 7)
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(where L = vy + ... + Un41)

A
= Hn(p1, s Pn; @, Byy) + ﬁp?/vflﬂm/m,lz/pi; a, )

A
+ﬁp5/”H2(vl/pi,L/pi; 7, B)

By e

A(Om/) aly
+A—L Hm(UQ/La'“7Um+1/L; «, 7)
(@) B

A
b TG PBIVE (0a)L, ..., 0mer /L 7, B)

A = A
A
= Hn(pla weoy Pny @ 657) + A( )((i'X(ﬁ ) {p;x/’yHQ(vl/p’nL/pu Q, ’Y)
o,y Il

+L"/7Hm(v2/L, ooy Uma1 /Ly ) )

A
+%{pf/”H2(v1/pi,L/pi; 75 B)

By )

ALV Hy(v2/ L, ooy vmyr /L; 7, 8)} (2.3)
where p;= vy + L >0
One more application of induction premise yields
Hus1(01/pis oy Uma1/pis o, B,7) = Ha(v1/pi, L/pis o, B,7)
+% (L/pi) “/"Hp(va/L, ..;vmyr /L @, )
A A i m U2/ Ly ooy U1/ L5 QG Y

() B

A
+$ (L/pz) B/’YHm(UQ/Iﬂ "'5vm+1/L; 7> ﬂ) (24)
A(aw) - A(M)

For 8 =+, (2.4) reduces to

Hyyp 1 (01/Pis ooy Vg1 /0is 0, y) =

= Hy(v1/pi, L/pi; o, ) + (L/pi) ¥V Hyp(va) Ly ooy 01 /L @, )

(2.5)
Similarly for o =, (2.4) reduces to
H’m+1(v1/pi7 '“a/U’m+1/pi; e 5) =
= Hy(v1/pi, L/pis v, B) + (L/pi) /7 Ho(va/ L, oy vmyr /L5 7, B)
(2.6)
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Expression (2.3) together with (2.5) and (2.6) gives the desired result.
Lemma 2 If v;; >0, j = 1,2,..,m;, 350 vij =p; >0, i=1,2,..,m,
S pi =1, then

Hm1+...+mn(v1 1,012, V01my -+ “Un1,Un2y s Unm, &, 5;7)

= Hn(p17p27 covy P & Bar)/) =+

Al o
b e ( ,7) ZP /Y Hop, (031 ) Dis ooy Vi, /D35 0, Y)+
(y) — [3’Y) i=1
A
SR 1) Zpﬁ/VH (Vi1/Diy s Vim, [Pi5 Vs B) (2.7)

A(ﬂ 7T A(a v =1

Proof: Proof of this lemma is directly follow from lemma 1.
Lemma 3. If F(n;,8,7) = H,(1/n,...,1/n; ay 5,7), then

A o, . A E) .
F(n;o,B,7) = mF(HﬂW) + ﬁF(n,%ﬁ) (2.8)

Where F(n;a, v) = A(_a ,y)( 5 1), a#vyand

’Y*

F(n; v, B) = A(gl )( -1, B#~ (2.9)
Proof. Replacing in Lemma 2 m; by m and putting v;; = 1/mn, i=1,2,... n;
j=1,2,...,m, where m and n are positive integer, we have

A o—7
F(mn7 Q, ﬂ,")/):F(TI% Q, ﬂ37)+%(1/m) v F(TL, O‘af}/)
(ay) = 4B

A 5
O (1) B(ng v, B) (2.10)
A([M) - A(a,v)

A fodmie
F(mn; o, B,7) = F(n o, B.7) + 50— (1/n) 5 F(m: o,7)
(ey) = A(B)

A
+—CD (1) F(m; 4, B), (2.11)
A(ﬁﬁ) - A(fw)

Putting m = 1 in (2.10) and using F(1; «, 8,7) = 0(by axiom 2), we get
Aoy A
F(n; a, 8,7) = ——5——F(n; a,7) + —————F(n; 7, §),
Ay — A Ay — A
which is (2.8).
Comparing the right hand sides of (2.10) and (2.11), we get.

Aa, ferprr .
F(m, (e 5,’)/) + m (1/m)a ¥ F(n, Oé,’Y)—‘r

A £
o (1/m)?~
A(B,v) - A(ow)

(n; v, B)
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A a J= T
= F(n; @, 8,7) + —— 220 (1/n)77 F(m; a,7)+
Ay — A

A
LB (1 /)7 F(m; v, B) (2.12)
Ay — Al

Equation (2.12) together with (2.8) gives
A (L = (/) F(ms a, 5) + [(1/m)*/ 7~ 1] F(n; @, 7)}
= Ayl = /)P F(m; v, B) + [(1/m)P/7 =" = 1] F(n; v, B)}.

(2.13)
Putting n = 2 in (2.13) and use F(2,,5,7) = HQ(%, %; a, B,7) =1, we get
Al {1 =27/ F(ms o, 7) = (1= (1/m)*" 7))

= A (1 =22/ s v, B) — (1 — (1/m)? ™)} = O (say),

ie., Ay {(1 =279 F(m; a, v) — (1 - (1/m)*" )} =C,
where C is an arbitrary constant.

Form = 1, we get C=0

Thus, we have

1~ mi-o/y

F(m, a, ’Y) == m = A(_ozl,'y) (mlfa/"/ — ]_)7 o # 5.
Similarly,
1 — mi=-8/ 3 B
Fm: 1, ) = 75157 = A7 =1, B#7,

which is (2.9).
Now (2.8) together with (2.9) gives
Afay)

Al — A

= (At — A(,B,w))fl(nl*a/7 —n'=P), (2.14)

Proof of the theorem:

We prove the theorem for rationals and then the continuity axiom (1) extends the
result for reals. For this let m and /s be positive integers such that Y. r; =
m and if we put p; = r;/m, i=1,2,....,n then an application of lemma 2 gives

Hm( 1/m7"'7 1/m7 ey 1/m7"'7 1/m,a,ﬁ,7) = Hn(p17p27 ooy P O Ba’Y)—i_

1 Tn

A

F
(5 2 fry) = Ay — A

A(av) a/y
+—’ ;' THy (1)1, 1m0, )
Afay) = A ;

A(B ) 8/
e p; Hm 1/T27 ,1/7"7;; ) 5)
Ao — A Z
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i'e'7 Hn(p17 ey P O 5/7): F(m7 «, 6,7)

Ay noaly
R Trey v BUE UMY & (R Ne))

A
—ﬁ Zl 1D; MF(W, Vs 5) (2~15)

Equation (2.15) together with (2.9) and (2.14) gives

1 . ajv B/
HTL pl, '-'7pn7 ) 6 ’Y > i p 7 pz K )
( )= Alay) — As) ;( )

aFy#FB, a,B,7>0
which is (2.1).
This completes the proof of the theorem.

3. PROPERTIES OF ENTROPY OF TYPE («, 3,7)

The measure H, (P; o, 3,7), where P = (p1,...,pn), pi > 0, > i p; = lis a
probability distribution, as characterized in the preceding section, satisfies certain
properties, which are given in the following theorems:

Theorem 3.1. The measure H, (P; «, [3,7) is non-negative for

a#’}/#ﬁa O[,B,’)/>O

Proof:-
. B .
Case 1. a > v; B<’y:>%>landx<1,

n n
:>Zp?/7<1and2pf/7>1
i=1 i=1

n

=3 @ P <0
1=1

Since , a > yand B < y;we get

n

(217a/’y 91— B/'y -1 Z a/'y 5/7 >0
i=1
Case 2.. Similarly for a < yand 8 > v, we get

(21—a/'y 91— ﬁ/'y Zpa/’Y piﬂ/’Y >0

Therefore from case 1,case 2 and axiom 2, we get
Hn(P; e, B,7) 20

This completes the proof of theorem.
Definition. We shall use the following definition of a convex function.
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A function f(.) over the points in a convex set R is convex N if for all
ri,72 € R and p € (0,1)

pf(re) + (1= p)f(r2) < flpre + (1 = p)ra). (3.1)

The function f(.) is convex U if (3.1) holds with > in place of <.
Theorem 3.2.The measureH, (P; «, f,7) is convex N function of the probability
distribution P = (p1,.......pn),pi > 0, Z _,pi = L,wheneithera >~v; B <~vyor >

e <.
Proof:- Let there be r distributions

Pk(X) = {pk(x1)7 7pk(mn)}7 Zpk(xi) =1, k= 1a2a R (32)

i=1
associated with the random variable X = (x4, ..., 2,)
consider r numbers (ay, ..., a,) such that aj, > 0 and >, _, a; = 1 and define

PO(X) = {po(xl)v '~'7po(xn)}a

where
polx;) = Zakpk(xi), i=1,2,...,n. (3.3)

Obviously, > I po(z;) = 1 and thus P,(x) is a bonafide distribution of X.
Let a > 7,0 < g <, then we have

ZZ:l aan(le «, B ’7) (Po(O[ ﬁ ’7) ZZ:l ak?Hn(pk; «, 67’7)

a/y . B/

(A —A) S D] asp; = > ap; (3.4)
j=1 j=1

< Zaan(pk;avﬁv’V) - (A(Oz,’y) A(B 'y) Zajp] Zajpﬁ/’y
k=1

(by Jensen inequality)

= Zzz‘l aan(pk; «, Ba'y)_Hn(Po; @, B,V)SO

i'e'7 Z’l,c:l a’an(pkv «, ﬁa’}/)SHn(PO7 @, ﬁa’}/)

fora >~,0< B <7,

By symmetry in « ,8 and « the above result is true for g > 7,0 < a < 7.

Theorem3.3.The measureH,,(p; o, [3,7) satisfies the following relations:
(i) Generalized —Additive:

Hnm(P*Q; «, ,8,’)/) = Gn(Pﬂ)‘v 677)H7H(Q;O‘a ﬁa’Y)"i'
Gn(Qsa, B,7)Hn(Pia, B,7),

a, B,y >0, (3.5)

103



S. KUMAR, G. RAM AND V. GUPTA

where G (P;a, 8,7) = 3350 (087 + 7). a, 7 > 0. (3.6)
(ii) Sub-Additive: For «, 8 > 7, the measureH, (p; «, (,7) is sub-additive
e, Hym(P *x Q; a, B,7) < Ho(Psa, B,7) + Hn(Qs 0, B,7), (3.7)

whereP — (p1,-sPn), Q@ = (q1,...,qm) and
P« Q = (pl(ha ~es P1Gqmy -++y Pndi, aPan)

are complete probability distributions.
Proof.(i) We have

n m

Hym (P % Q;, 8,7) = (A(ar) = Ap) " D D [(ig))*" = (pigy)*""]

i=1j=1

= (Afarm) = Apr) " D D lpig)) ™ = (i) + 57 q] = p7q)7)
i=1 j=1

3
3

= (A(a,'y) _A(B,w))_lzZ[PanJaM pf/w B/v+pa/A B/ p?/vqjﬁ/w]

i=1j=1

3

m

:(A(a,'y) lzz[p?/v a/7+ ﬁ/’y) qjﬁ/v( /7+p6/7)]

=1 j=1

= (A(OW) _ A(ﬁ'v ZP?MZ o/ +qﬁ/v Z qjﬂ/wz oy _i_pﬁ/w ]

(3.8)
Also
Hnm(P * Q;Ohﬁﬁ) = (A(oz,'y) - A(ﬁ,’y))_l ZZ qu] a/’y _)5/’Y}
i=1 j=1

= (Aar) — Ap) 122 [(pig;) a/“/ .)ﬂ/v +pf/v a/y pzﬁ/'yq;x/'q

i=1 j=1
= (Ao — A(B,w))ﬂ Zz[pa/’v oy /3/“/ ﬁ/’y erf/vqja/'v pf/vq;x/v}

i=1 j=1

= (A(Olﬂ) _ A(B,"/))il ZZ O‘/’Y O¢/’Y /3/"/) 7pé3/’)’(qa/’y Jrqf/’Y)]
i=1 j=1

n

= (Ao — Apm) IZ A SCARES pr/wz " + )]
j=1 i=1

(3.9)

104
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Adding (3.8) and (3.9), we get

2 Hnm(P * Q; «, Bv P)/) = (A(a,’y) - A(ﬂ,w))71[2p1 Z (1/’)/ + qf/’}/

m

_Z qJB/VZ a/y _|_pB/v )]

+(Afan) — A(ﬁ,w))_l[z qjq/“/ Z( a/y +p5/v Z pzﬁ/w Z alv 4 qﬁ/v
j=1 i=1
= (pi&/’y +p5/v) (At — Agsyy) -1 Z B/v
i=1 j=1

Using (3.6)
Hym(P*Q; o, B,5) = Gn(Pso, B,7)Him(Q; 0, B,7)+

+Gm(Qs o, B,7)Hn(P;a, §,7)

which is (3.5). This completes the proof of part (i).
Proof (ii):- From part (i), we have

H’ﬂ’m(P*Q7 «, 577) = Gn(P7a7 B»W)Hm(Qﬂéy ﬂ7’y)+

m(Qsa, B,7)Hn(P;a, B,7)

AS GT,(P,O[, ﬂvFY)*QZl 1(p;:¥/’y pzﬂ/’Y) S]_fOT’ Oé,,B ZFY
Therefore,

H”m(P* Qa @, /877) S Hm(Q,OL, ﬁa’}/) +HTL(P7aa ﬂa’}/)
This proves the sub-additivity.

Conclusion: In addition to well known information measure of Shannon, Renyi’s,
Harvda-Charvat, Vajda, Darcozy, we have characterize a measure which we call
(v, B,7) information measure. We have given some basic axioms and properties
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with recursive relation . The Shannon measure included in the (v, 8,+) information
measure for the limiting case a =y =1and f§ - 1or f =+ =1 and a — 1. This
measure is generalization of Harvda Charvat entropy.
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