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Some Generalized Inequalities Involving Local
Fractional Integrals and their Applications for
Random Variables and Numerical Integration
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Abstract

We establish generalized pre-Griiss inequality for local fractional integrals. Then, we obtain some
inequalities involving generalized expectation, p—moment, variance and cumulative distribution function
of random variable whose probability density function is bounded. Finally, some applications for
generalized Ostrowski-Griiss inequality in numerical integration are given.
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1. INTRODUCTION

In 1935, G. Griiss [10] proved the following inequality which establishes a
connection between the integral of the product of two functions and the product of
the integrals of these two functions:

b b b
[ Wear— o [ e [gds| < g-mN—n), (11)

provided that f and g are two integrable function on [a, b] satisfying the condition
m< f(x) <M and n <g(x) <N forall x € [a,b]. (1.2)

The constant % is best possible.
In 1938, Ostrowski established the following interesting integral inequality for

differentiable mappings with bounded derivatives [14]:

THEOREM 1.1 (Ostrowski inequality). Let f : [a,b] — R be a differentiable
mapping on (a,b) whose derivative f' : (a,b) — R is bounded on (a,b), ie.
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£l := szlp) |f'(¢)| < oo. Then, we have the inequality
te(ab

(252’

b
f(X)—bia/f(t)dt < lfﬁ(b_z)z] b=a)lf]. (13)

for all x € [a,b]. The constant § is the best possible.

Inequality (1.3) has wide applications in numerical analysis and in the theory of
some special means. Hence inequality (1.3) has attracted considerable attention and
interest from mathematicians and researchers. We refer to our recent paper [7].

From [11], if f: [a,b] — R is differentiable on (a,b) with the first derivative f’
integrable on [a, b], then Montgomery identity holds:

b b
1
1) = 5 [ rdr+ [ P f o, (14
a a
where P(x,t) is the Peano kernel defined by

I—a <t <
P(x,t) =14 @’ ast=x
’ I=b <1< b

=a
In [8], Dragomir and Wang proved the following result which is Ostrowski type
inequality using the inequality (1.1) and Montgomery identity (1.4).
THEOREM 1.2. Let f :1 C R — R be a differentiable mapping in I° and let a,b €
I° witha < b. If f € Ly |a,b] and
y<f(x) <T VxE€]la,bl,

then we have the following inequality

b

0= [ SO0 (a8

(b—a)(T—7)

FN,

b—a 2

a

Sforall x € |a,b].

In a recent paper [12], Mati¢ et al. established the following inequality, which
has been called the pre-Griiss inequality in [3].
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THEOREM 1.3. Let f, g : [a,b] = R be two integrable functions and y; < g(x) <
Iy, for all x € |a,b], where y1,T'1 € R are constants. Then we have

b

bia/f() dx/b

a

b b
1 1 1 '
< 5Ti=n) El/fz(x)dx— m./f(x)dx

In the last years, many papers were devoted to the generalization of Griiss type

D=

inequalities and also were derived some statistical applications related to this
inequalities, we can mention the works [2], [3], [5], [8], [12], [15], [16].

2. PRELIMINARIES

Recall the set R* of real line numbers and use the Gao-Yang-Kang’s idea to
describe the definition of the local fractional derivative and local fractional integral,
see [20; 21] and so on.

Recently, the theory of Yang’s fractional sets [20] was introduced as follows.

For 0 < or <1, we have the following o-type set of element sets:

Z% : The o-type set of integer is defined as the set {0%,+1%,+2%,. .}
Q% : The a-type set of the rational numbers is defined as the set {m (g)
P,q€Z,q#0}. .
J% : The a-type set of the irrational numbers is defined as the set {m* # (%)

P,9€Z,q#0}.
R% : The o-type set of the real line numbers is defined as the set R* = Q* UJ.
If a®,b* and c® belongs the set R* of real line numbers, then
(1) a®* 4+ b* and a®b® belongs the set R%;
(2) a*+b* =b*+a* = (a+b)* = (b+a)*
(3) a* + (b* +c%) = (a+b)*
4) a*b* = b*a* = (ab)* = (ba)*;
(5) a®* (b*c*) = (a®*b%*) c*;
(6) a®* (b* +c%*) = a%b®* + a%*c®
(7 a®*+0% =0%+a% = a% and a*1% = 1%a% = a%.
The definition of the local fractional derivative and local fractional integral can

be given as follows.
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DEFINITION 1. [20] A non-differentiable function f : R — R*, x — f(x) is
called to be local fractional continuous at x, if for any € > 0, there exists 0 > 0,

such that

f(x) = f(x0)| < &

holds for |x — xo| < 8, where €,6 € R.If f(x) is local continuous on the interval (a,b),
we denote f(x) € Cy(a,b).

DEFINITION 2. [20] The local fractional derivative of f(x) of order o at x = xg
is defined by

f<“)(x0) = def(x) = lim M

dx® |, % (x—x0)*

where A% (f(x) — f(x0)) =T'(oc+1) (f(x) — f(x0)) -

)

k+1 times

——
If there exists fK*)%(x) = D¥...D%f(x) for any x € I C R, then we denoted
f € Dgs1ya(l), where k=0,1,2, ...

LEMMA 1. [20] Suppose that f(x) € Cq[a,b] and f(x) € Dg(a,b), then for
0 < o < 1 we have an a—differential form

d%f(x) = 1% (x)dx®.

DEFINITION 3. [20] Let f(x) € Cq[a,b]. Then the local fractional integral is
defined by,

1
aly (%) oc+1 /f Tla+1) At—>OZf

with Atj:t]ur] —1j and At:maX{Atl,Atz,...,Athl}, where [tj,tj+1] ,Jj=0,...,
N—landa=1y<t <..<ty_1 <ty =bispartition of interval [a,b] .

LEMMA 2. [20]
(1) (Local fractional integration is anti-differentiation) Suppose that
f(x) =g (x) € Cya,b], then we have

oly f(x) = g(b) - g(a).

(2) (Local fractional integration by parts) Suppose that f(x),g(x) € Dy [a,b] and
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F @ (x), ¥ (x) € Cy [a,b], then we have

oI F(x)g' @ () = F()g ()l —a Ll 1P (x)g(x)-

LEMMA 3. [20] We have
' daxka F(l +ka) x(k*l)a.

D Tt h=Da) ’
¥ 1 b kot o _ I(1+ka) (k+1)e (k+1)o
ii) F(Oc—i—l)afx (dx) Ttk a) (b —a ),kER.

In [1], Akkurt et al. proved the following theorem. In this article, we give some
results related to this inequality and some applications for generalized

Ostrowski-Griiss inequality in numerical integration.

THEOREM 2.1 (Generalized Ostrowski-Griiss inequality). Let I C R be an
interval, f:1° C R — R (I is the interior of I) such that f € Dy (I°) for a,b € I°
with a < b. If f\% € 1% [a,b] and

§< @) <A

where §,A € R, then we have

I'l+a)

a « (14 a) f(b) - f(a) a+b\”
f(x)_(b—a)“ aly (1) =2 r(1+2a) (b—a)® ("_ 2 )
2.1
(b—a)®
= m(A*&

forallx € [a,b].
In [19], the following result called generalized Griiss inequality was derived by
Sarikaya et al.

THEOREM 2.2 (Generalized Griiss inequality). Let f,g € I%[a,b]. Then, ¢ <
S(x) <D and y<g(x)<T, forall x € [a,b],0,®,yand I € R* we have

(b_a)ZOC
Ta(f,8)| < m(q’—‘l’)(r—ﬂ (2.2)
where
Tulf,8) = (e T8 - LS. @)

The concept of local fractional calculus (also called fractal calculus) is

introduced by Yang in [20]. The local fractional calculus is utilized to handle various
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nondifferentiable problems that appear in complex systems of the real-world
phenomena. Especially, the nondifferentiability occurring in science and engineering
was modeled by the local fractional ordinary or partial differential equations. Thus,
these topics are important and interesting for researchers working in such fields as
mathematical physics and applied sciences. Authors give some integral inequalities
involving generalized moments in [1]. Chen established Holder’s inequality and
some integral inequalities on fractal space in [4]. Erden and Sarikaya proved some
Pompeiu type inequalities involving local fractional integrals and gave its
applications. In [13], generalized convex functions are introduced by Mo et al.. In
[17]-[19], authors deduced some generalized integral inequalities which are
Ostrowski and Griiss type by using local fractional integrals. Yang mentioned some
topics related to local fractional calculus and its applications in [21]-[24].

In this study, we establish generalized Pre-Griiss inequality for local fractional
integrals. Then, some application of this inequality for generalized continuous random
variables are given. Finally, we obtain some estimates of composite quadrature rules

by using generalized Ostrowski-Griiss inequality.

3. GENERALIZED PRE-GRUSS INEQUALITY FOR LOCAL FRACTIONAL
INTEGRALS
We establish generalized pre-Griiss inequality by using local fractional integrals.

THEOREM 3.1 (Generalized Pre-Griiss inequality). Let f,g € I% [a,b] and ¢ <
f(x) <@, forall x € [a,b], where @,® € R*. Then we have

Talf.8)| < gty 2y @~ ) [Tl ) 6.0

where T (f,g) is defined as (2.3).

PROOF. By using the local fractional integrals for mappings f,g € I%[a,b], we
have the generalized Korkine’s identity

b b
1 o o
T / / /00 = £ 0] [g() = 8] (@) (@) ¢2)

= m “Il?f(x)g(x) - 205 [ aI/?f(X)] [ algg(x)]
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Appling generalized Holder’s integral inequality for p = q = 2, we obtain

2
(Wu(ﬁg)) (3.3)

b b 2
1 o o
- La (b—a)2°‘F2(1+a)a/a/[f(x)_f(y)] [8(x) =8 ()] (dy)™ (dx) ]

IN

b b
(2a (b—a)2<lxrz(1+a)//[f(X)—f(y)]z(dy)“(dx)a)

b
1 a
T(l+a) (ba)“F(1+a)a/f(x)(dx) )

b
1 ' « P
(F(1+a)(b—a)°‘ /ﬂx)(dx) _F(1+a))

a

b
(b—a)a;2(1+a) /[‘I’*f(X)} [f(x) — @] (dx)*.

a

Using the fact that [® — f(x)][f(x) — @] > 0 and also the elementary inequality for

a—type set of the real line numbers
2
4%pg<(p+4q)°, p,g€R?,

we obtain
1
mTa (f. f)

If we substitute the inequality (3.4) in (3.3), then we obtain the inequality (3.1). The

2
< m(q)— ®)" 3.4

proof is thus completed.
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4. SOME INEQUALITIES FOR RANDOM VARIABLES

Let X be a random variable having the probability distribution function
f:[a,b] — R%. Assume that there exists the lower and upper bound for f, i.e.,
o—type real numbers ¢,® such that f(r) € Cy[a,b] and 0 < ¢ < f(z) <P < 1 for all
t € [a,b]. Define the generalized expectation, p—moment, variance of the random

variable X as follows:

b
E(X) = s [ 1) an®,

INo+1)
b
E;)(X) a+1 /tpo‘f )*, where p >0,
b
Vara(X) = 4X) = fra / 1)(dr)®

= E¢(X)—[E*(X))*, where u =E%(X)and u € [a,b] C R®

respectively.
THEOREM 4.1. Let X, f and E*(X) be as defined in above. Then we have the
inequality
E“X) TI'(l+a)
T(l+a) L[(1+2a)
(b—a)® @ ¢) r(1+2a)
- 20T (14 o) I'l+o)T'(1+3a)
1
F2(1+a) 200 2
- b
(1520 @0

Sforall x € [a,b].

(a+b)*

A.1)

(az—i—ab—&—bz)a

PROOF. Choosing g(t) =t% in (3.1), it follows that
(b—a)®
I'l+a)

(b—a)®
= 20T (1+ )

apt*f(t) = [ aly ()] [ aly1”] (4.2)

(b—a)*

Ia 20 Iata2
r(l+a)“ ~Lalit"]

(P-9)
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Because f is a pdf and above definition, we have

JEfE) =1 4.3)
and
E%*(X)= Jt%f(t). 4.4
Also, using the Lemma 3, we get
aa_r(1+a) 2 2\¢&
o =T 20) (b>—a”) 4.5)
and
(b—a)* a0 aaZ%
{F(l+a)‘”’t [ulbt]} (4.6)
. N F(1+2a) 2 2\ &
= (b-9) [F(l+a)l‘(1+3a) (@ +ab+b7)
F2(1+Ot) 2a 2
TE(ig2a) @) ] '

Substituting the equalities (4.3), (4.4), (4.5) and (4.6) in (4.2), we easily deduce
desired inequality (4.1) which completes the proof.

Let us recall generalized p—Logarithmic mean:

Ly(a,b) = T(1+(p+1)a) (b—a)®

(o _ ,(p+1)a i
I'(1+4pa) [b a H , peZ\{-1,0}, a,b€R, a#b.

PROPOSITION 1. Let X, f and E}(X) be as defined in above. Then we have the
inequality
’ EF(X)

Fiea 400

(b B a)a 2p 2
< —— " (®d—¢)|=——LP(a,b)—L*P(a,b
The proof is obvious by the inequality (3.1) in which we choose g(t) =%, p €
Z\{—1,0} and use the definition of generalized p—Logarithmic mean.



58 S. Erden, M. Z. Sarikaya and N. Celik

THEOREM 4.2. Let X, f and Vary(X) be as defined in above. Then we have the
inequality

Varg(X)

F(H_a)A‘ (4.7)
1
b-a)® o [ B ]
S erira) ‘p)[r(1+a) A} '
where
r(+2a) [(b—a)* g a+b\**
AT 053a) | ae  ° <“_ 2 )
and
C(1+4a) [ (b—a)** _, a+b\*
F(i+5a) | 16e > (F~ 2)

PROOF. Choosing g(t) = (t — )% in (3.1), it follows that
(b—a)®

T (1o (7 0) = Ll F) [l (6 = 10 “8)
(bia)a (bfa)a o 4o o 20 2 1
< m(q)—‘l’) malb (t—u) —[alb (t—u) ] }
Because f is a pdf and above definition, we have
JdEf)=1 4.9)
and
Varg(X) = oI (t —u)zo‘ f(x). (4.10)

Also, using the Lemma 3, we get

A8 (—py = FUF28) () e [U’C‘)MHO‘ <u— ”b)m] @.11)

'(14+3a)
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and

)406 F(1+4a)

- m(b*“)a :(b*#)t(bfuf(ufa) (4.12)

(b= ) (m—a) = (b—u) (u—a)’ + (1 —a)']

_ I(1+4a) o b=a)** o atb\*
T g5 P79 | THee P T

20 2a
o(b—a) _a+tb
+10 1a (u > .

of (1=
o

If we substitute the equalities (4.9), (4.10), (4.11) and (4.12) in (4.8), then we obtain
required inequality (4.1) which completes the proof.

5. AN APPLICATION FOR CUMULATIVE DISTRIBUTION FUNCTION

The following theorem contains an inequality which connects the generalized
expectation E%(X), the Cumulative Distribution Function

Pr(X <) = Fo(X) = ﬁ [ ryane

and the probability distribution function f : [a,b] — R* has the bounds ¢ and &,
where @, ® € R%.

THEOREM 5.1. Let X, f, E*(X), Fy(-) and @, ® be as defined in above. Then

we have the inequality

E*X)+(b—a)* Fy(X) —b*
S
(b—a)*
Sm(q’_@
['(1+20a) (b—a)* _, a+b\* :
C(l+a)C(1+3a) | 4 3 <x_ 2 > ]_Cz

Sfor all x € [a,b], where

I(l+a) a+b\*
—_na —
€= 120 <x 2 > '
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PROOF. Define the mapping
t—a)® <r<x
Py (x,1) :_—{ E )" asts

Using the Lemma 1, because f is a pdf, we write

b
1 o
m/P(xJ)f(f)(df) (5.2)
— E%(X) + (b—a)® Fa(X) — b .

If we take the inequality (3.1) for g(t) = Py (x,t), we get

(b _a)a o g a
T 8 Pale )1 (0) = Lalf F)) (Put ) 53
1
(b_a)a (b_a)a o p2 o 2 2
< m(‘b—@ [F(l—&—a) alp Po(x,1) — [ al)) Po(x,1)] }
Because f is a pdf, we have
alg‘f(t) =1. 5.4
Now, using the Lemma 3, we obtain
(1 b\“
8Py (x,1) = 2“F((] LO;)) (x “; > (b—a)® (5.5)
and
apr o L(l+2a) o|(b=a)* o atb\*
aIbPa(X,t)—m(b_a) lw+3 (x_ 2 ) . (56)

If we substitute the equalities (5.2), (5.4), (5.5) and (5.6) in (5.3), then we obtain
required inequality (5.1) which completes the proof.

REMARK 1. Ifwe take x = # in (5.1), then we have the inequality

‘Ea(X)Jr(ba)aI;r (X < “erb> —b®

T(1+20) 1% (b—a)™@
- {F(l+a)l‘(l+3(x)} 4o

REMARK 2. Under the same assumptions of Theorem 5.1 with x = a, x = b,

(P—9).

adding the results and using the triangle inequality for the modulus, we get the
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inequality

E%(X) - (anrb)“

r(l+20) ( I'(l+a) ﬂ 2 (b—a)®

= T+ a)T(1+3a) \[(1+20a) s (=)

6. APPLICATIONS TO NUMERICAL QUADRATURE RULES

We give some results related to the inequality (2.1).

COROLLARY 1. Under the same assumptions of Theorem 2.1 with x = a, x =
b, adding the results and using the triangle inequality for the modulus, we get the
inequality

(b—a)”
4T (14 )

‘f(a)+f(b) I(l+a) (A—9). ©6.1)

oo - (b_a)oc (llbf()

REMARK 3. Ifwe choose x = “;b in Theorem 2.1, we obtain

a+b 'l+a) , (b—a)*
’f( ) (b—a)” aly /1) §40‘F(1+a)

(A-3).

We now consider applications of the generalized Ostrowski-Griiss inequality, to
obtain estimates of composite quadrature rules which, it turns out have a markedly
smaller error than that which may be obtained by the classical results.

LetI, :a=xp < x] <..<xp—1 <X, => be a division of the interval [a,b],
& € [xi,xiy1] (i=0,...,n—1). Define the quadrature

S(f. 1 &) - 1+a ):f (&)h (6.2)

I(l+a)

SRty Z( =) ) o)

where /’l,' = Xj+1 — Xi, i= (), ey — 1.
THEOREM 6.1. Let f: [a,b] C R — R* be a mapping such that f € Cy [a,b] and
[ €Dqla,b). If

§<f@x) <A
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where 8,A € R*, then we have the representation
: b
cira | SO@® =S E) + R 1)

where S(f,1,,€) is as defined in (6.2) and the remainder satisfies the estimation

R(f.1n,8)| < 40@ 1 e Z B 63)

PROOF. Applying Theorem 2.1 on the interval [x;,xi+1] for the intermediate

points &;, we obtain

L (60 ) - o)

e "
r(1+a) &) =l f10) =2 I(14+2a

h3®

= r(ira 4

foralli=0,...,n—1. Summing over i from 0 to n— 1 and using the triangle inequality
we obtain the estimation (6.3).

Now, define the mid-point and trapezoidal quadrature rule, respectively, as the

followings:

. 1 - Xi+ X1\ o

-xl +f xH»l)h

1

AT(f7n :: 1+a 2

where h; = (xi41 —x;),i=0, ..., n—1.
It is clear that inequality (6.3) is much better than the classical averages of the
remainders of the generalized Midpoint and Trapezoidal quadratures.
REMARK 4. If we choose & = H# in Theorem 6.1, then we recapture the
midpoint quadrature formula
b

ey ] 100" =Aw( 1)+ Rl )
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where the remainder Ry (f,1,) satisfies the estimation

R 206
| M(f7 )|—4a1—~2 1+a Z

Also, if we consider the inequality (6.1), then we recapture the trapezoidal quadrature

formula

b
Fray | FOG0" =Ar(7) e 1)

where the remainder Ry (f,1I,) satisfies the estimation

A-8

IRr (f,1n)| < 2T (1 1 a) & Y e
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