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Abstract

The adjacency matrix of a graph is a matrix which represents adjacent relation between

the vertices of the graph. Its minimum eigenvalue is defined as the least eigenvalue of
the graph. Let G, be the set of the graphs of order n, whose complements are connected
and have pendent paths. This paper investigates the least eigenvalue of the graphs and
characterizes the unique graph which has the minimum least eigenvalue in G,,.
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1 Introduction

Let G := (V(G),E(G)) be a simple graph of
order n, where V(G) = {vi,va2,---,v,} be vertex
set, E(G) = {e1,ez,--+ ,e,} be the edge set. The
set of neighbours of a vertex v; € V(G) be de-
noted by Ng(v;) = {v; : vjv; € E(G)}. If a path
P =vpejviep - - - epvy satisfies d(;(V()) > 3,dG(Vi) =
2,i=12,k—1,dv) =1 and k > 2, P is
called a pendent path of length k, where dg(v;) =]
Ng(vi) |. For any v;,v; € V(G), if there is a path
such that v; and v; are its ends, G is called a con-
nected graph. The complement of G is denoted
by G := (V(G),E‘(G)), where E(G) := {vv; :
Vi, Vj € V(G),V,‘ 75 Vi, Viv; Q/E(G)}

The degree matrix D(G) of G is diagonal square
matrix of order n, where d;; = 0 when i # j, d;; =
dg(vi), d;ij be ij—entry of D(G). The adjacency
matrix A(G) of G is the square matrix of order n,
where a;; = 1 when vv; € E(G), a;j = 0 when

viv; ¢ E(G), a;; be the ij—entry of A(G). The
signless Laplacian matrix of G is defined to be
0(G) = D(G) +A(G). In addition, the Laplacian
matrix of G is defined by L(G) = D(G) — A(G).
Since A(G), Q(G),L(G) are real symmetric matrix,
their eigenvalues are real numbers and can be ar-
ranged. Let the eigenvalues of A(G) arrange as
:M(G) > M(G) > -+ > M (G). The largest eigen-
value A (G) of A(G) is called the spectral radius of
G. The minimum eigenvalue A,(G) of A(G), sim-
ply denoted by Ay (G), is called the least eigen-
value of G. The corresponding unit eigenvectors of
Amin(G) are called the first eigenvectors of G. Sim-
ilarly, the largest eigenvalue of Q(G) be defined as
the signless Laplacian spectral radius of graph G,
and the minimum eigenvalue of Q(G) be defined as
the least signless Laplacian eigenvalue of graph G.

There are many research results with respect to
the (signless Laplacian) spectral radius of graphs.
However, relative to the (signless Laplacian) spec-
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tral radius, there are few results on the (signless
Laplacian) least eigenvalue. Especially, when the
structures of graphs are very complex, but the struc-
tures of their complements are simple, we naturally
think whether we can study the (signless Laplacian)
minimum eigenvalue of the graphs from structure of
their complements; see[1-16]. In this paper, we also
study the least eigenvalue of graphs from their com-
plements. Let G, be the set of the graphs of order
n, whose complements are connected and have pen-
dent paths. This paper investigates the least eigen-
value of the graphs and characterizes the unique
graph which has the minimum least eigenvalue in
Gy.

2 Preliminaries

In the following, we will introduce some defini-
tions. Let G be a graph of order n, a vector x € R"
is defined on G.

One can find that, for an arbitrary vector x € R",

XAG)x=2 Y xux, (2.1)

uveE(G)

and if x(## 0) is an eigenvector of A(G), which is
correspond to the eigenvalue A of A(G), then

A, = Y x, foreach veV(G); (2.2)
UENG(v)
if x is unit vector, then
Amin(G) < xTA(G)x, (2.3)

with equality when and only when x is the first
eigenvector of G.

We can also find that A(G) =J — I —A(G),
where J,I denote the all-one square matrix and the
identity matrix of order n, respectively. Then for an
arbitrary vector x € R",

xTA(G)x =x" (J - x —x" A(G)x. (2.4)

We introduce a special graph G(p,q) of order
n=p+q+2(p>0,q>1), which is obtained from
two disjoint complete graphs K),, K, and edge v4vs
by joining one vertex vy of K, and one vertex v,
of Ky, and joining one vertex v3 of K, and vy4; see
Figure 1. In particular, when ¢ = 1,v, = v3; when
p =0,G(0,q) is obtained from complete graph K,
and edge v4vs by joining one vertex v3 of K, and vy4.

v, v2 Vs Vs Vs

Figure 1. The graph G(p,q)

Lemma 2.1 Let A be a real symmetric square ma-
trix of order n, B be the principal submatrix of A of
order m, and g1 (A) > (A) > -+ > iy (A). 1 (B) >
w(B) > -+ > w,(B) are respectively the eigenval-
ues of A and B, then uy,—m+i(A) < p;(B) < w;(A) for
i=1,2,--- ,m.

Lemma 2.2 Given a positive integer n (n > 21), if
n=p+q-+2, p,qbeinteger, p >0, g > 1, then

Mnin(G(P,4)%) 2 Mmin(G([1/2] = 1, [n/2] = 1)),

with equality when and only when p = [n/2] —
l,g=[n/2]—1.

Proof: Let G(p,q) be as shown in Fig. 2.1. Be-
cause K» C G(p,q)¢, Amin(K2) = —1, and according
to Lemma 2.1, we have

Mnin(G(p,q)°) < —1. (2.5)

Let x be a first eigenvector of G(p,q)°.

Case 1: p =0. By equations (2.2) and (2.5), all
the vertices in V(K,) except v3 have the same val-
ues, which are given by x, denoted by x;. Denote
Xyy = X2,Xy, = X3,Xy; = X4, and let Ay, (G(0,n —
2)¢) = A. Also by equation(2.2), we obtain

Axi = x3 + x4,
7\.X2 = X4,
7\,)63 = (n—3)x1,

Axy = (n — 3))61 +x2.

The above equations are transformed into a matrix
. ! !
equation (B—A)x =0, where x = (x1,x2,x3,x3)7,

0 0 11

0 0 01

B= n—=3 0 0 O
n—=3 1 0 0

We have
fi(x) =det(B—xI) = x* — (2n—5)x> +n—3,

then A is the smallest root of fj(x) = 0, therefore

x:_\/(zn—5+\/4n2T4n+37)/2> —V2n 5.




THE LEAST EIGENVALUE OF ...

305

Case 2: p = 1. By equations (2.2) and (2.5),
all the vertices in V (K, ) except vz, v3 have the same
values, which are given by x, denoted by x;. De-
note x,, = x2,Xy, = X3,Xy; = X4,Xy, = X5,Xps = X6,
and Ay (G(1,n—3)°) = A. Also by equation(2.2),
we have

([ Axi =x2+ x5+ X6,
Ay = (n—5)x1 + x4 + x5 + X6,
Ax3 = x5+ Xg,
Axq = x2 + Xe,
Axs = (n—5)x1 +x2 +x3,
Mg = (n—5)x1 +x2 +x3 + x4.

The above equations are transformed into a matrix
. ! !
equation (B —Al)x =0, where x = (xj,x2,x3,
T
'x4 ) xs M 'xﬁ) M

0 10011

n=5 00 1 11

B 0 00O0T111
0 1 00 01

n—=5 110 0 0

n—=5 111 00

We have f>(x) = det(B —xI) = x5 — (3n — 9)x* —
(4n—18)x> + (4n—16)x*+2(n—5)x— (n—5). Be-
cause n > 21, we have

H(—V2n=35) = (2n—5)(—2n*+17n—36)
+v/2n—5(8n% — 581+ 100)
—(n—3)
< 0,

this implies Ay (G(1,n—3)¢) < —v/2n—35.

Case 3: ¢ = 1. By equations (2.2) and (2.5),
all the vertices in V(K,) except v; have the same
values, which are given by x, denoted by x;. De-
NOte Xy, = X2, Xy, (yy) = X3,Xy, = X4,Xp5 = X5, and
Amin(G(n—3,1)¢) = L. Also by equation(2.2), we
have

Axy = x3 + x4 + x5,

MZ = X4 + X5,

M3 = (n—4)x1 + X3,

Axy = (n—4)x1 + X2,

Axs = (n—4)x) +x3 + x3.

The above equations are transformed into a matrix
equation (B—Al)x =0, where x = (x,x2,x3,

x47x5)T7

S S S

| o O
>~ B~ B
_—_ 0 O O
—_ o O O
SO O = =
O O = = =

We have f3(x) = det(B — xI) = —x° + (3n —
9)x* + 2(n — 4)x* — (3n — 11)x. When n > 21
and x < —1, we have (—x)f3(x) — fo(x) = (n—
5)(2x° —x?> —2x+1) < 0. Then by A (G(1,n —
3)°) < —v2n—15, we have Ay;(G(n—3,1)°) <
Amin(G(1,n—3)°).

Case 4: p,q > 2. By equations (2.2) and (2.5),
all the vertices in V(K,) except v; have the same
values, which are given by x, denoted by x, all the
vertices in V (K, ) except v2, v3 have the same values
given by X, say x4. Denote x,, = x2,X,, = X3,X,, =
X5, Xy, = X6,Xyps = X7, and Apin (G(p,q)¢) = A. Also
by equation(2.2), we have

Axp = x3+ (¢ — 2)xa + x5+ X6 + X7,
Mz (g —2)x4 + x5+ x6 + X7,
= (p—1)x1 +x6 +x7,
= (p—1)x; +x2 +x6 +x7,
=(p—1)x; +x2+x7,
=(p—Dxi+x2+x3+(q—2)xs,
=(p—1Dx1+x2+x3+ (g —2)x4 +x5.

The above equations are transformed into a
. . / !/
matrix equation (B — Al)x = 0, where x =

T
(x1,%2,%3,X4,X5,%6,%7)"

0O 01 ¢g—2 111

0 00 ¢g—2 111

p—1 00 O O 1 1
B=|p—-1 10 0 011
p—1 1.0 0 0 0 1
p—1 1 1 ¢g—2 0 0 O

p—1 1 1 g=2 1 0 0

‘We have

fa(x;p,q) =det(B—xI) =

—x" 4+ (pg+2n—6)x° + (4pg —2p — 4)x*
_(ZJT?CI—i‘q—i—n—7)x3—(6pq—4n—4p—i—12)x2
+(pg—p—1)x+2(p—1)(¢—2).

Since h(x) = x(n — 2 — x) takes the minimum
value h(2) =2(n—4) when 2 < x <n-—4. So
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pq=pn—2—p)>2(n—4)when p,qg>2andn=
p+q+2. Then f(—7;p,q) =911121 —32734n —
4944p —6816pg < Owhen p,g>2andn=p+q+
2 > 21, which implies A < —7.

Case 4.1: p > g+ 2. When x < —7, we have

fa(x;p,q) — falx;p— 1, +1)

=(g—p+1)X —(4p—4q—2)x*+(2p—2¢—1)x’
+(6p—69—2)x" — (p—q)x— (2p—2q)

> ((p—q— 1)+ (4p—4q—2)x
—(@2p—-2¢-1))

~0.

Since A is the smallest root of f1(x;p,q) =0,
ie. fa(A;p,q) =0, then f4(A;p—1,9+1) <0, this
implies Ain(G(p,9)) > Amin(G(p — 1,4 + 1)°).
S0 Apin(G(n—4,2)¢) > Apin(G(n —5,3)¢) > -+ >
Mnin(G([n/2] =1, [n/2] = 1)°).

Case 4.2: g > p+ 1. When x < —7 and g >
p+2, we have

fa(x:p,q) — falxip+1,9—1)

=—(g—p—1)x—(4g—4p—6)x*+(2¢—2p—3)x’

+(6g—6p—10)x* — (g —p—2)x— (2g—2p —4)

Since Apin(G(n—3,1)) < —/2n—5 < —/37,

then

Amin(G(n—4,2) < Xypin(G(n—3,1)°).

Then combining with Cases 1,2,3,4, the result
follows.

3 Main Results

Theorem 3.1 Let G be a connected graph of order
n(n > 21), which has pendent paths, then

Mnin(G®) 2 Mmin (G([1/2] = 1, [n/2] = 1)°),

with equality when and only when G = G([n/2] —
1, |[n/2]—1).

Proof: Because of K» C G, Ayin(K2) = —1. By
Lemma 2.1, there is Ay, (G°) < —1. Let x be a
first eigenvector of G. Denote V™ = {v :x, > 0}
and V™ = {v:x, <0}. By equation (2.2), we know
that |[VT| > 1,V | > 1. Let |[VT|=m, |V~ | =1, we
have m,t > 1 and m+t = n, where m,t are positive
integers.

Denote G[U] a subgraph of G, which induced
onU CV(G); E(V*,V7) the set edges of G, every
edge in which joins one vertex of V' and one ver-

>—x((qg—p—1)x*+(4g—4p—6)x— (2¢—2p—3))tex of V. Since G is a connected graph, there is

>0.

When x < =7 and ¢ = p+ 1, we have
fa6pq) — falsp+1,g—1) = 2x* —x* — 4 +
x+2>0.

Since A is the smallest root of f1(x;p,q) =0,
ie. fu(A;p,q) =0, then fa(A;p+1,9—1) <O, this
implies Apin(G(P,q)¢) > Amin(G(p + 1,9 — 1)°).
S0 Apin(G(2,n —4)°) > Apin(G(3,n —=5)¢) > -+ >

Mnin( G([1/2] — 1, 11/2] = 1)).
Next we will compare A, (G(n—3,1)¢) and
Amin(G(n—4,2)°).

When n > 21 and x < —+/37, we have

(=0 f3(x) = falxin—4,2)
=(—n+5)x° + (—4n+20)x* + (2n — 10)x°
+ (4n—20)x* — (n—5)x
>(—n+5)x° 4 (—4n+20)x* + (2n — 10)x°
>—x3(n—5)(x* +4x—2)
>0.

at least one edge connecting G[V '] and G[V~]. By
equation (2.1), in order to make x’ A(G)x as large
as possible, E(G) must satisfy the following:

(i) |[E(VT,V7)| should be as small as possible;

(i) |[E(G[VT])|,|E(G[V~])| should be as large
as possible;

(iii) If uv € E(V*,V7), |x,| and |x,| should be
as small as possible;

(iv) If uv € E(G[V*]) or uv € E(G[V™]), |xul
and |x,| should be as large as possible.

By above discussions, the structure of G, and
equations (2.3),(2.4), we get the following results:

(I) When m =1 or t = 1, Apin(G°) =
xTA(G)x > xTA(G(0,n — 2)€)X > Apin(G(0,n —
2)9).

(2) When m = 2 or t = 2, Apin(G°) =
x'A(G)x > xTA(G(0,n — 2)€)X > Apin(G(0,n —
2)9).

(3) When m = 3 or t = 3, Apin(G°) =
xTA(G)x > xTA(G(n — 3,1))x > Apin(G(n —
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3,1)9). or Apin(G®) = xTA(G)x > x"A(G(3,n —
5))X > Ain(G(3,n—5)°).

(4) When m,r > 4, let G3 = G(m,i —
2) or G(t,m —2), Amin(G°) = xTA(G)x >
xTA(GS)X > Mypin(GS).

By(1) (2) (3) (4) and Lemma 2.2, the conclusion
is established.

Corollary Let G,, be the set of the graphs of order
n(n > 21), whose complements are connected and
have pendent paths. If G € G, then

7\4min(G) Z xmm(G( [l’l/z-‘ - 17 |_I’l/2j - l)c)a

with equality when and only when G = G(([n/2]| —
L [n/2] = 1)°).

Conclusion

Let G, be the set of the graphs of order n,
whose complements are connected and have pen-
dent paths. This paper investigates the least eigen-
value of the graphs and characterizes the unique
graph which has the minimum least eigenvalue in
G,. Because relative to the results about spectral ra-
dius, there are few one on the least eigenvalue, and
the method in this paper which studies the eigen-
value of the graphs from structure of their com-
plements is a relatively new method, this paper is
meaningful.
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