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A New Approximate Analytical Method for ODEs

HOSSEIN AMINIKHAH

Abstract

In this paper, we propose a new algorithm for solving ordinary differential equations. We show the superiority
of this algorithm by applying the new method for some famous ODEs. Theoretical considerations are discussed.
The first He’s polynomials have used to reach the exact solution of these problems. This method which has
good stability and accuracy properties is useful in deal with linear and nonlinear system of ordinary differential
equations.
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1. INTRODUCTION

Differential equations have wide applications in various engineering and science
disciplines. In general, modeling of the variation of a physical quantity, such as
temperature, pressure, displacement, velocity, stress, strain, current, voltage, or
concentration of a pollutant, with the change of time or location, or both would result in
differential equations. Similarly, studying the variation of some physical quantities on
other physical quantities would also lead to ordinary differential equations. Many famous
mathematicians have studied differential equations and contributed to the field, including
Newton, Leibniz, the Bernoulli family, Riccati, Lane, Emden, Clairaut, Euler and
Lagrange. The various powerful numerical and analytic methods such as perturbation
methods, Nayfeh (2011), Rand et al. (1987), He (1999), Ganji (2006), Abbasbandy
(2006), Yildirim et al. (2009), Shakeri et al. (2008), Aminikhah (2010) and Aminikhah et
al. (2009), Adomian decomposition method, Bildik et al. (2006), Biazar et al. (2004),
Babolian et al. (2004) and Pamuk (2005), homotopy analysis method, Liao (2004),
Abbasbandy (2006) and Jafari et al. (2012) and differential transform method, Odibat et
al. (2008), Ertiirk et al. (2008) and Ayaz (2004) have been developed for solving them.

There are some methods to obtain approximate and analytical solutions of this kind
of equations. The purpose of this article is to extend the new iterative method with a
reliable algorithm for solving the general linear and nonlinear ordinary differential
equations. This algorithm is based on perturbation technique and Laplace transform.
Several examples, including some well known problems, will present to show the ability
of the new method.
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2.  ANALYSIS OF THE METHOD
In this section, we illustrate basic idea of the proposed approach. Consider the

following nonlinear equation:

LU)+N @)=f (t) (1)
with the following initial conditions
u(0) =a,u'0)=a,...u"0) =« @)

where L is a linear, N is a nonlinear operator and f (t) is a known analytical

function.

By the homotopy technique, we construct a following equation

L{)—uo+p{N ) +u,—f (1)}=0, (3)
where p €[0,1] is an embedding parameter, U, = iﬁnQn t) and B,,. 5., 5;,---
n=0

are unknown coefficients and Q, (t),Q,(t),Q,(t),... are specific functions depending

on the problem.

It is assumed that the unknown function V (t) can be expressed by an infinite series,

vV = Z p”vn, and nonlinear term N (V) can be decomposed into an infinite series of
=0
polynomials given by
N@)=DH, WoVyV,) 4)
n=0

where H, (,,V,,....v,) are called He’s polynomials and proposed by Ghorbani
(2009), and are defined by

_1)4d” K _
Hn(\/o,vl,...,vn)_m{dpn N (kzzép vk)}p_o, n=0,12,.. (5)

Obviously, when p =1, from (3) we have original equation (1).

Now let us write the equation (3) in the following form
L(V) = ZﬁnQn (t)_ p (ZH n (\/O’Vl""’vn)+2ﬂnQn (t) —f (t)] (6)
n=0 n=0 n=0

where L) =v ™.
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By applying Laplace transform on both sides of (6), we have

s"L{u}-5"V (0)—s" A (0) —--—v " P(0) =

: : : )
L{ZﬂnQn (t)_ p (Z H n (VO’Vl""'Vn) +ZﬂnQn (t)_f (t)j}
or
Spv, =£1{Sin(s“-1v (0)+5" % (0) +---+v " (0))
I ) . ®
_‘E{ZﬂnQn (t)_ p (Z_: H n (VO’V17""Vn)+Z_:IBnQn (t)_f (t))}}
Suppose that the initial approximation has the form

v(0)=a,v'(0)=a,....v " (0) =, _, and comparing coefficients of terms with

identical powers of P, leads to

Vo(x)zfl{siao sl Q tet— S i By Q(t)}

n=0

L
vl(x):fl{_sinL{Ho(vo)+ZﬂnQn(t)—f (t) }

v,00) = fl{— {H1<v0,vl)}},

1,
s"
Va(X)=fl{—Si {H W,V Vz)}} ©)

Vm(x) :fl{_sinL{Hm—1(V0'V1’V2’~-!Vm_1)}},

Now, let us determine [, /3, 5,,... so that v, =0, then from (9) we have

V,=V,=..=0. Setting p =1, results in the solution of equation (3) as the

following:

u(t)=v,(t)
. 1 1 1
_f{s Gttt _1+s—§ﬁn£{Qn(t)}}.
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Therefore, in this method, only the first He polynomial is calculated, and does not need to

solve the differential equation in each iteration. Also we applied just two iterations.

3. ILLUSTRATIVE EXAMPLES
In this section, we apply the new method for solution of some ordinary differential

equations of Lane-Emden, Ricatti and Euler-Lagrange type.

EXAMPLE 1. In general, the Lane-Emden type equations proposed by Shawagfeh
(1993), are formulated as

u”+%u +f,)gu)=h(t) (10)
with initial conditions

u(0)=A,u’(0)=B.

where «, A and B are real constants and f,(t), g(y) and h(t) are some given

functions. For f,(t)=1 h(t)=0, gu)=u™, A=1and B =0, equation (10) is

the standard Lane-Emden equation that we used to model the thermal behavior of a
spherical cloud of gas acting under the mutual attraction of its molecules and subject to

the classical laws of thermodynamics
14 2 m
u +t—u +u" =0,t >0 (11)
Subject to the initial conditions
u(0)=21u'(0)=0.

where m > 0 is constant. Substituting M = 0,1 and m =5 into equation (11) leads to

the exact solution

t2
U(t):l—a,
u -0,

t? 2
U(t):(1+§j y

respectively.
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To solve standard Lane-Emden equation (11), by the new method we construct the
following equation

_iﬂnQn(t)"'p(iﬁnQn(t)‘FtEV’-l-Vm]:O (12)

where L(V):V”,N (V):tEV’-i-Vm,f =0 and HO(VO):tZVé'FV(;n

By applying Laplace transform on both sides of (12), we have

ﬁ{v ”_iﬂnQn(t%L p(iﬂnQn (t)+tgv'+vm]}:0

Using the differential property of Laplace transform we have
S2L{}-sv (0)—v (0) = nﬁ;ﬂnﬁ{Qn ®)
- pﬁ{iﬂnQn (t)+tgv Y m}
n-0
or

£{v}—%{sv O+ '(0)+§ﬂn£{qn(t>}}

1 5 (13)
=L BQ, ) +=v +v "
n=0 t
where 3,5, ,/3,,... are unknown coefficients, Q, (t)=t" are specific functions
depending on the problem, v (0) =1,v'(0)=0 and Vv = Z pv,.
n=0
By applying inverse Laplace transform on both sides of (13), we have
Zp”v L‘l{ {s +Zﬂ £{Q, (t)}}}
(14)

—pfl{s {ZﬁQ (t)+—v +v }}

According to (9) and (14), we have
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wo-£2 53 ari0.0))

1 ., 1 . 1 s 1 5
=1+t +=pt°+ =t "+ —=Bt° +---
YR TUCITY
1 (& 2., 2
vl(t):L‘l{——z{ZﬂnQn(t)+—vo+—2vo
5?2 | &~ t %t
Case 1: Assume that m =0, if we set v, (t) =0 then we have

13\, 1 .5 ., 3 .
I ;N e Sy, L Ly, | L
(2 Zﬁo) 3ﬂ1 36ﬂ2 40ﬁ3

This implies that

1
ﬂo :_5’131 ::Bz :ﬂs =
Therefore, the exact solution is recognized easily

ut)=v,t)= 1——t

Case 2: Assume that m =1, if we set vV, (t) =0 then we have
2_ £4
(3 3m)e om0}

1
3
7 6
— B ltf—...=0.
(120 j (360 150ﬂ “)

This implies that

1 1 1
:Bo —_éfﬂz —E'ﬂ4 __ﬁ’--

Lo =0k =01....
Therefore, the exact solution is recognized easily

1 1 1

ut)=v,(t)=1->t?+—t*———t°+...

6 120 5040
SUEETE I TN FLI
3 51 7l

_sin(t)

t

=0.
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Case 3: Assume that m =5, if we set v, (t) =0 then we have
1 3

1 5 5
242 B B+ — B, |t
5 zﬂoj 34 (24% 36ﬁ2j

1 3 5 121 7 6
—| =B +—=pB - =f +—p,+ t
TATY A B Y TR

150
5 1 2 .
|\ =B BA—= B+ B [t' = =0.
TR &@j
This implies that
1 1 75
ﬂo__§1ﬁz_51ﬁ4—_2_16a---,
ﬂ2k+lzo,k :0,1,....
Therefore, the exact solution is recognized easily
1 1 5
ut)=v. t)=1-"t?+—t*——t%4+...
O =voO) =1-5t+ 20t 23
0(3) (L3
112 \2)\2)(t?) (2)l2 )\ 2)(t?
=]1-—| — |47 | L~ Z 77 | 4.
2\ 3 2! 3 3! 3

1

2\ 2

=(1+LJ :
3

EXAMPLE 2. Consider the following Euler-Lagrange equation of order two, with
the initial conditions
2 2 1
U"—t—u'+t—2u :t2 +3t +t—2,
1 (15)
u(0) :E,u'(O) =1.

To solve equation (15), by the new method we construct the following equation

V”:iﬂnQn(t)_p(iﬂnQn(t)_tgv’—thzv _tz_gt_t%j (16)
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where L{)=v",N (V)Z—tEV'+t%V,f =t*+3t +t£2 and

2, 2
Ho(vo)z—t—v0+t—2vo.

Using the differential property of Laplace transform we have

Ly }-v 00 = X 4,L1Q, 1))

a7
< 2., 2 1
-pLY AR )=V + v —t? -3 -
pord t t t
where Sy, B, f3,,... are unknown coefficients, Q, (t) =t" are specific functions

1
depending on the problem, v (0) ==,v'(0)=1and v = Z p'v,.
n=0
By applying inverse Laplace transform on both sides of (17), we have

>V, =f1{si2{§s +1+§ﬂn£{qna>}}}
—pfl{s {ZﬂQ (t)— 2y +t3v —a—%}}

t

(18)

According to (18), we have
1 00
Vo(t) = fl{ = —ZZ Q(t)}
=0

=%+t+ Bri+= ﬂlt +—,th + ,Bst +-

v,(t) = L‘l{——{ZﬂQ t)- v +t2v “t —a—tiz}}.

Now assume that v, (t) = 0, then we have

(1_ﬁo)t+(ﬁo_%ﬁljt2
1 1 ., 1 3 1 1 1 4
+(§ﬁ1—§ﬁo —gﬂz]t J{Eﬂz—zﬁoﬂrzﬂsjt

1 1 2 2 1 5
+H =B, ——p —— —=pB, t°+---=0.
(10ﬂ3 oo B~ 1e Pl 5&)
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This implies that

ﬂlzg’ﬂzzz’ﬂa:ﬁélz---zo_
Therefore, the exact solution is recognized easily
1 B, 3 1
ut)=v, () ==+t +22t° + =t°+=t*
(t)=v,() > , Ut

where f3; is arbitrary.

EXAMPLE 3. Consider the following Riccati equation of order two, with the initial

conditions
u'=2u-u’+1,
u(0)=1.

The exact solution of above equation is

U =1++/2 tanh {\/Et +%Iog(£jﬂ (20)

The Taylor expansion of U (t) about t =0 gives

u(t)=t+t2+1t3—1t4—1t5—1t6+5—3t7+£t8+~-
3 3 15 45 315 315

To solve equation (19), by the new method we construct the following equation

(19)

V’:iﬁnQn (t)+p(iﬁnQn(t)+V2_Z/ _]J (21)

where I_(V):V',N (V):—Z/ +V2,f =1 and HO(VO) =V§—2\/0.

Using the differential property of Laplace transform we have

sLE}-v (0) = ioﬁnL{Qn t) - pﬁ{iﬁnqn t)+v? -2 —1} 22)
n- o

where 3, B, f3,,... are unknown coefficients, Q, (t) =t" are specific functions

depending on the problem, v (0) =1 and v = i pv,.

n=0

By applying inverse Laplace transform on both sides of (22), we have
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0

S v, :fl{sl{ugﬁnﬁ{qn(t)}}}

- pfl{sil{iﬂnQn(t)wz — —1}}

According to (23), we have
1 1
vo(t)=£1{;+§2ﬂn£{Qn(t)}}
n=0
1 1 1
Zﬂot+§ﬂlt2+§ﬂzt3+zﬂst4+“"

v, (t) =fl{—sl{iﬂnQn(t)+V§ —, —1}}-

n=0

Now assume that v, (t) = 0, then we have

1 1 . (1 1 .
SRt =—=5, |t
(2 18'Blj (12 24[32}

3 5 1 6 5 7 3 8 7 9
— 2 Bt =Bt ptT 2 Bt Bt —...=0,
100ﬁ3 45ﬂ‘1 294ﬂ5 224ﬂ5 648'87

equating the coefficients of t™,m =3,4,... to zero, then we have

4 7 14

b =Lp =25 =15 :_§1ﬁ4 :_§1ﬂ5 :_Ea"'-

Therefore, the solution of the Riccati equation will be obtained as follows

u(t):vo(t):t+t2+1t3—1t4—1t5—1t6+£
3 3 15 45 315

=1++/2 tanh [«/ﬁ +%Iog(£:ﬂ

t7+...

which is an exact solution.

(23)
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4. CONCLUSION

In this paper, we proposed the new algorithm to solve ODEs. The numerical solutions are
compared with the exact solutions in three examples. The results show that this iterative
scheme provides excellent approximations to the solution of this nonlinear equation with

high accuracy by applying just two iterations.
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