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A remark on eigen values of signed graph
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Abstract

In this paper we present some results using eigen values of signed graph. This precipitate to find the
determinant of signed graph using the number of vertices.
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1. INTRODUCTION

For all expressions and notation in graph theory the reader has to refer [4]. We

consider only finite, simple graphs without self-loops.

A signed graph I = (G, 0) is a graph whose edges are assigned by positive sign or
negative sign. Where G = (V, E) is called basic graph (underlined graph) of T" and o
is a bijective mapping between the set of edges to the set of signs (positive and

negative sign).

Cartwright and Harary [5] deliberates that vertices and edges of a sign graph
represent persons and their relationship respectively, each of it fixes itself as positive
or negative based on its nature. If two persons are friendly to each other then their
relationship is positive. In a similar manner if two persons dislike each other, their
relationship is negative. This signed graph network was discussed by Chartand [6];
Harary et. al. [7].

Katai and Iwai [8], Roberts [9] and Roberts and Xu [10] presented applications of
signed graphs in literature, because of their extended use in modeling a multiple
socio-psychological process and also because of their connections with many

classical mathematical systems [3].
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The notation of balanced signed graph introduced by Hary and he has given
characterization, asserting that, a signed graph is said to be balanced if and only if

each cycle contains even number of negative edges.

A positive cycle in a signed graph is the product of signs of edges in a cycle is
positive. If every cycle in a signed graph is positive then that signed graph is called
balanced signed graph (see Harary [11]) otherwise it is called unbalanced signed
graph. A balance of a signed graph can be detected by simple algorithm, which is
developed by Harary and Kabell [16]

A marked graph of a signed graph I is denoted as I';, whose vertices are assigned
by sign + or —, where U is the canonical marking, therefore, I'; can be defined as
follows: For any vertex v € V(T'),

ue)= T o),
uveE(S)
In a signed graph I' = (G, 0), for any A C E(G) the sign 6(A) is the product of the
signs on the edges of A.

Switching of signed graph I' is an operation with the help of marking u, in which
sign of each edge of I is changed to opposite sign, whenever sign of two end vertices
of edge are opposite and such a signed graph is known as switching signed graph
denoted as I'y(T") and it is called I'y -switched signed graph or switched signed
graph.

R.P Abelson and Rosenberg introduced switching Sign graph for social behavioral

analysis in [1] and its significance and mathematical connections may be found in

[3].

If two underlying graphs G; and G, are isomorphic (f : Gi — G») then there
signed graphs I'j = (G1,0) and I, = (G,,0') are also isomorphic. For the
underlying graphs G1 and G, any edge [ belongs to Gy, o(l) = o’(f(I)). Therefore
I'1 and Ty are switching equivalent which is represent as '] ~ I';. Precisely for any
marking u , 'y (I'1) ~ I',. But note that their underlying graphs G| and G, does not

involve in any change in their adjacency.
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If two signed graphs are cycle isomorphic then there corresponding cycles are

having same sign.

T. Zaslavasky has given characterization of switching Singed graph through the

following proposition.

PROPOSITION 1. [2] Two signed graphs 'y and 'y with the same underlying

graph are switching equivalent if, and only if, they are cycle isomorphic.

The difference between positive edges and negative edges incident to a vertex v in
a signed graph I is known as sdeg(v) that is d;f —d;” = sdeg(v), therefore, degree of a
vertex in a signed graph is defined as d = d, — d,” wherefore signed graph and there

underlying graph has the same degree.

2. DEFINITIONS

2.1.  Adjacency matrix of a Signed graph

The adjacency matrix of I is the n x n matrix A = A(I") whose entries a;; are given
by

1, if v; and v; are adjacent and o(viv;) =+
ajj=4q —1, if v; and v; areadjacent and 6(viv;) = —
0, otherwise.
2.2.  Laplacian matrix of a Signed graph
The Laplacian matrix of signed graph I is the n x n matrix L(I') = D(I') — A(T')

whose entries a;; are given by

1, if v; and v; are adjacent and o(v;v;) = —

—1, if v; and v; are adjacent and 6(v;v;) =+
a,'j =

d(vi) if i=]

0, otherwise.
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Let Ay > A > A3 .... > A, are the eigenvalues of Laplacian matrix of signed
graph I = (G, 0), having n vertices.

LEMMA 2. [17] Two signed graphs T'y = (G,01) and T, = (G, 0,) with their
same underlying graphs are switching equivalent if and only if L(T'y) and L(T) are

has the same signature.

2.3.  Antipodal signed graphs

The concept of Antipodal graph introduced by R.R. Singleton in 1968 defined it as
Antipodal graph ©(G) is a graph which has the same vertices of a graph G with the

distance between the adjacent vertices are of diameter of G.

P.S.K Reddy et.al. devoloped the concept of Antipodal signed graph and gave the

following characterization.

PROPOSITION 3. [13] For any signed graph T = (G,0), I ~ O(I') if, and only
if, G =K, and I is balanced signed graph, where K, is a complete graph with p

vertices.

The Laplacian matrices L(I',+) and L(I',—) are all positive and all negative
labeling respectively, and also L(T",+) is the sign less Laplacian matrix of T" which
is the sum of the diagonal matrix and the adjacency(L(I') = D(I') + A(T')).

Yaoping Hou et. al. has given the new bounds of eigen values of signed graph by

the following theorem:

THEOREM 4. [14] LetT" = (G, 0) be a signed graph with n vertices. Then
A <2(n—1),

equality holds if and only if T ~ (K,,—), where K, is the complete graph with n

vertices.

By the motivation of the above theorem we present some new results in this article.

PROPOSITION 5. For any signed graph T,

Ai=nn—1)if '~ (K,,—)

D=

1
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PROOF. Since I' ~ (K,,,—), From Theorem 4 we have, ,; =2(n— 1)

therefore,

YL A=+t A+ A,
=2n—-D4+L+A43+...+ 4,
=2n—1)+(n—-1)(n—-2)
=(n-1)2+n-2)

=n(n—1)
COROLLARY 6. ifT"'~ (O(I'),—), then Y} Ai=n(n—1)

PROOF. Since, Antipodal graph ®(G) = K, so, proof is same as Proposition 5.

LEMMA 7. [15] If Q is the Incident matrix of a connected signed graph I' =
(G,0) then

n—1, if I' is balanced
rank(Q) =

n, if T is unbalanced.

from the above we can prove that.

LEMMA 8. If L(T') is the Laplacian matrix of a connected signed graph I" =
(G,0) then

_ Jn—1, if ' is balanced

rank(L(T))

n, if I' is unbalanced.

PROOF. Since, L(T') = Q07

rank(L(T")) = rank(QQT) = rank(Q) by Lemma 7 we proved.

PROPOSITION 9. For any signed graph, T ~ (I, —), whose underline graph is
K, is Unbalanced

PROOF. we can prove by using Proposition 1
PROPOSITION 10. For any signed graph T, and if T ~ (K,,—),

rank(T) = Lk

n—1
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PROOF. Since, I ~ (I',—) and I is unbalanced, by Lemma 8,
rank(T) = n,
but by Proposition 5,
Y Ai=nn—1)
Y A =rank(T)(n—1)
rank(I") = %

PROPOSITION 11. A unicyclic signed graph T with even vertices and T ~ (I, —)

is balanced.

PROOF.  Since Unicyclic graph having even number of vertices so it should

have even number of edges,
hence, I" and (I, —) are cycle isomorphic and (T", —) is balanced,

by Proposition 1, I" is balanced.
COROLLARY 12. If T" is unicyclic signed graph with even vertices and I" ~
(T',—) thendet(I') =0

PROPOSITION 13. A Unicyclic signed graph T’ = (G,0) with even vertices.
Then
M <2(n—2),
with equality if and only if T ~ (T, —)
PROOF. Since
L(I') = D(T') —A(T)
M) <4 (D)) + A (—A(D))

<(n=2)+(n—2)
() < 2(n—2)

If 4y ~ (T,—) then clearly, A;(T)=2(n—2)

conversely,If 11 (T') =2(n—2) then A;(D(T")) = 41 (—A(")) = (n—2)
and Signature of I and (', —) are equal, hence A; ~ (T, —).
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PROPOSITION 14. For any unicyclic signed graph T" with even number of

vertices,

(ngE

Ai=n(n=2)if T~ (T,—)
1

PROOF. Since I ~ (I', —), From the Proposition 13 we have, A} =2(n—2)
therefore,
Yo A=+ A+ B+ A,
=2n—-2)+A+A3+...+ A,
=2(n=2)+(n-2)(n-2)

=(n-2)2+n-2)

=n(n-2)
PROPOSITION 15. For any Unicyclic signed graph with even number of

vertices and T" ~ (T, —),

rank(T") = L’r":d; G|

PROOF. Since, I' ~ (', —) and I is balanced by Proposition 12,

but by Proposition 14, Y7 A =n(n—2)

Z?=1 7%‘ = nd;
by lemma 8, rank(I') =n—1
therefore, Y A =[1+rank(T)|d;

rank(T) = Lj Mo

i
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PROPOSITION 16. A unicyclic signed graph I with odd vertices and T ~ (I, —)

is unbalanced.

PROOF. Unicyclic graph having odd number of vertices so it has odd number of

edges, so I' and (I", —) are not cycle isomorphic and (I', —) is unbalanced,

by Proposition 1, I" is unbalanced.
By using the Proposition 5 we can find the determinant of signed graph having n

vertices.

THEOREM 17. For any signed graph T, if T ~ (K, —) then,

det(l) =2(n—1)(n—2)""!

PROOF.

We know,

det(T') = [T, A

=M. A A3 .. Ay

=2(n-1).(n-2).(n-2) ... (n—2)

=2(n—1)(n—2)""!

Hence the proof.
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