
Journal of the Applied Mathematics, Statistics and Informatics (JAMSI), 9 (2013), No. 1 
 

ON BIMODAL OFFSET CAUCHY DISTRIBUTION 
S.V.S.GIRIJA, A.J.V.RADHIKA AND A.V.DATTATREYA RAO 
________________________________________________________________________ 
 
Abstract 
 

The bivariate Cauchy distribution has received applications in many areas, including biological 
analyses, clinical trials, stochastic modeling of decreasing failure rate life components, study of  labour 
turnover, queuing theory and reliability (Nayak (1987) and Lee and Gross (1991)). In the study of biological 
analyses, clinical trials and reliability circular distributions will yield suitable results. Circular data arises in a 
number of different areas such as geological, meteorological, biological and industrial sciences. It is not 
suggestive to use standard statistical techniques to model circular data, due to the circular geometry of the 
sample space (p.2  Jammalamadaka and Sen Gupta (2001). 
  It is possible to construct a circular model by transforming a bivariate linear random 
variate to just its directional component  and the  resultant model is  called ‘offset distribution’. In the literature 
most of the available circular models were constructed by wrapping a linear model. In recent years some 
wrapped models were constructed by Dattatreya Rao et al (2007). Here an attempt is made to exploit method of 
offsetting on Bivariate Cauchy distribution to construct a circular model named by us “OFFSET CAUCHY 
DISTRIBUTION (OC)”. The characteristic function of the Offset Cauchy model is derived and its 
characteristics are discussed. 
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1. INTRODUCTION 

 

The Most of the available circular models such as Circular Uniform, Wrapped 

Normal, Wrapped Cauchy etc. are derived by wrapping the respective linear models. By 

applying the same technique Girija (2010) constructed new wrapped models such as 

Wrapped Lognormal, Wrapped Logistic,Wrapped Weibull, Wrapped Extreme- value, 

Wrapped Halflogistic and Wrapped Binormal models.  

Also a new method of construction called a family of the Rising Sun Circular 

models was introduced by Girija (2010). Since scant attention was paid for constructing 

offsetting models, here an attempt is made to construct a new circular model called 

“OFFSET CAUCHY DISTRIBUTION” by offsetting a Bivariate Cauchy distribution.  
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2. METHODOLOGY OF OFFSETTING 

A method of transforming a bivariate linear r.v. to its directional component is 

called OFFSETTING and the respective directional component is called offset 

distribution. This is done by accumulating probabilities over all different lengths for a 

given direction Transforming the bivariate random vector (X,Y) into polar coordinates 

(R,θ ) and integrate over R for a given θ  will yield a circular model ( Jammalamadaka 

and Sen Gupta (2001)) .  If f (x, y) denotes the joint density function , then the resulting 

circular offset distribution, say ( )g θ , is given by  
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3. CONSTRUCTION OF THE OFFSET CAUCHY DISTRIBUTION 

The Offset Cauchy (OC) distribution is derived from the Bivariate Cauchy 

distribution ( ),f x y . Balakrishnan and Chin (2008) have given the joint density 

function of Bivariate Cauchy distribution as 
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Using the technique explained in section (2), the probability density function of the 

Offset Cauchy distribution (OC) is derived as under
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This function satisfies the properties of circular model viz., in the continuous case 
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[ )→π2 ,0:g  is the probability density function  of   a  circular distribution iff g has 

the following basic properties  

• ( ) 0,    g θ θ≥ ∀                                                                               

• 1 )(
2

0

=� θθ
π

dg                                                                                                  (4)                               

• )2()( πθθ kgg +=  for any integer k  (i.e., g is periodic) Mardia (1972)        

                                                                                                                

Hence the function (3) represents a probability density function of a circular model, the 

Offset Cauchy distribution. When 1 2σ σ= , the density reduces to the uniform density. 

The cumulative distribution function is given by 
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 On the lines of Ramabhadra Sarma et al (2009), (2011) the characteristic function 

of the Offset Cauchy distribution is derived. By applying the Cauchy Residue Theorem 

the characteristic function of the Offset Cauchy distribution is obtained as 
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The Fourier representation of the pdf of the circular model is [Jammalamadaka 

and Sen Gupta (2001)]  
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where the convergence of the sum is in the L2 sense.  

Here in the case of Offset Cauchy model it is shown as 
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4. GRAPH AND THE CHARACTERISTICS OF THE MODEL 

The linear representation of the graph of the pdf of the Offset Cauchy distribution for 

various values of 1 2and  σ σ  can be plotted using MATLAB. 

                         Fig. 1. Pdf of the Offset Cauchy Distribution 

                          Fig. 2. Cdf of the Offset Cauchy Distribution 
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It is observed that the density of the Offset Cauchy distribution is bimodal only 

if 1 2 and σ σ are unequal and it is symmetric distribution. The value of the characteristic 

function at an integer p is also called the pth  trigonometric moment of θ . Here first 

trigonometric moments 1 1and α β  are zeros. Hence properties of the distribution can’t 

be evaluated by the formulae available in Mardia (2000). The mean is defined as zero and 

the variance is one. 
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