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Abstract 

 
Several versions of the Stein-rule estimators of the coefficient vector in a linear  regression model are 

proposed in the literature. In the present paper, we propose new feasible generalized Stein-rule restricted 

ridge regression estimators to examine multicollinearity and autocorrelation problems simultaneously for 
the general linear regression model, when certain additional exact restrictions are placed on these 

coefficients. Moreover, a Monte Carlo simulation experiment is performed to investigate the performance 

of the proposed estimator over the others. 
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1. INTRODUCTION 

Stein estimator is proposed by Stein (1956). The family of Stein-rule (SR) 

estimators proposed by James and Stein (1960) has smaller variability than the 

ordinary least squares (OLS) estimator under quadratic risk with a simple condition 

that the number of explanatory variables are more than two. For the coefficient 

vector in a linear regression model with spherical disturbances, SR estimators have 

been extensively used. The comparisons under different loss functions and several 

versions of the SR estimators have also received considerable attention in the 

literature. Chaturvedi and Shukla (1990) consider a SR estimator for estimating the 

regression model with autocorrelated errors and derive its asymptotic properties. 

Wan and Chaturvedi (2000) extend the analysis of Chaturvedi and Shukla (1990) to 

a class of operational variants of the minimum mean squared error estimators. 

Srivastava and Srivastava (1983, 1984) and Srivastava and Chandra (1991) consider 

families of improved restricted estimators obtained by mixing SR with restricted 

least squares. Chaturvedi et al. (1996) extends the analysis of Srivastava and 

Srivastava (1984) to models with nonspherical disturbances. Chaturvedi et al. (2001) 
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propose a SR estimator for the general linear regression model with nonspherical 

disturbances and a set of linear restrictions binding the regression coefficients. 

Many authors have studied the predicted performance of predictors obtained by 

using different estimators for either the actual values or the average values of the 

study variable at a time. Toutenburg and Shalabh (1996) analyzed the performance 

properties of predictors arising from the methods of restricted regression and mixed 

regression besides least squares according to the target function. Then, Toutenburg 

and Shalabh (2000) considered the family of SR estimators proposed by Srivastava 

and Srivastava (1983) and analyzed performance properties of this family when the 

objective is to predict values outside the sample and within the sample. Kumar et al. 

(2008) considered two families of SR estimators proposed by Srivastava and 

Srivastava (1984) and analyzed performance properties of these families under the 

target function. Shalabh, Toutenburg and Heumann (2009) introduced the extended 

balanced loss function (EBLF) under the target function and discussed the SR 

estimation. Moreover, Chaturvedi and Shalabh (2014) discussed the bayesian 

estimation of regression coefficients under the EBLF. 

In the present paper, we extend the idea of Chaturvedi et al. (2001) to models 

under multicollinearity and propose new families of feasible generalized SR 

restricted ridge regression (FGSRR) estimator for the general linear regression 

model with autocorrelation, multicollinearity and a set of linear restrictions binding 

the regression coefficients, in Section 2. In Section 3, we indicate the prediction 

mean square error (PMSE) under the target function criterion. Moreover, we 

perform a Monte Carlo simulation experiment to compare the performance of the 

new estimators to the others in terms of the PMSE criterion under the target function 

in Section 4. 
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2. THE MODEL AND ESTIMATORS  

Consider the following linear regression model  

 

(1) 

where Y  is an n ×1 vector of observations on the dependent variable, X  is an n × p 

known design matrix of rank p,   is an p × 1 vector of unknown parameters, and 

  is an n × 1 vector of random errors with zero mean and variance 
2

nI  , where 

nI  is an identity matrix of order n . 

 The OLS estimator of   is defined as: 

1ˆ ( ) 'X X X Y   . (2) 

 Both the OLS estimator and its covariance matrix heavily depend on the 

characteristics of the X X  matrix. If X X  is ill-conditioned, i.e. the column 

vectors of X are linearly dependent, the OLS estimator is sensitive to a number of 

errors. One of the most popular estimator dealing with multicollinearity is the 

ordinary ridge regression (ORR) estimator proposed by Hoerl and Kennard (1970a) 

and is defined as 

1 1 1ˆ ˆ( ) ( ( ) )k p pX X k I X Y I k X X          , (3) 

where the constant 0k is known as the biasing parameter.  

One may often have some exact linear restrictions binding the regression 

coefficients. Hence, we assume the exact linear restrictions binding the regression 

coefficients vector   of m  linearly independent rows as follows: 

 

 (4) 

 

where r  is an 1m  vector and R  is an pm  matrix of rank m ( p ). The well-

known restricted least squares (RLS) estimator is given by 

2, ~ (0, )nY X     

r R
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1

1 1ˆ ˆ ˆ( ) ( ) ( )R X X R R X X R r R  


          .                     (5) 

Let us consider the general linear regression model  

),0(~, 12  VXY  .               (6) 

When V is a known positive definite (p.d.) matrix, the following estimators are 

proposed: 

 

Aitken (1935) derived the generalized least squares (GLS) estimator as: 

VYXVXXGLS ')'(ˆ 1 .           (7) 

However, in this case the problem of multicollinearity may also arise. So, Trenkler 

(1984) extended the idea of ridge regression to reduce the effects of autocorrelation 

and multicollinearity problems and he proposed the generalized ridge (GR) 

estimator of   in the general linear regression model as: 

1ˆ ( ) ( ' ) 'GR pk X VX kI X VY   ,   0k . (8) 

He concluded that the ridge regression estimator which takes the autocorrelation into 

account can perform better than some other methods. 

Many authors consider some estimation methods for the general linear model 

in case of V is unknown. So, the feasible generalized restricted least squares 

(FGRLS) estimator under the prior restrictions in Equation (4) is given by 

Chaturvedi et al. (2001) 

)(])ˆ([)ˆ( 111 


RrRXVXRRXVXR  
,   (9) 

where )ˆ(ˆ VV  , ̂  is a consistent estimator of  , and  

 

     (10) 

 

1ˆ ˆ( )X VX X VY  
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is the feasible generalized least squares (FGLS) estimator of  .Then, the feasible 

generalized ridge regression (FGR) estimator is given by  Eledum and Zahri (2013) 

1ˆ ˆ( ) ( ' ) 'GR pk X VX k I X VY   , 0k .                                      (11) 

Chaturvedi and Shukla (1990) consider the following SR estimator of  : 

ˆ( ) ( )
1

ˆS

a Y X V Y X

n X VX

 
 

 

   
  

  
,  (12) 

where 0a   is the shrinkage factor. Replacing   by 
R  in Equation (12), 

Chaturvedi et al. (2001) considered the following estimator as a restricted SR 

estimator of  , 

* *

ˆ( ) ( )
1

ˆ( )

R R
RS R

R R

Y X V Y Xa

n M X VX M

 
 

 

   
  

   
 (13) 

where 
1

* 1 1ˆ ˆ( ) ( )M I X VX R R X VX R R


       
 

. Moreover, if 
S  is 

replaced for   in Equation (9), they obtain the restricted estimator, 

1 1 1ˆ ˆ( ) [ ( ) ] ( )RS S SX VX R R X VX R r R           (14) 

which can be  expressed equivalently as, 

ˆ( ) ( ) ˆ
ˆRS R

a Y X V Y X
S

n X VX

 
  

 

 
 

 
 (15) 

where 
1 1 1ˆ ˆ ˆ( ) [ ( ) ]pS I X VX R R X VX R R       .   

More recently, Özbay et al. (2016) have considered replacing   by ( )GR k  

in Equation (9) and extending the idea of restricted ridge estimation method (see, 
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Gross, 2003; Kaçıranlar et al. 2011) for the case of V is unknown, they have defined 

the feasible generalized restricted ridge regression (FGRR) estimator as follows: 

1 1 1ˆ ˆ( ) ( ) ( ) [ ( ) ] ( (k))GRR GR p p GRk k X VX kI R R X VX kI R r R             (16) 

However, since 
S  in Equation (12) depends on the XVX ˆ  matrix, the 

multicollinearity problem also arises in connection with the FGLS estimator in 

Equation (10). To reduce the effects of the multicollinearity for the estimators s


, 

RS


and RS , we now propose the following estimators: 

Combining the philosophy behind the FGR and SR estimation, if ( )GR k is 

replaced for 
 
in Equation (12), we obtain the following feasible generalized SR 

ridge (FGSRR) regression estimator: 

ˆ( (k)) ( (k))
( ) 1 ( )

ˆ(k) ) ( )

GR GR
GSR GR

GR p GR

Y X V Y Xa
k k

n X VX kI k

 
 

 

   
  

     

. (17) 

 

Following Srivastava and Srivastava (1983, 1984) and Chaturvedi et al. 

(2001), if we replace ( )GR k
 

by ( )GRR k in Equation (17), we obtain the 

following FGSRR estimator: 

** **

ˆ( (k)) ( (k))
( ) 1 ( )

ˆ(k) ( ) ( )

GRR GRR
GSRR GRR

GRR p GRR

Y X V Y Xa
k k

n M X VX kI M k

 
 

 

   
  

     

,  (18) 

where 
1

** 1 1ˆ ˆ( ) ( )p pM I X VX kI R R X VX kI R R


         
 

. 

If we replace ( )GR k  by ( )GSR k in Equation (16), we obtain the following 

FGSRR estimator: 
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      (19) 

Furthermore, our new estimators have some tempting properties. Initially, it is 

easy to see that the new estimator ( )GSRR k  satisfy the prior restrictions in 

Equation (4). In fact, from the definitions of the ( )GSR k
 
and ( )GSRR k , we can 

see that these estimators are general estimators that include the 
S  and 

RS
 
as 

special cases: 

(i) Since (0)GR  , then (0)GSR S   

(ii) Since (0)GSR S  , then (0)GSRR RS  .  

 

3. THE PMSE UNDER THE TARGET FUNCTION  

 

In this section, we will represent the prediction performance of our new estimators 

under the target function. Generally predictions from a linear regression model are 

made either for the actual values of the study variable or for the average values at a 

time. However, situations may occur in which one may be required to consider the 

predictions of both the actual and the average values simultaneously. 

If   denotes an estimator of  , then the predictor for the values of study 

variable within the sample is generally formulated as T̂ X  which is used for 

predicting either the actual values y  or the average values ( )E y X  at a time. 

When the situation demands prediction of both the actual and the average values 

together, the target function is defined as follows, 

 

(20) 

 

1 1 1ˆ ˆ( ) ( ) ( ) [ ( ) ] ( (k))GSRR GSR p p GSRk k X VX kI R R X VX kI R r R           

( ) (1 ) ( )T y ty t E y  
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and use T̂ X  for predicting it where 0 1t   is a nonstochastic scalar 

specifying the weightage to be assigned to the prediction of actual and average 

values of the study variable, see Shalabh (1995), Toutenburg and Shalabh (1996), 

Toutenburg and Shalabh (2000), Kumar et al. (2008). The PMSE matrix under the 

target function of the predictor T̂  is given by 

    ˆ ˆ ˆPMSE T E T T T T    . (21) 

Then, the scalar PMSE under the target function of the predictor T̂  is given by 

     ˆ ˆ ˆpmse T E T T T T    .             (22) 

This strong criterion is used by many authors who are working on the predictive 

performance of the estimators. Shalabh (1995), Toutenburg and Shalabh (1996, 

2000) and Kumar et al. (2008) have theoretically studied the predictive performance 

of some predictors obtained by using different estimators under the PMSE criterion. 

They derived some conditions for the superiority of the proposed estimator over the 

other known estimators. 

However, since these conditions depend on the unknown parameters, it is 

difficult to know how to make use of the theoretical results in practice. Thus, we 

consider the prediction performance of the estimators R


, ( )GRR k , S


, 

( )GSR k , RS


, ( )GSRR k  and ( )GSRR k  according to the PMSE criterion under 

the target function using a Monte Carlo simulation study.  

 

4. A MONTE CARLO SIMULATION STUDY  

In this section, we will discuss the simulation study to compare the 

performances of the R


, ( )GRR k , S


, ( )GSR k , RS


, ( )GSRR k  and 

( )GSRR k
 
estimators. MATLAB is used for the simulation experiment. Following 
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McDonald and Galarneau (1975) and Kibria (2003), the explanatory variables are 

generated by 

pjnizzx piijij ,...,2,1,,...,2,1,)1( 1

2/12    (23) 

where ijz are independent standard normal pseudo-random numbers,   is specified 

so that the correlation between any two explanatory variables is given by 
2 . 

Following Kibria (2003), three different sets of correlation are considered, 

corresponding to 9.0,8.0,7.0 . Following Chaturvedi et al. (2001), data are 

generated using the following orthonormal model with 4p and 20n : 

 

             (24) 

 

where the iu ’s are assumed to be generated by either an AR(1) process (

iii uu   1 ) or a MA(1) process ( 1 iiiu  ); where   is taken as -

0.8, -0.4, 0.0, 0.4, 0.8, and ~ (0,1)i IN . Also, 3 pa  and 2  are taken 

like this. 

The estimators are compared according to scalar PMSE under target function 

defined as 

     
1

1ˆ ˆ ˆ
MCN

mci mci

mci

pmse T T T T T
MCN 

    ,   (25) 

 

where MCN  represents the number of Monte Carlo replications which is taken as 

5000. 

Following Kaçıranlar et al. (2011), two different types of restrictions are used 

to see how the number of restrictions affects the pmse values. The first type of 

restriction about the parameters is taken as  



2

)1(
21

pp
p . For this 

1 1 2 2 3 3 4 4 ; 1, ,20i i i i i iy x x x x u i        
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restriction, one may write )111( R , and 



2

)1( pp
r . Since the true 

parameter vector is )21(  p , the sum given in the restriction is equal to 




2

)1( pp
.The usage of   allows one to control whether the restriction is true or 

not, and if it not true, to control the difference between the right and left hand sides 

of the restriction,   is selected as 1, 1.05, or 1.10, and it is fixed constant 

throughout the replications. Since the left hand side of the restriction is equal to 

2

)1( pp
, it is obvious that the restriction  




2

)1(
21

pp
p  is true 

when 1 . However, when   is chosen as 1.05 (or 1.10), the right hand side of 

the restriction is equal to 05.1
2

)1(


pp
 (or 10.1

2

)1(


pp
), while the left side 

remains 
2

)1( pp , which leads to a 5% (or 10%) deviation on the right hand side of 

the restriction. Since R , r ,  , and   are all defined at the beginning of the 

simulations and fixed through the replications, the restrictions are still nonstochastic. 

For the second type of restriction R  and r  are chosen as  

 
























11000000

00001100

00000011

2









p
pR and 


























12

7

3

1
2

p

rp


 

 

where the number of restrictions is 2/pm  . The function and values of   are still 

the same as given in the first restriction. 

 The approaches of Hoerl et al. (1975) are used to specify the values of k . 

The estimates are denoted as 

2

2

1

ˆˆ GLS
HK p

i

i

k








, 

2

2

1

ˆˆ GLS
HKB p

i

i

p
k









 and 
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2

2

1

ˆˆ GLS
LW p

i i

i

p
k



 





 respectively, where 

pn

XYVXY
GLS






)(ˆ)(
ˆ 2 



 is the FGLS 

estimate of error variance and i ’s are the eigenvalues of the matrix XVX ˆ .  

The results of the simulation study are summarized in Tables 1–6.  

 

 

COMMENTS: 

 

For Tables 1 and 2, we found the pmse values of the mentioned estimators under 

Restriction Type 1 when it is true and AR(1) or MA(1) to study the performance of 

the mentioned estimators according to t=0.1, 0.5, 0.9 values.   

 

We found the pmse values of the mentioned estimators under Restriction Type 1 and 

2 when it is true or not and AR(1) or MA(1) according to t=0.1, 0.5, 0.9 values but 

since there are a lot of tables, we just added the results for t=0.1 in Tables 3-6 and 

for t=0.5 and t=0.9 are not added. 

 

- When   value is increasing, pmse values for all mentioned estimators are 

decreasing for 1.0t . Also, pmse values for all mentioned estimators are 

decreasing till   value equals 0 and then pmse values are increasing till   value 

equals 0.8 for 9.0,5.0t . 

- When   value is increasing, pmse values for S


, RS


 and  R


 are increasing 

and decreasing for ( )GSR k , ( )GSRR k , ( )GRR k  and ( )GSRR k  of most of k

’s in general. 

- For the following pair-wise comparisons among the estimators, in each row the 

best estimator is highlighted in bold font under each restriction, AR(1) and MA(1) 

error term model and 9.0,5.0,1.0t .  
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1- When we make a comparison between S


 and ( )GSR k  estimators, we have 

that ( )GSR k  estimator gives better results in pmse values than S


 estimator 

especially for the estimated value 
HKBk̂  in most cases. 

2- When we make a comparison between RS


 and ( )GSRR k  estimators, we have 

that ( )GSRR k  estimator gives better results in pmse values than RS


 

estimator especially for the estimated value HKBk̂ .  

3- When we make a comparison between R


 and ( )GRR k  estimators, we have 

that ( )GRR k  estimator gives better results in pmse values than R


 estimator 

especially for the estimated value HKBk̂ .  

4- When we make a comparison between R


 and ( )GSRR k  estimators, we have 

that ( )GSRR k  estimator gives better results in pmse values than R


 

estimator especially for the estimated value HKBk̂ .  

5- When we make a comparison between ( )GRR k  and ( )GSRR k  estimators, we 

have that ( )GSRR k  estimator gives better results in pmse values than 

( )GRR k  estimator especially for the estimated value HKBk̂ .  

 

- Under the same restriction type, when t  value is increasing, pmse values for all 

mentioned estimators are increasing for the AR(1) error term model rapidly than 

for the MA(1) error term model. 

- For AR(1) and MA(1), the pmse values are so close to each other for all mentioned 

estimators with the same restriction type and the same value of t .   
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5. CONCLUSION 

In this study, we introduce some feasible generalized SR restricted ridge 

regression estimators to examine multicollinearity and autocorrelation problems 

simultaneously for the general linear regression model. Then we investigate the 

performance of the defined estimators using a Monte Carlo simulation study in 

which the results show that the proposed estimators have smaller pmse values 

relative to the other mentioned estimators especially for the estimated value HKBk̂  in 

most cases under the first and the second restrictions when they are true or not and 

when the error term follows AR(1) or MA(1) model. 
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