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Abstract 

 
In this paper, we study the generalized fractional operators pertaining to the generalized Mittag-Leffler 

function and multi-index Mittag-Leffler function. Some applications of the established results associated 
with generalized Wright function are also deduced as corollaries. The results are useful in solving the 

problems of science, engineering and technology where the Mittag-Leffler function occurs naturally. 
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1. INTRODUCTION 

Fractional calculus is a branch of mathematical analysis that studies the 

possibility of taking real number, or even complex number, order of the differential 

operator 𝐷 =  
𝑑

𝑑𝑥
 and the integration operator. The Fractional calculus has recently 

been applied in various areas of science, applied mathematics, engineering, bio 

engineering, and finance. However, many researchers remain ignorant of this field. 

Fractional differential equations have gained importance and popularity, mainly due 

to its demonstrated applications in science and engineering. In view of great 

importance of fractional differential equations many authors have paid attention for 

handling linear and non-linear fractional differential equations [1-6].  

The Mittag-Leffler function was introduced by the Swedish mathematician 

Mittag-Leffler in 1903 [7, 8].  Mittag-Leffler function finds its applications in the 

solutions of fractional differential and integral equations, and they are associated 

with a widespread array of problem in various areas of mathematics and 

mathematical physics. In addition, from exponential manners, the deviations of 
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physical phenomena could also be represented by physical laws via Mittag-Leffler 

functions. Therefore, the uses of Mittag-Leffler functions are constantly increasing, 

mainly in mathematics and physics. Further, in 1971, Prabhakar [9] proposed the 

more general Mittag-Leffler function. Many more extensions or unifications for 

these functions are found in large number of papers [10-15]. In this paper, we study 

the generalized fractional operators on the generalized Mittag-Leffler function and 

multi-index Mittag-Leffler function. Some applications of the established results 

associated with generalized Wright function are also deduced as corollaries. 

2. FRACTIONAL CALCULUS OPERATORS AND GENERALIZED 
FRACTIONAL CALCULUS OPERATORS 

The left and right-sided Riemann-Liouville fractional calculus operators are 

defined by Samko et al. [16, sec. 5.1] for 𝛼 𝜖 𝐶 (ℝ(𝛼) > 0) 

(𝐼0+
𝛼 𝑓)(𝑥) =

1

Γ(α)
∫

𝑓(𝑡)

(𝑥 − 𝑡)1−𝛼
𝑑𝑡,                                                                     

𝑥

0

(1) 

(𝐼0−
𝛼 𝑓)(𝑥) =

1

Γ(α)
∫

𝑓(𝑡)

(𝑡 − 𝑥)1−𝛼
𝑑𝑡,                                                                    

∞

𝑥

(2) 

(𝐷0+
𝛼 𝑓)(𝑥) = (

𝑑

𝑑𝑥
)

[ℝ(𝛼)]+1

[𝐼0+
1−𝛼+[ℝ(𝛼)]

𝑓](𝑥)                                        

= (
𝑑

𝑑𝑥
)

[ℝ(𝛼)]+1 1

Γ(1 − 𝛼 + [ℝ(𝛼)])
∫

𝑓(𝑡)

(𝑥 − 𝑡)𝛼−[ℝ(𝛼)]
𝑑𝑡,

𝑥

0

          (3) 

(𝐷0−
𝛼 𝑓)(𝑥) = (−

𝑑

𝑑𝑥
)

[ℝ(𝛼)]+1

[𝐼0−
1−𝛼+[ℝ(𝛼)]

𝑓](𝑥),                                   

= (−
𝑑

𝑑𝑥
)

[ℝ(𝛼)]+1 1

Γ(1 − 𝛼 + [ℝ(𝛼)])
∫

𝑓(𝑡)

(𝑡 − 𝑥)𝛼−[ℝ(𝛼)]
𝑑𝑡,

∞

𝑥

     (4) 

where [ℝ(𝛼)] is the integral of ℝ(𝛼). 
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An exciting and valuable generalization of the Riemann-Liouville and Erdlyi-Kober 

fractional integral operators has been introduced by Saigo [17] in terms of Gauss 

hyper geometric function as given below. Let 𝛼, 𝛽, 𝛾 𝜖 𝐶 and 𝑥 𝜖 𝑅+, then the 

generalized fractional integration and fractional differentiation operators associated 

with Gauss hyper geometric function are defined as follows: 

(𝐼0+
𝛼,𝛽,𝛾

𝑓) (𝑥) =
𝑥−𝛼−𝛽

Γ(α)
∫ (𝑥 − 𝑡)𝛼−1 𝐹2

 
1
 (𝛼 + 𝛽, −𝛾;  𝛼; 1 −

𝑡

𝑥
) 𝑓(𝑡)𝑑𝑡;  ℝ(𝛼) > 0,     

𝑥

0
  (5) 

(𝐼0−
𝛼,𝛽,𝛾

𝑓) (𝑥) =
1

Γ(α)
∫ (𝑡 − 𝑥)𝛼−1𝑡−𝛼−𝛽 𝐹2

 
1
 (𝛼 + 𝛽, −𝛾;  𝛼; 1 −

𝑥

𝑡
) 𝑓(𝑡)𝑑𝑡; ℝ(𝛼) > 0 

𝑥

0
 (6) 

(𝐷0+
𝛼,𝛽,𝛾

𝑓) = (𝐼0+
−𝛼,−𝛽,𝛼+ 𝛾

𝑓) (𝑥)     

= (
𝑑

𝑑𝑥
)

𝑘
(𝐼0+

−𝛼+𝑘,−𝛽−𝑘,𝛼+ 𝛾−𝑘
𝑓) (𝑥), ℝ(𝛼) > 0; 𝑘 = [ℝ(𝛼)] + 1,              (7) 

(𝐷0−
𝛼,𝛽,𝛾

𝑓)(𝑥) = (𝐼0−
−𝛼,−𝛽,𝛼+ 𝛾

𝑓)(𝑥)          

= (−
𝑑

𝑑𝑥
)

𝑘

(𝐼0−
−𝛼+𝑘,−𝛽−𝑘,𝛼+ 𝛾

𝑓)(𝑥), ℝ(𝛼) > 0; 𝑘 = [ℝ(𝛼)] + 1.      (8) 

Operators (5) − (8) reduce to that in (1) − (4) as follows:  

(𝐼0+
𝛼,−𝛼,𝛾

𝑓)(𝑥) = (𝐼0+
𝛼 𝑓)(𝑥),                                                                            (9) 

(𝐼0−
𝛼,−𝛼,𝛾

𝑓)(𝑥) = (𝐼0−
𝛼 𝑓)(𝑥),                                                                            (10) 

(𝐷0+
𝛼,−𝛼,𝛾

𝑓)(𝑥) = (𝐷0+
𝛼 𝑓)(𝑥),                                                                           (11) 

(𝐷0−
𝛼,−𝛼,𝛾

𝑓)(𝑥) = (𝐷0−
𝛼 𝑓)(𝑥).                                                                           (12) 

LEMMA 1. Let 𝛼, 𝛽, 𝛾 𝜖 𝐶;  ℝ(𝛼) > 0 and 𝜌 𝜖 𝐶 

(a) If ℝ(𝜌) > max[0, ℝ(𝛽 − 𝛾)], then  

(𝐼0+
𝛼,𝛽,𝛾

𝑡𝜌−1)(𝑥) =
Γ(𝜌)Γ(𝜌 − 𝛽 + 𝛾)

Γ(𝜌 − 𝛽)Γ(𝜌 + 𝛼 + 𝛾)
𝑥𝜌−𝛽−1,                             (13) 

(b) If ℝ(𝜌) > max[ℝ(−𝛽), ℝ(−𝛾)], then  

(𝐼0−
𝛼,𝛽,𝛾

𝑡−𝜌)(𝑥) =
Γ(𝜌 + 𝛽)Γ(𝜌 + 𝛾)

Γ(𝜌)Γ(𝜌 + 𝛼 + 𝛽 + 𝛾)
𝑥−𝜌−𝛽 .                               (14) 
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3. LEFT-SIDED GENERALIZED FRACTIONAL INTEGRATION OF 
GENERALIZED MITTAG-LEFFLER FUNCTION AND MULTI-INDEX 
MITTAG-LEFFLER FUNCTION 

In this section we consider the left-sided generalized fractional integration 

formula of the generalized Mittag-Leffler function and multi-index Mittag-Leffler 

function. 

THEOREM 3.1. If 𝛼, 𝛽, 𝛾, 𝛿, 𝜇, 𝜈, 𝜌, 𝜎 𝜖 𝐶; 𝑝, 𝑞 > 0 𝑎𝑛𝑑 𝑞 ≤ ℝ(𝛼) + 𝑝,  and 

𝑚𝑖𝑛(ℝ(𝛼), ℝ(𝛽), ℝ(𝛾), ℝ(𝛿), ℝ(𝜇), ℝ(𝜈), ℝ(𝜌), ℝ(𝜎)) > 0 and 𝑎 𝜖 𝑅. If the 

Wright function condition [14] is satisfied and  𝐼0+
𝛼,𝛽,𝛾

 be the left-sided operator of 

generalized fractional integration associated with Gauss hypergeometric function, 

then there holds the following formula 

Δ = [𝐼0+
𝛼,𝛽,𝛾

𝑡𝜌−1𝐸𝛼,𝛽,𝜈,𝜎,𝛿,𝑝 
𝜇,𝜌,𝛾,𝑞

(𝑎𝑡𝜆)] (𝑥) =
Γ(𝜈)

Γ(𝜇)

Γ(𝛿)

Γ(𝛾)
𝑥𝜌−𝛽−1 𝜓4

 
5
              

× [
(𝜌 − 𝛽 + 𝛾, 𝜆), (𝜌, 𝜆), (𝛾, 𝑞), (𝜇, 𝜌)

(𝜌 − 𝛽, 𝜆), (𝛼 + 𝜌 + 𝛾, 𝜆), (𝛽, 𝛼), (𝛿, 𝑝), (𝜈, 𝜎)
| 𝑎𝑥𝜆]     (15) 

PROOF. By using the definition of more generalized Mittag-Leffler function 

was defined by Shukla and Prajapati [10] and fractional integral formula (5), we 

hold 

Δ =
𝑥−𝛼−𝛽

Γ(α)
∫(𝑥 − 𝑡)𝛼−1 𝐹2

 
1
 (𝛼 + 𝛽, −𝛾;  𝛼; 1 −

𝑡

𝑥
)                

𝑥

0

 

× (𝑡𝜌−1)𝐸𝛼,𝛽,𝜈,𝜎,𝛿,𝑝 
𝜇,𝜌,𝛾,𝑞

(𝑎𝑡𝜆)𝑑𝑡. 

By the using of Gauss hypergeometric series [18], series form of generalized Mittag-

Leffler function was defined by Shukla and Prajapati [10], interchanging the order 

of integration and summations and evaluating the inner integral by the use of the 

known formula of Beta integral. At last by the virtue of above lemma, we have  

Δ =
𝑥−𝛼−𝛽

Γ(α)
∫(𝑡𝜌−1)(𝑥 − 𝑡)𝛼−1 𝐹2

 
1
 (𝛼 + 𝛽, −𝛾;  𝛼; 1 −

𝑡

𝑥
)                

𝑥

0

 

× ∑
(𝜇)𝜌𝑛(𝛾)𝑞𝑛

(𝜈)𝜎𝑛𝜎(𝛿)𝑝𝑛Γ(𝛼𝑛 + 𝛽)

∞

𝑛=0

(𝑎𝑡𝜆)
𝑛

(𝑛)!
𝑑𝑡 
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Δ =
Γ(ν)Γ(δ)

Γ(μ)Γ(γ)
𝑥𝜌−𝛽−1 ∑

Γ(μ + ρn)Γ(γ + qn)Γ(ρ − β + γ + λn)Γ(ρ + λn)

Γ(ν + σn)Γ(δ + pn)Γ(β + αn)Γ(ρ − β + λn)Γ(ρ + α + γ + λn)

∞

𝑛=0

 

×
(𝑎𝑥𝜆)

𝑛

(𝑛)!
 

or  

Δ =
Γ(ν)Γ(δ)

Γ(μ)Γ(γ)
𝑥𝜌−𝛽−1 𝜓4

 
5
 [

(𝜌 − 𝛽 + 𝛾, 𝜆), (𝜌, 𝜆), (𝛾, 𝑞), (𝜇, 𝜌)

(𝜌 − 𝛽, 𝜆), (𝛼 + 𝜌 + 𝛾, 𝜆), (𝛽, 𝛼), (𝛿, 𝑝), (𝜈, 𝜎)
| 𝑎𝑥𝜆], 

this completes the proof of theorem.  

If we set μ = ν, ρ = σ 𝑎𝑛𝑑 𝑝 = 1 then Eq. (15) reduces to the following corollary. 

COROLLARY 3.1.1. The following result holds: 

Δ =
Γ(δ)

Γ(γ)
𝑥𝜌−𝛽−1 𝜓3

 
4
 [

(𝜌 − 𝛽 + 𝛾, 𝜆), (𝜌, 𝜆), (𝛾, 𝑞)

(𝜌 − 𝛽, 𝜆), (𝛼 + 𝜌 + 𝛾, 𝜆), (𝛽, 𝛼), (𝛿, 1)
| 𝑎𝑥𝜆], 

where 𝛼, 𝛽, 𝛾, 𝛿, 𝜌 𝜖 𝐶, ℝ(𝛼) > 0, ℝ(𝜌 − 𝛽 + 𝛾) > 0, 𝜆 > 0 and 𝑎 𝜖 𝑅.  

If we set 𝑝 = 𝛿 = 1 in above result we obtain the following corollary 3.1.2 

COROLLARY 3.1.2. The following result holds: 

Δ =
1

Γ(γ)
𝑥𝜌−𝛽−1 𝜓3

 
3
 [

(𝜌 − 𝛽 + 𝛾, 𝜆), (𝜌, 𝜆), (𝛾, 𝑞)

(𝜌 − 𝛽, 𝜆), (𝛼 + 𝜌 + 𝛾, 𝜆), (𝛽, 𝛼)
| 𝑎𝑥𝜆], 

where 𝛼, 𝛽, 𝛾, 𝜌 𝜖 𝐶, ℝ(𝛼) > 0, ℝ(𝜌 − 𝛽 + 𝛾) > 0, 𝜆 > 0 and 𝑎 𝜖 𝑅.  

when we take  𝑞 = 1, the above result reduced to the following corollary 3.1.3 

COROLLARY 3.1.3. The following result holds: 

Δ =
1

Γ(γ)
𝑥𝜌−𝛽−1 𝜓3

 
3
 [

(𝜌 − 𝛽 + 𝛾, 𝜆), (𝜌, 𝜆), (𝛾, 1)

(𝜌 − 𝛽, 𝜆), (𝛼 + 𝜌 + 𝛾, 𝜆), (𝛽, 𝛼)
| 𝑎𝑥𝜆], 

where 𝛼, 𝛽, 𝛾, 𝜌 𝜖 𝐶, ℝ(𝛼) > 0, ℝ(𝜌 − 𝛽 + 𝛾) > 0, 𝜆 > 0 and 𝑎 𝜖 𝑅.  

THEOREM 3.2. If  𝛼, 𝛽, 𝛾 𝜖 𝐶, ℝ(𝛼𝑗) > 0, ℝ(𝛽𝑗) > 0 (𝑗 = 1 … 𝑚), ℝ(𝑘) > 0, 

ℝ(∑ 𝛼𝑗
𝑚
𝑗=1 ) > max[0, 𝑘 − 1] , 𝜆 > 0 and 𝑎 𝜖 𝑅. If  𝐼0+

𝛼,𝛽,𝛾
 be the left-sided operator of 

generalized fractional integration associated with Gauss hypergeometric function, 

then there holds the following formula 

[𝐼0+
𝛼,𝛽,𝛾

𝑡𝜌−1𝐸𝛾,𝑘; 𝛽1,𝛽2 ,…,𝛽𝑚  
𝛼1,𝛼2,…,𝛼𝑚 

(𝑎𝑡𝜆)] (𝑥) =
1

Γ(𝛾)
𝑥𝜌−𝛽−1 𝜓3

 
2+𝑚
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× [
(𝜌 − 𝛽 + 𝛾, 𝜆), (𝜌, 𝜆), (𝛾, 𝑘)

(𝜌 − 𝛽, 𝜆), (𝛼 + 𝜌 + 𝛾, 𝜆), (𝛽𝑗 , 𝛼𝑗)
| 𝑎𝑥𝜆]     (16) 

PROOF. Denote L.H.S. of the theorem 3.2 by Θ then 

Θ = [𝐼0+
𝛼,𝛽,𝛾

𝑡𝜌−1𝐸𝛾,𝑘; 𝛽1,𝛽2 ,…,𝛽𝑚  
𝛼1,𝛼2,…,𝛼𝑚 

(𝑎𝑡𝜆)] (𝑥)                                        

Using the definition of multi-index Mittag-Leffler function was defined by Saxena 

and Nishimoto and fractional integral formula (5), we hold 

Θ =
𝑥−𝛼−𝛽

Γ(α)
∫(𝑥 − 𝑡)𝛼−1 𝐹2

 
1
 (𝛼 + 𝛽, −𝛾;  𝛼; 1 −

𝑡

𝑥
)                

𝑥

0

 

× (𝑡𝜌−1)𝐸𝛾,𝑘; 𝛽1,𝛽2 ,…,𝛽𝑚  
𝛼1,𝛼2,…,𝛼𝑚 

(𝑎𝑡𝜆)𝑑𝑡. 

By the using of Gauss hypergeometric series [18], series form of multi-index 

Mittag-Leffler function was defined by Saxena and Nishimoto [12], interchanging 

the order of integration and summations and evaluating the inner integral by the use 

of the known formula of Beta integral. At last by the virtue of above lemma, we 

have  

Θ =
𝑥−𝛼−𝛽

Γ(α)
∫(𝑡𝜌−1)(𝑥 − 𝑡)𝛼−1 𝐹2

 
1
 (𝛼 + 𝛽, −𝛾;  𝛼; 1 −

𝑡

𝑥
)       

𝑥

0

 

× ∑
(𝛾)𝑘𝑛

∏ Γ(𝑛𝛼𝑗 + 𝛽𝑗)𝑚
𝑗=1

∞

𝑛=0

(𝑎𝑡𝜆)

(𝑛)!
𝑑𝑡 

Θ =
𝑥𝜌−𝛽−1

Γ(γ)
∑

Γ(𝛾 + 𝑘𝑛)Γ(𝜌 + 𝜆𝑛)Γ(𝜌 − 𝛽 + 𝛾 + 𝜆𝑛)

Γ(𝜌 − 𝛽 + 𝜆𝑛)Γ(𝜌 + 𝛼 + 𝛾 + 𝜆𝑛) ∏ Γ(𝑛𝛼𝑗 + 𝛽𝑗)𝑚
𝑗=1

(𝑎𝑥𝜆)

(𝑛)!
,

∞

𝑛=0

 

or 

Θ =
𝑥𝜌−𝛽−1

Γ(γ)
𝜓3

 
2+𝑚
 [

(𝜌 − 𝛽 + 𝛾, 𝜆), (𝜌, 𝜆), (𝛾, 𝑘)

(𝜌 − 𝛽, 𝜆), (𝛼 + 𝜌 + 𝛾, 𝜆), (𝛽𝑗 , 𝛼𝑗)
| 𝑎𝑥𝜆] 

this completes the proof of theorem.  

If we set k = q in Eq. (16) then we obtain the following corollary. 

COROLLARY 3.2.1. The following result holds 
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Θ =
𝑥𝜌−𝛽−1

Γ(γ)
𝜓3

 
2+𝑚
 [

(𝜌 − 𝛽 + 𝛾, 𝜆), (𝜌, 𝜆), (𝛾, 𝑞)

(𝜌 − 𝛽, 𝜆), (𝛼 + 𝜌 + 𝛾, 𝜆), (𝛽𝑗 , 𝛼𝑗)
| 𝑎𝑥𝜆] 

𝛼, 𝛽, 𝛾 𝜖 𝐶, ℝ(𝛼𝑗) > 0, ℝ(𝛽𝑗) > 0 (𝑗 = 1 … 𝑚), ℝ(𝛾) > 0, and  𝑎 𝜖 𝑅 ℝ(∑ 𝛼𝑗
𝑚
𝑗=1 ) >

max[0, 𝑞 − 1] , 𝜆 > 0.  

when 𝑞 = 𝑚 = 1, then above result reduced to the following corollary. 

COROLLARY 3.2.2. The following result holds 

Θ =
𝑥𝜌−𝛽−1

Γ(γ)
𝜓3

 
3
 [

(𝜌 − 𝛽 + 𝛾, 𝜆), (𝜌, 𝜆), (𝛾, 1)

(𝜌 − 𝛽, 𝜆), (𝛼 + 𝜌 + 𝛾, 𝜆), (𝛽, 𝛼)
| 𝑎𝑥𝜆] 

𝛼, 𝛽, 𝛾 𝜖 𝐶, ℝ(𝛼) > 0, ℝ(𝛽) > 0, ℝ(𝛾) > 0, 𝜆 > 0 and  𝑎 𝜖 𝑅. 

4. RIGHT-SIDED GENERALIZED FRACTIONAL INTEGRATION OF 
GENERALIZED MITTAG-LEFFLER FUNCTION AND MULTI-INDEX 
MITTAG-LEFFLER FUNCTION 

In this section we discussed the right-sided generalized fractional integration 

formula of the generalized Mittag-Leffler function and multi-index Mittag-Leffler 

function. 

THEOREM 4.1. If 𝛼, 𝛽, 𝛾, 𝛿, 𝜇, 𝜈, 𝜌, 𝜎 𝜖 𝐶; 𝑝, 𝑞 > 0 𝑎𝑛𝑑 𝑞 ≤ ℝ(𝛼) + 𝑝,  and 

𝑚𝑖𝑛(ℝ(𝛼), ℝ(𝛽), ℝ(𝛾), ℝ(𝛿), ℝ(𝜇), ℝ(𝜈), ℝ(𝜌), ℝ(𝜎)) > 0 and 𝑎 𝜖 𝑅. If the 

Wright function condition [14] is satisfied and  𝐼0−
𝛼,𝛽,𝛾

 be the right-sided operator of 

generalized fractional integration associated with Gauss hypergeometric function, 

then there holds the following formula 

[𝐼0−
𝛼,𝛽,𝛾

𝑡−𝛼−𝜌𝐸𝛼,𝛽,𝜈,𝜎,𝛿,𝑝 
𝜇,𝜌,𝛾,𝑞

(𝑎𝑡−𝜆)] (𝑥) =
Γ(𝜈)

Γ(𝜇)

Γ(𝛿)

Γ(𝛾)
𝑥−𝛼−𝛽−𝜌 𝜓4

 
5
           

× [
(𝛼 + 𝛽 + 𝜌, 𝜆), (𝛼 + 𝜌 + 𝛾, 𝜆), (𝛾, 𝑞), (𝜇, 𝜌)

(𝛼 + 𝜌, 𝜆), (2𝛼 + 𝛽 + 𝛾 + 𝜌, 𝜆), (𝛽, 𝛼), (𝛿, 𝑝), (𝜈, 𝜎)
| 𝑎𝑥𝜆]     (17) 

PROOF. Denote L.H.S. of the theorem 4.1 by Λ, then  

Λ = [𝐼0−
𝛼,𝛽,𝛾

𝑡−𝛼−𝜌𝐸𝛼,𝛽,𝜈,𝜎,𝛿,𝑝 
𝜇,𝜌,𝛾,𝑞

(𝑎𝑡−𝜆)] (𝑥)                 

By using the definition of generalized Mittag-Leffler function was defined by 

Shukla and Prajapati [10] and fractional integral formula (6) and proceeding in the 

same way to the proof of theorem 3.1, we get 
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Λ =
1

Γ(α)
∫(𝑡 − 𝑥)𝛼−1𝑡−𝛼−𝛽 𝐹2

 
1
 (𝛼 + 𝛽, −𝛾;  𝛼; 1 −

𝑥

𝑡
)                

∞

𝑥

 

× (𝑡−𝛼−𝜌)𝐸𝛼,𝛽,𝜈,𝜎,𝛿,𝑝 
𝜇,𝜌,𝛾,𝑞

(𝑎𝑡−𝜆)𝑑𝑡. 

or 

Λ =
Γ(ν)Γ(δ)

Γ(μ)Γ(γ)
𝑥−𝛼−𝛽−𝜌  

× ∑
Γ(μ + ρn)Γ(γ + qn)Γ(α + β + ρ + λn)Γ(α + ρ + γ + λn)

Γ(ν + σn)Γ(δ + pn)Γ(β + αn)Γ(α + ρ + λn)Γ(2α + β + γ + ρ + λn)

∞

𝑛=0

(𝑎𝑥−𝜆)
𝑛

(𝑛)!
 

or 

Λ =
Γ(ν)Γ(δ)

Γ(μ)Γ(γ)
𝑥−𝛼−𝛽−𝜌 𝜓4

 
5
 [

(α + β + ρ, 𝜆), (α + ρ + γ, 𝜆), (𝛾, 𝑞), (𝜇, 𝜌)

(α + ρ, 𝜆), (2α + β + γ + ρ, 𝜆), (𝛽, 𝛼), (𝛿, 𝑝), (𝜈, 𝜎)
| 𝑎𝑥−𝜆], 

this completes the proof of theorem.  

If we set μ = ν, ρ = σ 𝑎𝑛𝑑 𝑞 = 1 then Eq. (17) reduces to the following corollary. 

COROLLARY 4.1.1. The following result holds: 

Λ =
Γ(δ)

Γ(γ)
𝑥−𝛼−𝛽−𝜌 𝜓3

 
4
 [

(α + β + ρ, 𝜆), (α + ρ + γ, 𝜆), (𝛾, 1)

(α + ρ, 𝜆), (2α + β + γ + ρ, 𝜆), (𝛽, 𝛼), (𝛿, 𝑝)
| 𝑎𝑥−𝜆] 

where 𝛼, 𝛽, 𝛾, 𝜌, 𝛿 𝜖 𝐶, ℝ(𝛼) > 0, , 𝜆 > 0 and 𝑎 𝜖 𝑅.  

If we set 𝑝 = 𝛿 = 1 in above result we obtain the following corollary 4.1.2 

COROLLARY 4.1.2. The following result holds: 

Λ =
1

Γ(γ)
𝑥−𝛼−𝛽−𝜌 𝜓3

 
3
 [

(α + β + ρ, 𝜆), (α + ρ + γ, 𝜆), (𝛾, 1)

(α + ρ, 𝜆), (2α + β + γ + ρ, 𝜆), (𝛽, 𝛼)
| 𝑎𝑥−𝜆] 

where 𝛼, 𝛽, 𝛾, 𝜌 𝜖 𝐶, ℝ(𝛼) > 0, , 𝜆 > 0 and 𝑎 𝜖 𝑅.  

THEOREM 4.2. If  𝛼, 𝛽, 𝛾 𝜖 𝐶, ℝ(𝛼𝑗) > 0, ℝ(𝛽𝑗) > 0 (𝑗 = 1 … 𝑚), ℝ(𝑘) > 0, 

ℝ(∑ 𝛼𝑗
𝑚
𝑗=1 ) > max[0, 𝑘 − 1] , 𝜆 > 0 and 𝑎 𝜖 𝑅. If the Wright function condition 

[14] is satisfied and  𝐼0−
𝛼,𝛽,𝛾

 be the right-sided operator of generalized fractional 

integration associated with Gauss hypergeometric function, then there holds the 

following formula 

[𝐼0−
𝛼,𝛽,𝛾

𝑡−𝛼−𝜌𝐸𝛾,𝑘; 𝛽1,𝛽2 ,…,𝛽𝑚  
𝛼1,𝛼2,…,𝛼𝑚 

(𝑎𝑡−𝜆)] (𝑥) =
1

Γ(𝛾)
𝑥−𝛼−𝛽−𝜌 𝜓3

 
2+𝑚
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× [
(𝛼 + 𝛽 + 𝜌, 𝜆), (𝛼 + 𝜌 + 𝛾, 𝜆), (𝛾, 𝑘)

(𝛼 + 𝜌, 𝜆), (2𝛼 + 𝛽 + 𝜌 + 𝛾, 𝜆), (𝛽𝑗 , 𝛼𝑗)
| 𝑎𝑥−𝜆]     (18) 

PROOF. Denote L.H.S. of the theorem 4.2 by Ξ then 

Ξ = [𝐼0−
𝛼,𝛽,𝛾(𝑡−𝛼−𝜌)𝐸𝛾,𝑘; 𝛽1,𝛽2 ,…,𝛽𝑚  

𝛼1,𝛼2,…,𝛼𝑚 
(𝑎𝑡𝜆)] (𝑥)                                        

Using the definition of multi-index Mittag-Leffler function was defined by Saxena 

and Nishimoto [12] and fractional integral formula (6) and proceeding in the same 

way to the proof of theorem 3.2, we get 

Ξ =
1

Γ(α)
∫ (𝑡 − 𝑥)𝛼−1𝑡−𝛼−𝛽 𝐹2

 
1
 (𝛼 + 𝛽, −𝛾;  𝛼; 1 −

𝑥

𝑡
)                                 

∞

𝑥

 

× (𝑡−𝛼−𝜌)𝐸𝛾,𝑘; 𝛽1,𝛽2 ,…,𝛽𝑚  
𝛼1,𝛼2,…,𝛼𝑚 

(𝑎𝑡−𝜆)𝑑𝑡. 

or 

Ξ =
1

Γ(α)
∫(𝑡 − 𝑥)𝛼−1𝑡−2𝛼−𝛽−𝜌 𝐹2

 
1
 (𝛼 + 𝛽, −𝛾;  𝛼; 1 −

𝑥

𝑡
)        

∞

𝑥

 

× ∑
(𝛾)𝑘𝑛

∏ Γ(𝑛𝛼𝑗 + 𝛽𝑗)𝑚
𝑗=1

∞

𝑛=0

(𝑎𝑡−𝜆)
𝑛

(𝑛)!
𝑑𝑡 

or 

Ξ =
𝑥−𝛼−𝛽−𝜌

Γ(γ)
∑

Γ(𝛼 + 𝛽 + 𝜌 + 𝜆𝑛)Γ(𝛼 + 𝜌 + 𝛾 + 𝜆𝑛)Γ(𝛾 + 𝑘𝑛)

Γ(𝛼 + 𝜌 + 𝜆𝑛)Γ(2𝛼 + 𝛽 + 𝜌 + 𝛾 + 𝜆𝑛) ∏ Γ(𝑛𝛼𝑗 + 𝛽𝑗)𝑚
𝑗=1

(𝑎𝑥−𝜆)

(𝑛)!
,

∞

𝑛=0

     

or 

Ξ =
𝑥−𝛼−𝛽−𝜌

Γ(γ)
𝜓3

 
2+𝑚
 [

(𝛼 + 𝛽 + 𝜌, 𝜆), (𝛼 + 𝜌 + 𝛾, 𝜆), (𝛾, 𝑘)

(𝛼 + 𝜌, 𝜆), (2𝛼 + 𝛽 + 𝜌 + 𝛾, 𝜆), (𝛽𝑗 , 𝛼𝑗)
| 𝑎𝑥−𝜆] 

this completes the proof of theorem.  

If we set k = q in Eq. (18) then we obtain the following corollary. 
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COROLLARY 4.2.1. The following result holds 

Ξ =
𝑥−𝛼−𝛽−𝜌

Γ(γ)
𝜓3

 
2+𝑚
 [

(𝛼 + 𝛽 + 𝜌, 𝜆), (𝛼 + 𝜌 + 𝛾, 𝜆), (𝛾, 𝑞)

(𝛼 + 𝜌, 𝜆), (2𝛼 + 𝛽 + 𝜌 + 𝛾, 𝜆), (𝛽𝑗 , 𝛼𝑗)
| 𝑎𝑥−𝜆] 

where 𝛼, 𝛽, 𝛾, 𝜌 𝜖 𝐶, ℝ(𝛼𝑗) > 0, ℝ(𝛽𝑗) > 0 (𝑗 = 1 … 𝑚), ℝ(𝛾) > 0, and  𝑎 𝜖 𝑅 

ℝ(∑ 𝛼𝑗
𝑚
𝑗=1 ) > max[0, 𝑞 − 1] , 𝜆 > 0.  

when 𝑞 = 𝑚 = 1, then above result reduced to the following corollary. 

COROLLARY 4.2.2. The following result holds 

Ξ =
𝑥−𝛼−𝛽−𝜌

Γ(γ)
𝜓3

 
3
 [

(𝛼 + 𝛽 + 𝜌, 𝜆), (𝛼 + 𝜌 + 𝛾, 𝜆), (𝛾, 1)

(𝛼 + 𝜌, 𝜆), (2𝛼 + 𝛽 + 𝜌 + 𝛾, 𝜆), (𝛽, 𝛼)
| 𝑎𝑥−𝜆] 

𝛼, 𝛽, 𝛾 𝜖 𝐶, ℝ(𝛼) > 0, ℝ(𝛽) > 0, ℝ(𝛾) > 0, 𝜆 > 0 and  𝑎 𝜖 𝑅. 

5. LEFT-SIDED GENERALIZED FRACTIONAL DIFFERENTIATION OF 
GENERALIZED MITTAG-LEFFLER FUNCTION AND MULTI-INDEX 
MITTAG-LEFFLER FUNCTION 

In this section we consider the left-sided generalized fractional differentiation 

formula of generalized Mittag-Leffler function and multi-index Mittag-Leffler 

function. 

THEOREM 5.1. If 𝛼, 𝛽, 𝛾, 𝛿, 𝜇, 𝜈, 𝜌, 𝜎 𝜖 𝐶; 𝑝, 𝑞 > 0 𝑎𝑛𝑑 𝑞 ≤ ℝ(𝛼) + 𝑝,  and 

𝑚𝑖𝑛(ℝ(𝛼), ℝ(𝛽), ℝ(𝛾), ℝ(𝛿), ℝ(𝜇), ℝ(𝜈), ℝ(𝜌), ℝ(𝜎)) > 0 and 𝑎 𝜖 𝑅. If the 

Wright function condition [14] is satisfied and  𝐷0+
𝛼,𝛽,𝛾

 be the left-sided operator of 

generalized fractional differentiation associated with Gauss hypergeometric 

function, then there holds the following formula 

[𝐷0+
𝛼,𝛽,𝛾

𝑡𝜌−1𝐸𝛼,𝛽,𝜈,𝜎,𝛿,𝑝 
𝜇,𝜌,𝛾,𝑞

(𝑎𝑡𝜆)] (𝑥) =
Γ(𝜈)

Γ(𝜇)

Γ(𝛿)

Γ(𝛾)
𝑥𝜌+𝛽−1 𝜓4

 
5
            

× [
(𝜌 + 𝛼 + 𝛽 + 𝛾, 𝜆), (𝜌, 𝜆), (𝛾, 𝑞), (𝜇, 𝜌)

(𝜌 + 𝛽, 𝜆), (𝜌 + 𝛾, 𝜆), (𝛽, 𝛼), (𝛿, 𝑝), (𝜈, 𝜎)
| 𝑎𝑥𝜆]     (19) 

PROOF. Denote L.H.S. of the theorem 5.1 by Φ then 

 Φ = [𝐷0+
𝛼,𝛽,𝛾

𝑡𝜌−1𝐸𝛼,𝛽,𝜈,𝜎,𝛿,𝑝 
𝜇,𝜌,𝛾,𝑞

(𝑎𝑡𝜆)] (𝑥)                                                  
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Using the definition of generalized Mittag-Leffler function was defined by Shukla 

and Prajapati and fractional differentiation formula (7), we get 

Φ = (
𝑑

𝑑𝑥
)

𝑘

(𝐼0+
−𝛼+𝑘,−𝛽−𝑘,𝛼+ 𝛾−𝑘

𝑡𝜌−1𝐸𝛼,𝛽,𝜈,𝜎,𝛿,𝑝 
𝜇,𝜌,𝛾,𝑞

(𝑎𝑡𝜆)) (𝑥)              

or  

Φ = (
𝑑

𝑑𝑥
)

𝑘 𝑥𝛼+𝛽

Γ(−𝛼 + 𝑘)
∫(𝑥 − 𝑡)−𝛼+𝑘−1 𝐹2

 
1
 (– 𝛼 − 𝛽, −𝛾 − 𝛼 + 𝑘; −𝛼 + 𝑘; 1 −

𝑡

𝑥
)

𝑥

0

 

× 𝑡𝜌−1𝐸𝛼,𝛽,𝜈,𝜎,𝛿,𝑝 
𝜇,𝜌,𝛾,𝑞

(𝑎𝑡𝜆)𝑑𝑡 

or  

Φ =
Γ(ν)Γ(δ)

Γ(μ)Γ(γ)
𝑥𝜌+𝛽−1  

× ∑
Γ(ρ + α + β + γ + λn)Γ(ρ + λn)Γ(μ + ρn)Γ(γ + qn)

Γ(ρ + β + λn)Γ(ρ + γ + λn)Γ(β + αn)Γ(ν + σn)Γ(δ + pn)

∞

𝑛=0

(𝑎𝑥𝜆)
𝑛

(𝑛)!
 

Φ =
Γ(𝜈)

Γ(𝜇)

Γ(𝛿)

Γ(𝛾)
𝑥𝜌+𝛽−1 𝜓4

 
5
 [

(𝜌 + 𝛼 + 𝛽 + 𝛾, 𝜆), (𝜌, 𝜆), (𝛾, 𝑞), (𝜇, 𝜌)

(𝜌 + 𝛽, 𝜆), (𝜌 + 𝛾, 𝜆), (𝛽, 𝛼), (𝛿, 𝑝), (𝜈, 𝜎)
| 𝑎𝑥𝜆]        

this completes the proof of theorem.  

If we set μ = ν, ρ = σ and q = 1 in Eq. (19), then we obtain the following corollary:  

COROLLARY 5.1.1. The following result holds 

Φ =
Γ(𝛿)

Γ(𝛾)
𝑥𝜌+𝛽−1 𝜓3

 
4
 [

(𝜌 + 𝛼 + 𝛽 + 𝛾, 𝜆), (𝜌, 𝜆), (𝛾, 1)

(𝜌 + 𝛽, 𝜆), (𝜌 + 𝛾, 𝜆), (𝛽, 𝛼), (𝛿, 𝑝)
| 𝑎𝑥𝜆]          

where 𝛼, 𝛽, 𝛾, 𝜌, 𝛿 𝜖 𝐶, ℝ(𝛼) > 0, , 𝜆 > 0 and 𝑎 𝜖 𝑅.  

If we set 𝑝 = 𝛿 = 1 in above result we obtain the following corollary 5.1.2 

COROLLARY 5.1.2. The following result holds: 

Φ =
1

Γ(𝛾)
𝑥𝜌+𝛽−1 𝜓3

 
3
 [

(𝜌 + 𝛼 + 𝛽 + 𝛾, 𝜆), (𝜌, 𝜆), (𝛾, 1)

(𝜌 + 𝛽, 𝜆), (𝜌 + 𝛾, 𝜆), (𝛽, 𝛼)
| 𝑎𝑥𝜆]              

where 𝛼, 𝛽, 𝛾, 𝜌 𝜖 𝐶, ℝ(𝛼) > 0, , 𝜆 > 0 and 𝑎 𝜖 𝑅.  

THEOREM 5.2. If  𝛼, 𝛽, 𝛾 𝜖 𝐶, ℝ(𝛼𝑗) > 0, ℝ(𝛽𝑗) > 0 (𝑗 = 1 … 𝑚), ℝ(𝑘) > 0, 

ℝ(∑ 𝛼𝑗
𝑚
𝑗=1 ) > max[0, 𝑘 − 1] , 𝜆 > 0 and 𝑎 𝜖 𝑅. If the Wright function condition 
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[14] is satisfied and  𝐷0+
𝛼,𝛽,𝛾

 be the left-sided operator of generalized fractional 

differentiation associated with Gauss hypergeometric function, then there holds the 

following formula 

[𝐷0+
𝛼,𝛽,𝛾

𝑡𝜌−1𝐸𝛾,𝑘; 𝛽1,𝛽2 ,…,𝛽𝑚  
𝛼1,𝛼2,…,𝛼𝑚 

(𝑎𝑡𝜆)] (𝑥) =
𝑥𝜌+𝛽−1

Γ(𝛾)
𝜓3
 

2+𝑚
             

× [
(𝜌 + 𝛼 + 𝛽 + 𝛾, 𝜆), (𝜌, 𝜆), (𝛾, 𝑞), (𝜇, 𝜌)

(𝜌 + 𝛽, 𝜆), (𝜌 + 𝛾, 𝜆), (𝛽, 𝛼), (𝛿, 𝑝), (𝜈, 𝜎)
| 𝑎𝑥𝜆]        (20) 

PROOF. Denote L.H.S. of the theorem 5.2 by Ω then 

 Ω = [𝐷0+
𝛼,𝛽,𝛾

𝑡𝜌−1𝐸𝛾,𝑘; 𝛽1,𝛽2 ,…,𝛽𝑚  
𝛼1,𝛼2,…,𝛼𝑚 

(𝑎𝑡𝜆)] (𝑥)                                                  

Using the definition of multi-index Mittag-Leffler function was defined by Saxena 

and Nishimoto [12] and fractional differentiation formula (7), we get 

Ω = (
𝑑

𝑑𝑥
)

𝑘

(𝐼0+
−𝛼+𝑘,−𝛽−𝑘,𝛼+ 𝛾−𝑘

𝑡𝜌−1𝐸𝛾,𝑘; 𝛽1,𝛽2 ,…,𝛽𝑚  
𝛼1,𝛼2,…,𝛼𝑚 

(𝑎𝑡𝜆)) (𝑥)              

or  

Ω = (
𝑑

𝑑𝑥
)

𝑘 𝑥𝛼+𝛽

Γ(−𝛼 + 𝑘)
∫(𝑥 − 𝑡)−𝛼+𝑘−1 𝐹2

 
1
 (– 𝛼 − 𝛽, −𝛾 − 𝛼 + 𝑘; −𝛼 + 𝑘; 1 −

𝑡

𝑥
)

𝑥

0

 

× 𝑡𝜌−1𝐸𝛾,𝑘; 𝛽1,𝛽2 ,…,𝛽𝑚  
𝛼1,𝛼2,…,𝛼𝑚 

(𝑎𝑡𝜆)𝑑𝑡 

or  

Ω =
𝑥𝜌+𝛽−1

Γ(γ)
∑

Γ(ρ + α + β + γ + λn)Γ(ρ + λn)Γ(γ + kn)

Γ(ρ + β + λn)Γ(ρ + γ + λn) ∏ Γ(𝑛𝛼𝑗 + 𝛽𝑗)𝑚
𝑗=1

∞

𝑛=0

(𝑎𝑥𝜆)
𝑛

(𝑛)!
 

Ω =
𝑥𝜌+𝛽−1

Γ(γ)
𝜓3

 
2+𝑚
 [

(𝜌 + 𝛼 + 𝛽 + 𝛾, 𝜆), (𝜌, 𝜆), (𝛾, 𝑘)

(𝜌 + 𝛽, 𝜆), (𝜌 + 𝛾, 𝜆), (𝛽𝑗 , 𝛼𝑗)
| 𝑎𝑥𝜆]                      

this completes the proof of theorem.  

If we set 𝑘 = 𝑞 in Eq. (20), we obtain the following corollary 5.2.1 
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COROLLARY 5.2.1. The following result holds 

Ω =
𝑥𝜌+𝛽−1

Γ(γ)
𝜓3
 

2+𝑚
 [

(𝜌 + 𝛼 + 𝛽 + 𝛾, 𝜆), (𝜌, 𝜆), (𝛾, 𝑞)

(𝜌 + 𝛽, 𝜆), (𝜌 + 𝛾, 𝜆), (𝛽𝑗 , 𝛼𝑗)
| 𝑎𝑥𝜆] 

where 𝛼, 𝛽, 𝛾, 𝜌 𝜖 𝐶, ℝ(𝛼𝑗) > 0, ℝ(𝛽𝑗) > 0 (𝑗 = 1 … 𝑚), ℝ(𝛾) > 0, and  𝑎 𝜖 𝑅 

ℝ(∑ 𝛼𝑗
𝑚
𝑗=1 ) > max[0, 𝑞 − 1] , 𝜆 > 0.  

when 𝑞 = 𝑚 = 1, then above result reduced to the following corollary. 

COROLLARY 5.2.2. The following result holds 

Ω =
𝑥𝜌+𝛽−1

Γ(γ)
𝜓3

 
3
 [

(𝜌 + 𝛼 + 𝛽 + 𝛾, 𝜆), (𝜌, 𝜆), (𝛾, 1)

(𝜌 + 𝛽, 𝜆), (𝜌 + 𝛾, 𝜆), (𝛽𝑗 , 𝛼𝑗)
| 𝑎𝑥𝜆] 

𝛼, 𝛽, 𝛾 𝜖 𝐶, ℝ(𝛼) > 0, ℝ(𝛽) > 0, ℝ(𝛾) > 0, 𝜆 > 0 and  𝑎 𝜖 𝑅. 

6. RIGHT-SIDED GENERALIZED FRACTIONAL DIFFERENTIATION OF 
GENERALIZED MITTAG-LEFFLER FUNCTION AND MULTI-INDEX 
MITTAG-LEFFLER FUNCTION 

In this section we consider the right-sided generalized fractional differentiation 

formula of generalized Mittag-Leffler function and multi-index Mittag-Leffler 

function. 

THEOREM 6.1. If 𝛼, 𝛽, 𝛾, 𝛿, 𝜇, 𝜈, 𝜌, 𝜎 𝜖 𝐶; 𝑝, 𝑞 > 0 𝑎𝑛𝑑 𝑞 ≤ ℝ(𝛼) + 𝑝,  and 

𝑚𝑖𝑛(ℝ(𝛼), ℝ(𝛽), ℝ(𝛾), ℝ(𝛿), ℝ(𝜇), ℝ(𝜈), ℝ(𝜌), ℝ(𝜎)) > 0 and 𝑎 𝜖 𝑅. If the 

Wright function condition [14] is satisfied and  𝐷0−
𝛼,𝛽,𝛾

 be the right-sided operator of 

generalized fractional differentiation associated with Gauss hypergeometric 

function, then there holds the following formula 

[𝐷0−
𝛼,𝛽,𝛾

𝑡𝛼−𝜌𝐸𝛼,𝛽,𝜈,𝜎,𝛿,𝑝 
𝜇,𝜌,𝛾,𝑞

(𝑎𝑡−𝜆)] (𝑥) =
Γ(𝜈)

Γ(𝜇)

Γ(𝛿)

Γ(𝛾)
𝑥𝛼+𝛽+𝜌 𝜓4

 
5
              

× [
(𝜌 − 𝛼 − 𝛽, 𝜆), (𝜌 + 𝛾, 𝜆), (𝛾, 𝑞), (𝜇, 𝜌)

(𝜌 − 𝛼, 𝜆), (𝜌 − 𝛼 − 𝛽 + 𝛾, 𝜆), (𝛽, 𝛼), (𝛿, 𝑝), (𝜈, 𝜎)
| 𝑎𝑥−𝜆]     (21) 

PROOF. Denote L.H.S. of the theorem 6.1 by χ then 

  χ = [𝐷0−
𝛼,𝛽,𝛾

𝑡𝛼−𝜌𝐸𝛼,𝛽,𝜈,𝜎,𝛿,𝑝 
𝜇,𝜌,𝛾,𝑞

(𝑎𝑡−𝜆)] (𝑥)                                                  
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Using the definition of generalized Mittag-Leffler function was defined by Shukla 

and Prajapati [10] and fractional differentiation formula (8), we get 

 χ = (−
𝑑

𝑑𝑥
)

𝑘

(𝐼0−
−𝛼+𝑘,−𝛽−𝑘,𝛼+ 𝛾

𝑡𝛼−𝜌𝐸𝛼,𝛽,𝜈,𝜎,𝛿,𝑝 
𝜇,𝜌,𝛾,𝑞

(𝑎𝑡−𝜆)) (𝑥)              

or  

 χ = (−
𝑑

𝑑𝑥
)

𝑘 1

Γ(−𝛼 + 𝑘)
∫ (𝑡 − 𝑥)−𝛼+𝑘−1𝑡𝛼+𝛽 𝐹2

 
1
 (– 𝛼 − 𝛽, −𝛼 − 𝛾; −𝛼 + 𝑘; 1 −

𝑥

𝑡
)    

∞

𝑥

 

× 𝑡𝛼−𝜌𝐸𝛼,𝛽,𝜈,𝜎,𝛿,𝑝 
𝜇,𝜌,𝛾,𝑞

(𝑎𝑡−𝜆)𝑑𝑡 

or 

 χ =
Γ(ν)Γ(δ)

Γ(μ)Γ(γ)
𝑥𝛼+𝛽−𝜌  

× ∑
Γ(𝜌 − 𝛼 − 𝛽 + λn)Γ(𝜌 + 𝛾 + λn)Γ(μ + ρn)Γ(γ + qn)

Γ(𝜌 − 𝛼 + λn)Γ(𝜌 − 𝛼 − 𝛽 + 𝛾 + λn)Γ(ν + σn)Γ(δ + pn)Γ(β + αn)

∞

𝑛=0

(𝑎𝑥−𝜆)
𝑛

(𝑛)!
 

or 

χ =
Γ(ν)Γ(δ)

Γ(μ)Γ(γ)
𝑥𝛼+𝛽−𝜌 𝜓4

 
5
 [

(𝜌 − 𝛼 − 𝛽, 𝜆), (𝜌 + 𝛾, 𝜆), (𝛾, 𝑞), (𝜇, 𝜌)

(𝜌 − 𝛼, 𝜆), (𝜌 − 𝛼 − 𝛽 + 𝛾, 𝜆), (𝛽, 𝛼), (𝛿, 𝑝), (𝜈, 𝜎)
| 𝑎𝑥−𝜆], 

this completes the proof of theorem.  

If we set μ = ν, ρ = σ and q = 1 in Eq. (21), then result reduced in following 

corollary:  

COROLLARY 6.1.1. The following result holds 

χ =
Γ(𝛿)

Γ(𝛾)
𝑥𝛼+𝛽−𝜌 𝜓3

 
4
 [

(𝜌 − 𝛼 − 𝛽, 𝜆), (𝜌 + 𝛾, 𝜆), (𝛾, 1)

(𝜌 − 𝛼, 𝜆), (𝜌 − 𝛼 − 𝛽 + 𝛾, 𝜆), (𝛽, 𝛼), (𝛿, 𝑝)
| 𝑎𝑥−𝜆]          

where 𝛼, 𝛽, 𝛾, 𝜌, 𝛿 𝜖 𝐶, ℝ(𝛼) > 0, , 𝜆 > 0 and 𝑎 𝜖 𝑅.  

If we set 𝑝 = 𝛿 = 1 in above result we obtain the following corollary 6.1.2 

COROLLARY 6.1.2. The following result holds: 

χ =
1

Γ(𝛾)
𝑥𝛼+𝛽−𝜌 𝜓3

 
3
 [

(𝜌 − 𝛼 − 𝛽, 𝜆), (𝜌 + 𝛾, 𝜆), (𝛾, 1)

(𝜌 − 𝛼, 𝜆), (𝜌 − 𝛼 − 𝛽 + 𝛾, 𝜆), (𝛽, 𝛼)
| 𝑎𝑥−𝜆]             

where 𝛼, 𝛽, 𝛾, 𝜌 𝜖 𝐶, ℝ(𝛼) > 0, , 𝜆 > 0 and 𝑎 𝜖 𝑅.  
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THEOREM 6.2. If  𝛼, 𝛽, 𝛾 𝜖 𝐶, ℝ(𝛼𝑗) > 0, ℝ(𝛽𝑗) > 0 (𝑗 = 1 … 𝑚), ℝ(𝑘) > 0, 

ℝ(∑ 𝛼𝑗
𝑚
𝑗=1 ) > max[0, 𝑘 − 1] , 𝜆 > 0 and 𝑎 𝜖 𝑅. If the Wright function condition 

[14] is satisfied and  𝐷0−
𝛼,𝛽,𝛾

 be the right-sided operator of generalized fractional 

differentiation associated with gauss-hyper geometric function, then there holds the 

following formula 

[𝐷0−
𝛼,𝛽,𝛾

𝑡𝛼−𝜌𝐸𝛾,𝑘; 𝛽1,𝛽2 ,…,𝛽𝑚  
𝛼1,𝛼2,…,𝛼𝑚 

(𝑎𝑡−𝜆)] (𝑥) =
1

Γ(𝛾)
𝑥𝛼+𝛽−𝜌 𝜓3

 
2+𝑚
            

× [
(𝜌 − 𝛼 − 𝛽, 𝜆), (𝜌 + 𝛾, 𝜆), (𝛾, 𝑘)

(𝜌 − 𝛼 − 𝛽 + 𝛾, 𝜆), (𝜌 − 𝛼, 𝜆), (𝛽𝑗 , 𝛼𝑗)
| 𝑎𝑥−𝜆]       (22) 

PROOF. Denote L.H.S. of the theorem 6.2 by Χ then 

 Χ = [𝐷0−
𝛼,𝛽,𝛾

𝑡𝛼−𝜌𝐸𝛾,𝑘; 𝛽1,𝛽2 ,…,𝛽𝑚  
𝛼1,𝛼2,…,𝛼𝑚 

(𝑎𝑡−𝜆)] (𝑥)                                                  

Using the definition of multi-index Mittag-Leffler function was defined by Saxena 

and Nishimoto [12] and fractional differentiation formula (8), we get 

 Χ = (−
𝑑

𝑑𝑥
)

𝑘

(𝐼0−
−𝛼+𝑘,−𝛽−𝑘,𝛼+ 𝛾

𝑡𝛼−𝜌𝐸𝛾,𝑘; 𝛽1,𝛽2 ,…,𝛽𝑚  
𝛼1,𝛼2,…,𝛼𝑚 

(𝑎𝑡−𝜆)) (𝑥)              

or  

 Χ = (−
𝑑

𝑑𝑥
)

𝑘 1

Γ(−𝛼 + 𝑘)
∫ (𝑡 − 𝑥)−𝛼+𝑘−1𝑡𝛼+𝛽 𝐹2

 
1
 (– 𝛼 − 𝛽, −𝛼 − 𝛾; −𝛼 + 𝑘; 1 −

𝑥

𝑡
)    

∞

𝑥

 

× 𝑡𝛼−𝜌𝐸𝛾,𝑘; 𝛽1,𝛽2 ,…,𝛽𝑚  
𝛼1,𝛼2,…,𝛼𝑚 

(𝑎𝑡−𝜆)𝑑𝑡 

or 

 Χ =
𝑥𝛼+𝛽−𝜌 

Γ(−𝛼 + 𝑘)
∑

Γ(𝜌 − 𝛼 − 𝛽 + λn)Γ(𝜌 + 𝛾 + λn)Γ(γ + kn)

Γ(𝜌 − 𝛼 + λn)Γ(𝜌 − 𝛼 − 𝛽 + 𝛾 + λn) ∏ Γ(𝛽𝑗 , +𝛼𝑗n)m
j=1

∞

𝑛=0

(𝑎𝑥−𝜆)
𝑛

(𝑛)!
 

or 

 Χ =
1

Γ(𝛾)
𝑥𝛼+𝛽−𝜌 𝜓3

 
2+𝑚
 [

(𝜌 − 𝛼 − 𝛽, 𝜆), (𝜌 + 𝛾, 𝜆), (𝛾, 𝑘)

(𝜌 − 𝛼 − 𝛽 + 𝛾, 𝜆), (𝜌 − 𝛼, 𝜆), (𝛽𝑗 , 𝛼𝑗)
| 𝑎𝑥−𝜆],  

this completes the proof of theorem.  
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If we set 𝑘 = 𝑞 in Eq. (10), we obtain the following corollary 6.2.1 

COROLLARY 6.2.1. The following result holds 

Χ =
𝑥𝛼+𝛽−𝜌

Γ(𝛾)
𝜓3

 
2+𝑚
 [

(𝜌 − 𝛼 − 𝛽, 𝜆), (𝜌 + 𝛾, 𝜆), (𝛾, 𝑞)

(𝜌 − 𝛼 − 𝛽 + 𝛾, 𝜆), (𝜌 − 𝛼, 𝜆), (𝛽𝑗 , 𝛼𝑗)
| 𝑎𝑥−𝜆],   

where 𝛼, 𝛽, 𝛾, 𝜌 𝜖 𝐶, ℝ(𝛼𝑗) > 0, ℝ(𝛽𝑗) > 0 (𝑗 = 1 … 𝑚), ℝ(𝛾) > 0, and  𝑎 𝜖 𝑅 

ℝ(∑ 𝛼𝑗
𝑚
𝑗=1 ) > max[0, 𝑞 − 1] , 𝜆 > 0.  

when 𝑞 = 𝑚 = 1, then above result reduced to the following corollary [19]. 

COROLLARY 6.2.2. The following result holds 

Ω =
𝑥𝛼+𝛽−𝜌

Γ(𝛾)
𝜓3

 
3
 [

(𝜌 − 𝛼 − 𝛽, 𝜆), (𝜌 + 𝛾, 𝜆), (𝛾, 1)

(𝜌 − 𝛼 − 𝛽 + 𝛾, 𝜆), (𝜌 − 𝛼, 𝜆), (𝛽, 𝛼)
| 𝑎𝑥−𝜆], 

𝛼, 𝛽, 𝛾 𝜖 𝐶, ℝ(𝛼) > 0, ℝ(𝛽) > 0, ℝ(𝛾) > 0, 𝜆 > 0 and  𝑎 𝜖 𝑅. 

REMARK if we set 𝜆 = 𝜐 in above corollary, we arrive at the result [20].  

CONCLUSIONS 

In this paper, we have deduced some fractional calculus results involving 

generalized Mittag-Leffler function and multi-index Mittag-Leffler function. The 

results are general in nature and can be used to desire some new and know results 

having application in scientific and technological fields. 
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