FORMALIZED MATHEMATICS DE .
Vol. 27, No. 1, Pages 47 00, 2019 i $ sciendo
T
DOI: 10.2478/forma-2019-0005 @ https://www.sciendo.com/

Cross-Ratio in Real Vector Space

Roland Coghetto
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Summary. Using Mizar [I], in the context of a real vector space, we in-
troduce the concept of affine ratio of three aligned points (see [5]).

It is also equivalent to the notion of “Mesure algébrique”El, to the opposite
of the notion of Teilverh'alltni‘ﬂ or to the opposite of the ordered length-ratio [9].

In the second part, we introduce the classic notion of “cross-ratio” of 4 points
aligned in a real vector space.

Finally, we show that if the real vector space is the real line, the notion
corresponds to the classical notiorﬂ [9):

The cross-ratio of a quadruple of distinct points on the real line with
coordinates 1, 2,3, T4 is given by:

T3 — X1 T4 — X2

(w1, 22,3, 24) = —— .
r3 — T2 T4 —T1

In the Mizar Mathematical Library, the vector spaces were first defined by
Kusak, Leoniczuk and Muzalewski in the article [6], while the actual real vector
space was defined by Trybulec [I0] and the complex vector space was defined by
Endou [4]. Nakasho and Shidama have developed a solution to explore the notions
introduced by different authorﬁ [7]. The definitions can be directly linked in the
HTMLized version of the Mizar libraryﬂ

The study of the cross-ratio will continue within the framework of the Klein-
Beltrami model [2], [3]. For a generalized cross-ratio, see Papadopoulos [§].
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1. PRELIMINARIES

Let a, b, ¢, d be objects. Observe that (a,b, c,d)(1) reduces to a and (a, b, ¢,
d)(2) reduces to b and (a, b, ¢, d)(3) reduces to ¢ and (a, b, c,d)(4) reduces to d.
Now we state the proposition:
(1) Let us consider objects a, b, ¢, d, a’, ¥/, ¢/, d'. Suppose (a, b, c,d) = (d/,
v, d'). Then

(i) a=d, and

(ii) b=V, and
(iii) ¢=¢, and
(iv) d =d'.
Let r be a real number. We say that r is unit if and only if
(Def. 1) r=1.

Let us observe that there exists a non zero real number which is non unit.
Let r be a non unit, non zero real number. The functor op1(r) yielding a non
unit, non zero real number is defined by the term

(Def. 2) 1.

-
One can check that the functor is involutive.

The functor op2(r) yielding a non unit, non zero real number is defined by
the term
(Def. 3) 1—r.
Let us observe that the functor is involutive.
From now on a, b, r denote non unit, non zero real numbers.
Now we state the propositions:

(2) (i) op2(opl(r)) = "7+, and
(i) opl(op2(r)) = 1=, and
(iii) opl(op2(opl(r))) = — 7, and
) op2(opl(op2(r))) = 55
(i) op2(op1(op2(opl(r )))) = opl(op2(r)), and
(ii) op1(op2(opl(op2(r)))) = op2(opl(r)).
The theorem is a consequence of (2).

opl(a) _ b
(4) opl(h) — a-

In the sequel X denotes a non empty set and = denotes a 4-tuple of X.
Now we state the propositions:
(5) X* = the set of all (dy,ds,ds,ds) where dy,ds,ds,dy are elements of X.

(iv

(3)




CROSS-RATIO IN REAL VECTOR SPACE

(6) Let us consider objects a, b, ¢, d. Suppose (a = :U(l) or a = x(2) or
a=2x(3) ora=x(4)) and (b = z(1) or b = z(2) or x(3) or b = x(4))
and (¢ = z(1) or ¢ = x(2) or ¢ = z(3) or ¢ = x(4)) and (d = z(1) or
d=x(2) or d=x(3) or d = x(4)). Then (a,b,c,d) is a 4-tuple of X. The
theorem is a consequence of (5).

Let X be a non empty set and = be a 4-tuple of X. The functors: o1342(z),
01423(x), 02143(x), 02314(), and 02341 () yielding 4-tuples of X are defined by

terms
(Def. 4)  (x(1),2(3),2(4), x(2)),
(Def. 5)  (z(1),z(4),x(2),z(3)),
(Def. 6) (x(2),2(1),2(4),z(3)),
(Def. 7)  (x(2),2(3),z(1),z(4)),
(Def. 8)  (x(2),z(3),z(4),z(1)),

respectively. The functors: oa413(x), 02431(%), 03124(2), 03142(x), and o3241(x)
yielding 4-tuples of X are defined by terms

(Def. 9)  (x(2), z(4), ( 3));
Def. 10) (x
Def. 11) (x
Def. 12) (z )>
Def. 13) (x(3),x(2), ( ) z(1)),

respectively. The functors: os412(x), 03421(2), 04123(x), o4132(x), and o4213(z)
yielding 4-tuples of X are defined by terms

(Def. 14)  (2(3), z(4), (1), z(2)),
(Def. 15)  (x(3),z(4),z(2),z(1)),
(Def. 16) (x(4),x(1),z(2), z(3)),
( (4) (
( ) (3

(
(
(
(

\_/\_/\_/\_/

Def. 17) (x(4),z(1),2z(3),z(2)),
Def. 18) (x(4),z(2),z(1),z(3)),

respectively. The functors: 4312(x) and 04301 () yielding 4-tuples of X are de-
fined by terms

(Def. 19) (x(4),2(3),z(1),z(2)),

(Def. 20) (x(4),z(3),z(2),x(1)),
respectively. The functors: ojq(x) and o12(z) yielding 4-tuples of X are defined
by terms

(Def. 21)  (x(1),z(2),z(3),x(4)),

(Def. 22)  (x(2),z(1),2(3),z(4)),

);
);
)
);
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50 ROLAND COGHETTO

respectively. Observe that the functor is involutive.
The functors: o13(x) and o14(z) yielding 4-tuples of X are defined by terms

(Def. 23)  (x(3),z(2),z(1),z(4)),
(Def. 24)  (x(4),x(2),2(3),x(1)),
respectively. One can check that the functor is involutive.
The functor o93(x) yielding a 4-tuple of X is defined by the term
(Def. 25)  (x(1),z(3),z(2),z(4)).
Note that the functor is involutive.
The functors: o94(x) and o34(x) yielding 4-tuples of X are defined by terms
(Def. 26) (x(1),z(4),2(3),z(2)),
(Def. 27)  (x(1),2(2),z(4),z(3)),
respectively. Let us observe that the functor is involutive.
Note that ojq(x) reduces to x.
We introduce the notation oj234(x) as a synonym of oiq(x) and o9134(x)
as a synonym of o12(x) and o3214(z) as a synonym of o13(z). And o4231(x) as
a synonym of o14(x) and o1324(x) as a synonym of o93(x) and o432(x) as a
synonym of o94(x) and o1243(2) as a synonym of o34(z).
Now we state the propositions:

(7) (i) o12(o13(2)) = 013(023()), and

(i) o12(014(z)) = 014(024()), and
(iii) o12(0o23(x)) = o13(012(7)), and
(iv) o12(024(z)) = 014(012()), and
(v) o12(034(2)) = 034(012()), and
(vi) o13(012(2)) = o23(013(2)), and
(vii) o13(014(x)) = 034(013(2)), and
(viii) o13(023(x)) = o12(013(2)), and
(ix) o13(024(x)) = 013(024()), and
(x) o13(034(2)) = 014(013(2)), and
(xi) o93(012(x)) = 013(023(x)), and
(xii) oo3(o13(x)) = o12(023(2)), and
(xiii) oo3(014(x)) = 014(023(2)), and
(xiv) o23(024(x)) = 034(023(x)), and
(xv) o23(034(x)) = 024(023()), and
(xvi) o94(012(x)) = 014(024()), and
(xvil) o24(013(x)) = 013(024()), and
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2. AFFINE RATIO

In the sequel V' denotes a real linear space and A, B, C, P, @, R, S denote
elements of V.
Now we state the proposition:

(11) P, @ and @ are collinear.

Let V be a real linear space and A, B, C be elements of V. Assume A # C
and A, B and C are collinear. The functor AffineRatio(A4, B, (') yielding a real
number is defined by

(Def. 28) B—A=it-(C—A).

Now we state the propositions:

(12) If A# Cand A, B and C are collinear, then A—B = (AffineRatio(A4, B, C))-
(A-0).

(13) If A# C and A, B and C are collinear, then AffineRatio(A, B,C) =0
iff A= B.

(14) If A# C and A, B and C are collinear, then AffineRatio(A, B,C) =1
ifft B=2C.

(15) Let us consider real numbers a, b. If P # Q and a-(P—Q) =b- (P —Q),
then a = b.

(16) If P, @ and R are collinear and P # R and P # @, then AffineRatio(P, R,
Q)= AfﬁneRatlio( PO Lhe theorem is a consequence of (15).

(17) Suppose P, @ and R are collinear and P # R and Q # R and P # Q.
Then AffineRatio(Q, P, R) = A/?ﬁﬁr?:ﬁg{g ZIF }(’ZQR?) The theorem is a conse-
quence of (13) and (14).

(18) If P, @ and R are collinear and P # R, then AffineRatio(R,Q, P) =
1 — AffineRatio(P, @, R). The theorem is a consequence of (15).

(19) If P, @ and R are collinear and P # R and P # @, then AffineRatio

(
P) = Aﬂgﬁ;ﬁ&g@g&ggl. The theorem is a consequence of (13) and (
(

Q, R,

15).

(20) If P,Q and R are collinear and P # R and ) # R, then AffineRatio(R, P,
Q)= kAfﬁneRitio(P,Q,R)' The theorem is a consequence of (14) and (15).

(21) Let us consider a real number r. Suppose P, @ and R are collinear and
P # R and Q # R and P # @ and r = AffineRatio(P, @, R). Then

(i) AffineRatio(P,R,Q) =1, and
(ii) AffineRatio(Q, P,R) =

(iii) AffineRatio(Q, R, P) = "=,
(iv) AffineRatio(R, P, Q) = % nd

< 3
L J
Q CL
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(v) AffineRatio(R,Q,P)=1—r.

(22) Let us consider a non zero real number a. Suppose P, @) and R are
collinear and P # R. Then AffineRatio(P, @, R) = AffineRatio(a - P, a -
Q,a- R).

(23) Let us consider elements z, y of R!, and 1-tuples p, g of R. If p = x and
q=1y,thenx+y=p+gq.

Let us consider elements x, y of &L and 1-tuples p, ¢ of R. Now we state the
propositions:

(24) If p=zand g=y, then x +y=p+gq.

(25) Ifp=zand g=y, thenx —y=p—gq.

(26) Let us consider an element x of £}, and a 1-tuple p of R. If p = z, then
—x = —p.

(27) Let us consider a real linear space T', elements z, y of T, and 1-tuples p,
q of R. IfT:é’% and p=zand ¢ =y, thenz+y=p+q.

(28) Let us consider a 1-tuple p of R. Then —p is a 1-tuple of R.

(29) Let us consider a real linear space T, an element x of T', and a 1-tuple p

of R.If T = S% and p = z, then —p = —x. The theorem is a consequence
of (27).

(30) Let us consider a real linear space T', an element x of T, and an element p
of &L If T = &} and p = x, then —p = —x. The theorem is a consequence
of (29).

(31) Let us consider a real linear space T', elements x, y of T', and 1-tuples p,
q of R. IfT:é’% and p =z and ¢ = y, then £ — y = p — ¢q. The theorem
is a consequence of (28) and (29).

(32) Let us consider a real linear space T, elements z, y of T', and elements p,
qofé'%. If T =&k and p =2 and ¢ = y, then = +y = p + ¢. The theorem
is a consequence of (27).

(33) Let us consider a set D, and an element d of D. Then Seg1 — d = (d).

(34) Let us consider real numbers a, r. Then (-g)°(Seg1+— a, (r)) = (a-7).
The theorem is a consequence of (33).

Let us consider a real number a and a 1-tuple p of R. Now we state the
propositions:

(35) (‘r)°(domp+— a, p) = a-p. The theorem is a consequence of (34).

(36) (‘r)°(domp+—— a, p)=a-p.

(37) Let us consider a real linear space T', elements x, y of T', a real number
a, and 1-tuples p, g of R. f T = &} and p=r and ¢ =y and = = a - y,
then p = a - q. The theorem is a consequence of (35).
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Let us consider a real linear space T', elements x, y of T, a real number

(38)
a, and elements p, g of EL. If T = EL and p = z and ¢ = y, then if z = a-y,

then p = a - ¢. The theorem is a consequence of (37).
Let us consider a real linear space T', elements x, y of T', and elements p,

(39)
qof EL. T =EL and p= 2 and ¢ =y, then z — y = p — q. The theorem

is a consequence of (30) and (32).
Let us consider 1-tuples p, ¢ of R, and a real number r. Suppose p =r-¢q

(40)
and p # (0). Then there exist real numbers a, b such that

(i) p=(a), and
(ii) ¢ = (b), and

(iii) r = .
(41) Let us consider elements z, y, z of 5111. Then z, y and z are collinear.

Let us consider a real linear space T and elements x, y, z of T. Now we state

the propositions:
(42) If T = &L, then z, y and z are collinear.
(43) Suppose T = &4. Then suppose z # z and y # z. Then there exist real

numbers a, b, ¢ such that
(i) z = (a), and
(ii) y = (b), and
(iii) z = (c), and
b—a

(iv) AffineRatio(z,y,2) = =.
The theorem is a consequence of (31), (41), (37), and (40)

Now we state the propositions:
(44) Let us consider an element z of £k, and real numbers a, r. If = (a),

then r -z = (r - a).
(45) Let us consider elements x, y of &+, and real numbers a, b, r. If x = (a)
and y = (b), then x = r - y iff a = r - b. The theorem is a consequence of

(44).
(46) Let us consider elements x, y of £, and real numbers a, b. If z = (a)

and y = (b), then z —y = (a — b).
Let us consider a real linear space V, elements z, y of Ry, and elements

(47)
2,y of V.l V=Rpand x =2/ and y = ¢/, then z +y = 2/ + ¢/.
Let us consider a real linear space V and elements P, @), R of V. Now we

state the propositions:
(48) If P, @Q and R are collinear and P # R and @ # R and P # @, then
AffineRatio( P, Q, R) # 0 and AffineRatio(P, @, R) # 1.
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(49) Suppose P, @ and R are collinear and P # R and @ # R and P # Q.
Then there exists a non unit, non zero real number r such that

(i) r = AffineRatio(P, @, R), and
(ii) AffineRatio(P, R, Q) = opl(r), and
(iii) AffineRatio(Q, P, R) = opl(op2(opl(r))), and
(iv) AffineRatio(Q, R, P) = op2(opl(r)), and
(v) AffineRatio(R, P,Q) = opl(op2(r)), and
(vi) AffineRatio(R, @, P) = op2(r).

The theorem is a consequence of (13), (14), (16), (17), (18), (19), (20),
and (2).

3. Cross-RaTIO

Now we state the propositions:

(50) Let us consider a non empty set X, a 4-tuple x of X, and elements P,
Q, R, S of X. Suppose z = (P,Q, R, S). Then

(i) o1234(x) = (P,Q, R, S), and

(ii) o1243(z) = (P,Q, S, R), and
(iii) o1324(2) = (P, R, @, S), and
(iv) o1312(2) = (P, R, S,Q), and
(v) ow2(z) = (P, S,Q, R), and
(vi) o1as2(z) = (P, S, R, Q), and
(vii) og134(x) = (Q, P, R, S), and
(viii) o2143(z) = (@, P, S, R), and
(ix) o9s1a(w) = (Q, R, P, S), and
(x) o2341(x) = (Q, R, S, P), and
(xi) o2413(2) =(Q, S, P,R), and
(xii) o931(x) =(Q, S, R, P), and
(xiii) os104(z) = (R, P,Q,S), and
(xiv) os142(z) = (R, P, S,Q), and
(xv) o3214(2) = (R, Q, P, S), and
(xvi) o3241(7) = (R, Q, S, P), and
(xvil) os3412(2) = (R, S, P,Q), and
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(xviil) og421(x) = (R, S, Q, P), and
(xix) o4123(%) = (S, P,Q, R), and
(xx) oa132(z) = (S, P, R, Q), and
(xxi) o4213(z) = (S,Q, P, R), and
(xxii) o4931(2) = (S,Q, R, P), and

(xxiil) oy4312(2) = (S, R, P,Q), and

(XXIV) 04321($) = <Sv R7Q7P>
(51) Let us consider a non empty set X, and a 4-tuple = of X. Then

(i) o1324(01243(%)) = 01423(2), and
(i) o2143(01243(7)) = o2134(), and
(iii) o3412(01243(x)) = 04312(2), and
(iv) 04321(01243(7)) = 03421 (), and
(v) 03412(01324(%)) = 02413(7), and
(vi) 02143(01324(7)) = 03142(2), and
(vii) 04321(01324(7)) = 04231(7), and
(viii) o3412(01423(x)) = 02314(x), and
(ix) 02143(01423(7)) = 04132(x), and
(x) 04321(01423(7)) = 03241(7), and
(xi) 01243(01423(7)) = 01432(7), and
(xii) o4321(01432(7)) = 02341(2), and
(xiii) o3412(01432(x)) = 03214(), and
(xiv) 02143(01432(7)) = 04123(7), and
(xv) 04321(03124(7)) = 04213(2), and
(xvi) 03412(03124(7)) = 02431(), and
(xvil) 02143(03124(2)) = 01342(), and
(xviil) o4312(03124()) = 04231 (), and
(xix) 04321(03124(2)) = 04213(7).

In the sequel z denotes a 4-tuple of the carrier of V and P, Q’, R', S’ denote
elements of V.

Let V be a real linear space and P, @, R, S be elements of V. The functor
CrossRatio(P, @, R, S) yielding a real number is defined by the term

AffineRatio(R,P,Q)
(Def. 29) AfﬁEZRZtliz(S,RQ)'

Now we state the propositions:
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(52) If P, @, R, and S are collinear and R # @ and S # @ and S # P, then
R = P iff CrossRatio(P, @, R,S) = 0. The theorem is a consequence of
(13).

(53) If P # R and P # S, then CrossRatio(P, P, R, S) = 1. The theorem is
a consequence of (11) and (14).

(54) If P, Q, R, and S are collinear and R # @Q and S # @ and R # S and
CrossRatio(P, @, R, S) = 1, then P = Q. The theorem is a consequence of
(15) and (14).

(55) Suppose P, @, R, and S are collinear and P’, @', R’, and S’ are collinear
and S # Pand S # Q and S’ # P’ and S’ # Q'. Then CrossRatio(P, @, R,
S) = CrossRatio(P’',Q', R', S") if and only if AffineRatio(R, P, Q)-AffineRa-
tio(S”, P’, Q") = AffineRatio(R’, P’, @Q’)-AffineRatio(S, P, Q). The theorem
is a consequence of (13).

(56) If P, @, R, and S are collinear and P # S and R # @ and S # @, then
CrossRatio(P, @, R, S) = CrossRatio(R, S, P, Q). The theorem is a conse-
quence of (13).

(57) Let us consider a real linear space V', and elements P, @, R, S of V.
Suppose P, @, R, and S are collinear and P # R and P # S and R # Q
and S # Q. Then CrossRatio(P, @, R, S) = CrossRatio(Q, P, S, R). The
theorem is a consequence of (11), (14), and (49).

(58) If P, @, R, and S are collinear and P # R and P # S and R # Q
and S # @, then CrossRatio(P, @, R,S) = CrossRatio(S, R, @, P). The
theorem is a consequence of (57) and (56).

(59) CrossRatio(P,Q,S,R) = CrOSSRatié(P7Q7R78).

(60) If P, Q, R, and S are collinear and P # R and P # S and R # @ and
S # @, then CrossRatio(Q, P,R,S) = CrossRatié(P7Q,R7S). The theorem is
a consequence of (57).

(61) If P, Q, R, and S are collinear and P # R and P # S and R # Q and
S # @Q, then CrossRatio(R, S,Q, P) = CrossRati;(P,Q,R,S)' The theorem is
a consequence of (58).

(62) If P, Q, R, and S are collinear and P # R and P # S and R # @ and
S # @, then CrossRatio(S, R, P,Q) = CrossRatié(P’Qﬁ,S). The theorem is
a consequence of (56).

(63) If P, @Q, R, and S are collinear and P, @, R, S are mutually different,
then CrossRatio(P, R, @, S) = 1 — CrossRatio(P, @, R, S). The theorem is
a consequence of (17), (20), (14), (13), and (15).

(64) If P, Q, R, and S are collinear and P, @, R, S are mutually different,
then CrossRatio(Q, S, P, R) = 1 — CrossRatio(P, @, R, S). The theorem is
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a consequence of (56) and (63).

(65) If P, Q, R, and S are collinear and P, @, R, S are mutually different,
then CrossRatio(R, P, S,Q) = 1 — CrossRatio(P, Q, R, S). The theorem is
a consequence of (57) and (63).

(66) If P, Q, R, and S are collinear and P, @, R, S are mutually different,
then CrossRatio(S, @, R, P) = 1 — CrossRatio(P, @, R, S). The theorem is
a consequence of (58) and (63).

Let V be a real linear space and x be a 4-tuple of the carrier of V. The
functor CrossRatio(z) yielding a real number is defined by
(Def. 30) there exist elements P, @, R, S of V such that P = z(1) and Q = z(2)
and R = z(3) and S = z(4) and it = CrossRatio(P, @, R, S).
Now we state the propositions:
(67) If x =(P,Q,R,S), then CrossRatio(P, @, R, S) = CrossRatio(x).
(68) Suppose x = (P,Q, R,S) and P, @, R, and S are collinear and P # S
and @ # R and @Q # S. Then CrossRatio(x) = CrossRatio(o3412(z)). The
theorem is a consequence of (56).

(69) Suppose x = (P,Q, R,S) and P, Q, R, and S are collinear and P # R
and P # S and @ # R and Q # S. Then

(i) CrossRatio(z) = CrossRatio(o2143()), and
(ii) CrossRatio(x) = CrossRatio(o4321(z)).
The theorem is a consequence of (57) and (58).
(70) CrossRatio(o1243(x)) = Wmom.

(71) Suppose z = (P,Q, R,S) and P, Q, R, S are mutually different and P,
@, R, and S are collinear. Then there exists a non unit, non zero real
number r such that

(i) r = CrossRatio(z), and
(ii) CrossRatio(oi243(x)) = opl(r).
The theorem is a consequence of (54), (52), and (70).

(72) Suppose x = (P,Q, R, S) and P, Q, R, and S are collinear and P # R
and P # S and Q # R and @Q # S. Then

(i) CrossRatio(oj243()) = mv and

(ii) CrossRatio(o2134(x)) = m, and
(111) CI‘OSSRatiO(O'3421 (l‘)) = Watio(m)’ and

1

(iv) CrossRatio(o4z12(z)) = CrosRatio@) "

The theorem is a consequence of (69) and (68).
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(73) Suppose z = (P,Q, R, S) and P, Q, R, S are mutually different and P,
Q, R, and S are collinear. Then

(i) CrossRatio(oi324(z)) = 1 — CrossRatio(z), and
(ii) CrossRatio(og413(x)) = 1 — CrossRatio(z), and
(iii) CrossRatio(osi42(x)) = 1 — CrossRatio(z), and
(iv) CrossRatio(o4231(z)) = 1 — CrossRatio(z).

The theorem is a consequence of (68), (69), and (63).

(74) Suppose z = (P,Q, R,S) and P, Q, R, S are mutually different and P,
Q, R, and S are collinear. Then

(l) CrossRatio 0'3124(.’13)) = m, and

and

(i

i) (z)) =
(iii) CrossRatio(o1342(x)) = m, and
v) (z)) =

(i

The theorem is a consequence of (70), (73), (68), and (69).

(75) Suppose x = (P,Q, R,S) and P, @, R, S are mutually different and P,
Q, R, and S are collinear. Then
CrossRatio(z)—1

1— CrossRamo(a:) ’

(
CrossRatio(og431 (2
(
CrossRatio(c4213(x

1- CrossRatlo(x)

(i) CrossRatio(01423(7)) = ~Grossmatio() » 20d
(ii) CrossRatio(og314(x)) = %M’ and
(iii) CrossRatio(cg132(z)) = %%, and
(iv) CrossRatio(ose41(z)) = Cgs#m'

The theorem is a consequence of (52), (67), (73), (72), (68), and (69).

(76) Suppose x = (P,Q, R,S) and P, Q, R, S are mutually different and P,
Q, R, and S are collinear. Then

CrossRatio(z)

CrossRatio(z)—1" and

(i) CrossRatio(o1432()) =

CrossRatio(z) and
CrossRatio(z)—1" 1

(iii) CrossRatio(os214() and

(

(ii) CrossRatio(oas41(x)
( CrossRatio(z)—1"
(

) =
) CrossRatio(z)
) =

CrossRatio(z)
CrossRatio(z)—1"

The theorem is a consequence of (70), (75), (69), and (68).

(iv) CrossRatio(og1923(x)



60

ROLAND COGHETTO

4. CrROSS-RATIO AND THE REAL LINE

Now we state the proposition:

(77) Let us consider elements z1, z2, =3, x4 of 5%. Suppose o # x3 and

[1]

2]

[4]
[5]

(6]

x3 # x1 and x9 # x4 and x1 # x4. Then there exist real numbers a, b, ¢,
d such that

(iv) x4 = (d), and

(v) CrossRatio({z1,z2, 73, 24)) = ¢ - %
The theorem is a consequence of (43).
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