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Fractional Hermite-Hadamard type inequalities
for co-ordinated prequasiinvex functions
B. MEFTAH AND A. SOUAHI

Abstract
Some new Ostrowski’s inequalities for functions whose n-th derivatives are s-convex are established.

Mathematics Subject Classification 2010: 26A51

Keywords: In this paper, the concept of co-ordinated prequasiinvex is introduced, some fractional
Hermite-Hadamard type inequalities for functions whose modulus of the mixed derivatives lies in this
novel class of functions are established.

1. INTRODUCTION

One of the most well-known inequalities in mathematics for convex functions is the
so called Hermite-Hadamard integral inequality, which can be stated as follows: for

every convex function f on the finite interval [a, b] we have

b
F(#52) < 5l [ f@x < L0, (M

If the function f is concave, then (1) holds in the reverse direction (see [Pecari¢ et al.
1992]).

In recent years, lot of efforts have been made by mathematicians and researchers to
generalize the classical convexity. Hanson [Hanson 1981], introduced a new class of
generalized convex functions, called invex functions, In [Ben-Israel and Mond 1986]
the authors gave the concept of preinvex function which is special case of invexity.
Pini [Pini 1991] introduced the concept of prequasiinvexity which generalize that of
preinvex function, Noor [Noor 1994; 2005], Yang and Li [ Yang and Li 2001] and Weir
[Weir and Mond 1988], have studied the basic properties of the preinvex functions and
their role in optimization, variational inequalities and equilibrium problems.

Dragomir [Dragomir 2001] introduced the concept of the convexity on the
co-ordinates as follows:
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A function f: A — R is said to be convex on the co-ordinates on A, where A :=
[a,b] x [c,d] is a bidimensional interval in R? with @ < b and ¢ < d, if
flx+(1=)u,Ay+(1=2A)v) < tAf(x,y)+1(1=2A)f(x,v)
(=) Af(w,y) + (=) (1=2) f(u,v)
holds for all £,A € [0, 1] and (x,y),(u,v) € A.

Also, he proved the two-dimensional analog of (1), which can be stated as follows:

For all co-ordinated convex function f on [a,b] X [c,d], we have

(5259
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Ozdemir et al. [Ozdemir et al. 2012] introduced the concept of co-ordinated
quasi-convex functions which generalize the notion of co-ordinated convex functions

as follows:

A function f: A — R is said to be co-ordinated quasi-convex on A, if
f([x+ (1 _t)u7)’y+ (1 —}L)V> < max{f(x,y),f(u,v)}

holds for all 7,4 € [0,1] and (x,y), (u,v) € A.
A formal definition of co-ordinated quasi-convex functions is

f(tx+ (1 —l)bt,}\.y-i-(l —A)V) < max{f(x,y),f(xm),f(u,y),f(u,v)}

forallz,A €[0,1] and (x,y), (u,v) € A.
In [Ozdemir et al. 2012] Ozdemir et al. established the following
Hermite-Hadamard’s inequalities for differentiable co-ordinated quasi-convex

functions
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THEOREM 1.1. Let f : A C R?> = R be a partial differentiable mapping on A =
[a,b] x [c,d] in R? witha < b, ¢ < d. If’awt

A, then one has the inequalities

is quasi-convex on the co-ordinates on

b d
flaofad i befbd) | 1 / / £ (x,y) dxdy —

}

2
awt (C d)

a c 2
< %ﬁ)‘i)max{‘aa (a,b)|,

where

b d
A=ty [F o+ fwdldvt gty [F@n+fElde G
a c
THEOREM 1.2. Let f : A C R?> = R be a partial differentiable mapping on A =
[a,b] x [c,d] in R? with a < b, ¢ < d. If‘% !

ordinates on A, then one has the inequalities

, q > 1, is quasi-convex on the co-

b d
flaoflad b/ | 1 / / £ (x,y) dxdy —

Q=

(b—a)(d—c) d%f
< —"—~ (maxy |5 (a,b
T s ( X{“)“’ (a,6)

g ealh)"

where A is as defined by (3), and 1% =+ % =1

THEOREM 1.3. Let f:ACR?> >R bea partial differentiable mapping on A =
[a,b] x [c,d] in R? with a < b, ¢ < d. If‘awt

ordinates on A, then one has the inequalities

, q > 1, is quasi-convex on the co-

b d
flaofad tfbefbd) | 1 / | / 7 () dxdy —

q 92f q
’ Wgt(cad)‘ }) )

Q=

< % (max{’%(a,b)

where A is as defined by (3).

In this paper we first introduce the concept of co-ordinated prequasiinvex, and then
we derive some fractional Hermite-Hadamard type integral inequalities for functions

whose modulus of the mixed derivatives lies in this new class of functions.
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2. PRELIMINARIES

In this section we recall some concepts of generalized convexity and fractional

calculus
DEFINITION 2.1. [Matt oka 2013] Let Ki,K, be nonempty subsets of R",
(u,v) € K1 X Ky. We say K| x Ky is invex at (u,v) with respect to 0y and 1y, if

(”‘Hnl (xa“)7V+Sn2(y7V)) 6I(l XKZ

holds for each (x,y) € K| x K and t,s € [0,1].

K x K> is said to be an invex set with respect to 177 and 1 if K; X K3 is invex at
each (u,v) € K} X K>.
In what follows we assume that K; x K be an invex set with respect to 17 : K| X
Ki—Randn; : Kb x Ky — R.
DEFINITION 2.2. [Latif and Dragomir 2013] A function f : K x K — R is said

to be preinvex on the co-ordinates, if the following inequality

Flu+Am (xu), v+ (y,v)) < (1=2)(1=1)f(u,v) + (1 =)t f(u,y)
+(1=1)Af(x,v) +Arf(x,y)

holds for all t,A € [0,1] and (x,y), (x,v), (u,y), (u,v) € K| x K».

DEFINITION 2.3. [Kilbas et al. 2006] Let f € Lla,b]. The Riemann-Liouville
integrals J% f and JX f of order a > 0 with a > 0 are defined by

JEf() = %a) [a=0"" pyde, x>a

1

JEFG) =

N (t—x)*"' f(e)dt, b>x

~—— 8

o)
X
respectively. Where T(a) = [ e 't 'dt, is the Gamma function and
0

Jor f(x) =) f(x) = f(x).

DEFINITION 2.4. [Latif and Dragomir 2013] Let f € L([a,b] X [c,d]). The

Riemann—Liouville integrals Jgfc+, J{?fd,, Jgjli+, and Jgjﬁd, of order o, > 0 with
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a,c >0, a < band < d are defined by
b d
« 1 a- .
th;,c*f(b’d) = 1-*(06)1*([3)//(1)7)6) l(diy)ﬁ 1f(x7y)dydx7 (4)
1 b d
J;{i{sdff(bvc) = W// (b—x)"" (y—c)P " f(x,y) dydx, (%)
| b d
I fad) = gy [ [ 0" @ ey ©
and
| b d
J:fd—f(avc) = W// (x—a)* " (y=c)P " f(x,y)dydx, @)

where I is the Gamma function, and

I f(bd) =000 f(bye) =00 flad) =)0 f(a,¢) = f (x,).

DEFINITION 2.5. [Sart kaya 2014] Let f € L([a,b] X [c,d]). The Riemann—
Liouville integrals J}* f (a,c), J% f (b,c), Jf,f(a,c), and J% f (a,d) of order a.,3 >0

with a,c > 0, a < b, and < d are defined by

b

)= s [ =) f(xyds
1 7

J% f(b,c) = Fi(x)/ (b—x)*"" 7 (x,¢)dx,
1 d

13- (@) = gy [ 6= f(ayyay

and

®)

€))

(10)

an
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where I is the Gamma function.

LEMMA 2.6. [Meftah 2019] Let f : K — R be a partially differentiable function
on K, if % € L(K), then the following equality holds

f(a76)+f(a76+n2(dm))+f(a+n1§b,a)76>+f(a+n1(bya)-,0+nz(d-,€)) _A

T(o+1D)T(B+1) <Ja,ﬁ
4(n1 (b,a))*(ma(d,c))P " (a+m1(b,a) " (c+m2

a7ﬁ a-’B
+Ja+7(c+n2<d"6))ff(a+ Uit (b,a) 7C) +J(a+m(b,a))’,c+f(a’c+ Uy (d,c))

(d,C))if(a,C)

+IE Flat i (b,a) e+ (ds0)))

_ Th(baa)nz(d«C)l [ o« (1—1)* sﬁ—(l—s)ﬁ
; // (= (1= ( )

ngi (a+tmi (b,a),c+sn2(d,c))dsdt, (12)

where

_ e+l (ja o
A= Smea)” (J (armpaf (@M ) I 0 F(a:¢)
+J% f (@t (b,a),c+ M (d, )+ I f (a+ (b,a) ,c))
_T(B+1) (48 5
T im@a? (J(c+nz(d,c>>*f(a+771 (5:0),€) I ey~ (@)
+J% fa+mi (b,a),c+M(d,c)+J% f(a,c+m(d,c))). (13)

3. MAIN RESULTS

In what follows we assume that K = [a,a+ 1 (b,a)] X [c,c+ N2 (d,c)] be an invex
subset of R? with respect to 17,1, where 11,1, : R — R are two bifunctions such
that 11 (b,a) >0 and 12 (d,c) > 0.
We will start with the following definitions, and the lemma
DEFINITION 3.1. A function f : K — R is said to be prequasiinvex on the co-
ordinates, if the following inequality

S 2Am (xu) v+ (y,v)) < max{f (u,v), f(u+m1 (x,u),v+12(,v))}
holds for all t,A € [0,1] and (u,v), (x,y) € K.

A formal definition of co-ordinated prequasiinvex functions is given by the
following definition
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DEFINITION 3.2. A function f : K — R is said to be prequasiinvex on the co-
ordinates, if the following inequality

Flu+Am (xu),v+imn(y,v))
< max{f(uvv)vf(u7v+n2 (Yav))af(u+n1 (xau)vv)7f(u+nl (xvu) VM2 (yvv))}

holds for all t,A € [0,1] and (x,y), (x,v), (u,y), (4,v) € K.

THEOREM 3.3. Let f : K — R be a partially differentiable function on K. If

2
;tTJ;L) is co-ordinated prequasiinvex function on K with respect to 1 and 1M, then the

following fractional inequality holds

‘f(aac)ﬂ"(“vc*’"lz(d70>)+f(a+7714(‘b-,“)A,C)+f(ﬂ+'71 (b~a):f+712(dac)) 7A

T(a+1)T(B+1) <Joc,ﬁ

4011 (b.a))® (s (dc))P weyf (@¢)

(a+711 (bﬂ))i 7(0‘*‘712 )

a.p a,pB
ot (ermide) -flatm(b.a),e )+j<a+m(b )", e (@t m(d.c))
+ Ja;ﬁf(rﬁ—m( c+m(d, )))

a),
Pf (4

o1 aif(ac‘*‘rh(d )|

)5
S @+ (b,a) e+ (de)|

ni(b.a)mp(d.c)
< (1a+1)(§+1) max{

oA
2L (a1 (ba),c),

where A is defined as in (13).

PROOF. From Lemma 2.6, and properties of modulus we have

f(ﬂsc)+f(a7c+7”l2 (d7C))+f(a+n1§b7a)>f)+f(a+m (bva)vc+n2 (dvc)) _A

(o+1)T(B+1) a.p
4(m (b.a))* (2 (d:c))P (J (rm (b)) (emaid.c)~d (@€)
I g S @M b))+ TEE L (aet i (doc))

+ Ja{c+f(a+"1 (b,a),c+m (d,C)))‘

11
w//va_(l_ga
00

x % (a+tni(b,a),c+An (d,c))‘d/ldt

IN

—(I—A)B‘

1

1
171("»“)4772(‘170)// (lﬁ (1 l)ﬁ>
0

0

IN
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;;f)u (a+tm (b,a),c+An(d,c) ‘dldt (14)

Using prequasiinvexity on the co-ordinates of

Pf
x|’

‘ f(u70)+f(“70+772 (dac))+f(“+ﬂ1§baa)»c)+f(a+ﬂ1 (b»“)70+712 (dac)) —A

_ Tletrpe) [ jab
411 (b.a)*(n2(d )P (J(a+m(b~a)) J(etm(dic)) ~flae)
a.p B
o ey @t M (ba),c )+J<a+m(ba>> oS @etm(de)
+J+C+f(a+m( a),c+m(d, )))
< Mban(dc) max{ aizf (a,c)|, f 7 (a,c+m(d,c))|,

2
%(Hm (bya)7C+n2(d,c))‘}

(]7 %4 (1—1) )(Aﬁ+(1—x) )dldr)
00
b

- '?&‘fi?;ff?max{m | (@ e+ m ()]
2
S (@t mi(b,a),0)| | (@i (ba) e+ ma (@)}

The proof is achieved.

COROLLARY 3.4. In Theorem 3.3 if we choose N (b,a) = N2 (b,a) = b—a, we

obtain the following fractional inequality

f(a,L‘)+f(a,d)+f(b,c)+f(h,d) _A + F<a+1)r(ﬁ+l)
4 4(b—a)*(d—c)P

x(:ﬁd (a,c) +J%F f(bc)+JaB+f(ad)+J+c+f( ))‘

(b—a)(d—c) 9’ f
N CZSVI(:ESY) max{ 1o (“ )| ataz L (a,d)], atax L (b.o)|, ax (b,d)’}.
THEOREM 3.5. Let f : K — R be a partially differentiable function on K. If

24 |4
;IT’;L) is co-ordinated prequasiinvex function on K with respect to 1My and 1>, where

q > 1 with and % + é = 1, then the following fractional inequality holds

‘ f(ﬂsC)+f(a7C+rlz (d7c))+f(a+n1§b7a)»f)+f(a+n1 (bva)vc+n2 (dvc)) _A
T'(a+1)[(B+1) o,B
4(n;1 (b,@))*(Ma2(dc))P (J(a+m(b.,a)) J(e+m2(dyc)) -f(a€)

a.p o.B
+Ja+.(c+n2(d,c))’f(a+nl (b,a) )+J( +11(b,a))~ +f(a,c+ Up (d,C))
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+ I flatmi(ba),c+m(dc))

< 771(”“)772(40) max ﬁ(“ﬂ)
(ap+1)P (Bp1)7 ( {‘”‘”

q
LL (a+m (b,a),0)|

where A is defined as in (13).

q 92f q
) ﬁ(aﬂc""_ﬁ’h(dvc))‘ )

2L (a+m (ba), c+n2(d,c))‘q})é,

PROOF. From Lemma 2.6, properties of modulus, and Holder inequality, we

have
fla0)+f(actm(dc))+/f(a+m Z(1'77¢1)-,6)+f (atmi(ba)ctm(dic)) _ 4
Cla+DI(B+1) a.pB
+4(m(b7a))“<nz(d-6))ﬁ <J(a+ﬂ1(h-ﬂ)) J(e+m(d c)) flae)
o, B

I ey L@ b))+ f et (do))

+ Ja;,c+f<a+m (b,0) ¢+ 12 (d;0)) )|
%

<

11 1717 11
apy B o RY:
({{z PA ”d/ldt) +<Z{r P(1-2) Pd;wt)
11 1l7 1 1
o 0B TN
+({{(1 1YPEAP d/ldt) +<{{(1 P (1= A)P d/ldt)
11 é
(11
00

1
— % (// 2L (a+1my (bya),c+ AN (d, c))‘ dkdt)
0

=

7{1 (a+1tn (bya),c+Am,(d, c))’qdﬂtdt)

=

(ap+1)P (Bp+1)P

q. . .. .
Since ’ aa afl ‘ is co-ordinated prequasiinvex function, we deduce

’ f(%c)*f(“ﬁrﬂz (dac>)+f(a+nlibaa)»C)+f(‘l+ﬂ1 (b»a)70+712 (dac)) 7A

I'(a+1)[(B+1) o,B
401 (b,a)* (ma(dc))P (J (rm (b)) (e+matd.c)~T (@€)

a.p a,pB
+Ja+ (c+ma(d ,f(a—i— m (b a) )+J(a+m(b,a))’,c+f(a’c+ Up (d,c))

- Ja;,c+f<a+m (b,0) e+ (d,c)) )
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q

)

< —meam@ (o [ 2L (g ¢
- (ap+1)%(ﬁp+1)% ( { 818/1( )

92 q
3 (@t mid.o),

1
2 ! a
;[T-’;(a—i-m (b,a)’c+n2(d,c))‘ })‘1’

92 q
ﬁ (a+771 (bva) 7C)

)

which is the desired result.

COROLLARY 3.6. In Theorem 3.5 if we choose M (b,a) = 12 (b,a) = b—a, we

obtain the following fractional inequality

f(a,c)Jrf(a,d)+f(b,c)+f(b,d) 7A+ F(a+])l‘(ﬁ+l)
4 4(b—a)*(d—c)P
x (128, flae)+ 058 .+ 1P flad)+ ISR 1 (b))
< _-a=q)
~ (ap+1)P (Bpt1)P

< (max {2

q
)

Q=

b

32
ﬁ (b,C)

s ] )"

THEOREM 3.7. Let f : K — R be a partially differentiable function on K. If
24 |4
aatTJ” is co-ordinated prequasiinvex function on K with respect to 1| and 1M, and

2 q
azajjl (a,c)

p > 1 then the following inequality holds

‘f(a»6)+f(a-,6+nz(d,C))+f(a+771£fb’a)~,0)+f(a+m(b~,a)~6+712(d«6)) _A
Tl (e
4(n1 (b.a)*(ma(d.c)P " (a+m(b.a)” (c+m

o,f a.p
+Ja+’(c+n2(d7c)),f(a +n1(b,a),c) o om b)) (a,c+m(d,c))

+ 2P Flatm (b.a).c+ma(die))

N1 (b,a)n(d,c)
< Wre)(14p) (max{

ey S (@:€)

'q

22 q
ﬁ(a,c—l—nz (d,c))

32
ﬁ ((l,C)

) )

1
2 1
S (M (b,a) e+ m ()| )"

32
ﬁ (a+771 (bva) 76)

)

where A is defined as in (13).

PROOF. From Lemma 2.6, properties of modulus, and power mean inequality,

we have

fla,e)+f(ac+m(de))+flatn ibﬁa)~c)+f(a+m(bAa),c+nz(d,c)) _A
I(a+1)[(B+1) o,f
+4(n1(b,a))°‘<n2<d,c))ﬁ (J(a+m(bﬁa))i(c+nz<dﬁc))’f(a’c)

(X,ﬁ avﬁ
+J(l+,(c+1]2(d,c))7f(a + mn (b?a) 7C) +J(a+m(b,a))’,c+f(a’c+ Up (d,C))
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+ I flat i (ba),c+mp (d,C)))‘
1
q

11 1-
ot ( / /;wdm)
00
11
X //talﬁ
00
1
+ //t“(l—l)ﬁdldt)
00

% (a+1mi (b,a),c+Am (d7c))‘qd/ldt)

+ ]](l—t)alﬁdldt)
00

11
X //(1-¢)“xﬁ‘%(a+ml (b,a),c+lnz(d,c))’qd7tdt)
00

1

% (a+1tny (b,a),c+Any(d,c)) ’qdldt)

1
=2

1
=3

1
q

X
—
\

2
L (a1 (b,a) ,c+ AT (d,0))

(]](u)“‘( 1)
00

4 (14p)

-l-(]]ta(l—l)ﬁ
00

11
+ (//(1 )48 | 2 (ks (ba) e+ Ay (d,c))(qdmz)
00

00

% (a+1tn (b,a),c+An (dm))‘qdldt)

1
q

-

1

. g
d)Ldt)

11
e, (//t“iﬁ\ffaﬁ<a+tm(b,a),cmnz(d,c))\qdzdz
q

|
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1

11
+ (//(14)“(1—1#‘ 2 (a+tn1(b,a),c+7tn2(d,c))‘qdldt)
00

. 92f 14 . . ..
Since ﬁ‘ is co-ordinated prequasiinvex, we get

’f(“ac)*'f(a?ﬁ'flz(daf))+f(a+’11‘(tb~a)7C)+f(ﬂ+771(b«a)»C'*"?z(dsC)) _A
Cla+DI(B+1) (Jaﬁ ,f(a ¢)

4y (b,a)* (ma(d.c)P \" (at+mi(ba)) " (c+m(dc))

o.f o,B
i eim@ey S @rm@a)y, )+ J 0 e Sl et ma(dc))

+ I fatm (ba), e+ (dvc)))‘
; 11 i
< _ mbamd // @aBardr |+ //t“(lfl)ﬁdldt
s(1+a) " 7(14p)' "7 00
1 1_ 5 11 é
+ (//(l—t)a/lﬁdldt) + (//(l—t)a(l—l)ﬁdldt>
00 00

92 q
) ﬁ (G»C+n2 (dvc))

b

|7 e (l’va>,c+nz(cz,c>>\})é
q | 52 ‘q

Nk (ac+m(d,c))

Y

1
2 1
|3 @t .0) e+ ma(d. )| }) 7

which is the desired result.

COROLLARY 3.8. In Theorem 3.7 if we choose M (b,a) = N2 (b,a) = b—a, we

obtain the following fractional inequality

fla,c)+f(a,d)+f(b,c)+f(b,d) —A+ I(a+1)[(B+1)
4 4(b—a)*(d—c)P

x (5B f )+ 5P, .0+ I E flad)+ I8P (b))

(b—a)(d—c)
= Uta)(1:p)
% (max { | 224 (@ c)}" 2L (a,a)|" | L (b,c) ,(;%f‘(b,d))"})a
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