FORMALIZED MATHEMATICS "™ DE GRUYTER
Vol. 23, No. 4, Pages 297-307, 2015 (: OPEN

T
DOI: 10.1515/forma-2015-0024 degruyter.com/view/j/forma

Torsion Part of Z-module

Yuichi Futa Hiroyuki Okazaki
Japan Advanced Institute Shinshu University
of Science and Technology Nagano, Japan

[shikawa, Japan

Yasunari Shidama
Shinshu University
Nagano, Japan

Summary. In this article, we formalize in Mizar [7] the definition of “tor-
sion part” of Z-module and its properties. We show Z-module generated by the
field of rational numbers as an example of torsion-free non free Z-modules. We
also formalize the rank-nullity theorem over finite-rank free Z-modules (previo-
usly formalized in [1]). Z-module is necessary for lattice problems, LLL (Lenstra,
Lenstra and Lovész) base reduction algorithm [23] and cryptographic systems
with lattices [24].
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The notation and terminology used in this paper have been introduced in the
following articles: [27], [8], [2], [29], [6], [13], [9], [10], [I7], [30], [22], [28], [25],
[, [51, [111, [201, [38], [39], [32], [37], [21], [33], [34], [35], [36], [12], [14], [13],
[16], [26], and [19].

1. TORSION PART OF Z-MODULE

From now on z, y, 1, y2 denote objects, V denotes a Z-module, W, Wy, Wy
denote submodules of V', u, v denote vectors of V', and ¢, j, k, n denote elements
of N.

Now we state the proposition:
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(1) Let us consider an integer n. Suppose n # 0 and n # —1 and n # —2.
Then 25 ¢ Z.

One can check that there exists an element of Z® which is prime and non
zero and every element of Z® which is prime is also non zero.
Now we state the propositions:

(2) Let us consider a Z-module V', and a subset A of V. Suppose A is linearly
independent. Then there exists a subset B of V' such that

(i) AC B, and
(ii) B is linearly independent, and

(iii) for every vector v of V, there exists an element a of Z® such that
a#0anda-v e Lin(B).

PROOF: Define Plset] = there exists a subset B of V' such that B = $;
and A C B and B is linearly independent. Consider @ being a set such
that For every set Z, Z € Q iff Z € 2% and P[Z], where « is the carrier
of V. Consider X being a set such that X € @ and for every set Z such
that Z € Q and Z # X holds X € Z. Consider B being a subset of V
such that B = X and A C B and B is linearly independent. Consider v
being a vector of V such that for every element a of Z® such that a # 0
holds a-v ¢ Lin(B). BU{v} is linearly independent by [10, (8)], [15} (39),
(55)], B1, (61)]. O

(3) Let us consider a Z-module V, a finite subset I of V, and a submodule
W of V. Suppose for every vector v of V such that v € I there exists
an element a of Z® such that a # Ozr and a-v € W. Then there exists
an element a of Z® such that

(i) a # Ozr, and
(ii) for every vector v of V' such that v € I holds a-v € W.

PROOF: Define P[natural number| = for every finite subset I of V' such
that I = $; and for every vector v of V such that v € I there exists
an element a of Z® such that a # Ozr and a-v € W there exists an element
a of ZR such that a # 0zr and for every vector v of V such that v € I holds
a-v € W. P[0]. For every natural number n such that P[n] holds P[n + 1]
by [37, (41)], [3, (44)], [2, (30)], [14, (37)]. For every natural number n,
P[n] from [4, Sch. 2]. O

(4) Let us consider a finite rank, free Z-module V. Then every linearly in-
dependent subset of V' is finite.

Let V be a finite rank, free Z-module. Let us observe that every subset of V
which is linearly independent is also finite.
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Let us consider a finite rank, free Z-module V' and a linearly independent
subset A of V. Now we state the propositions:

(5) There exists a finite, linearly independent subset I of V' and there exists
an element a of Z® such that a # Ozr and A C I and aoV is a submodule

of Lin(I).
(6) There exists a finite, linearly independent subset I of V' such that
(i) ACI, and
(i) rankV = T.
The theorem is a consequence of (5).

Now we state the proposition:

(7) Let us consider a torsion-free Z-module V', finite rank, free submodules
Wi, Wy of V., and a basis I; of Wj. Then there exists a finite, linearly
independent subset I of V' such that

(i) I is a subset of W + Wa, and
(i) I € I, and
(iii) rank(W; + Wa) = rank Lin([).
The theorem is a consequence of (6).
Let us consider a torsion-free Z-module V' and finite rank, free submodules
W1, Wy of V. Now we state the propositions:

(8) Suppose Ws is a submodule of W;. Then there exists a finite rank, free
submodule W3 of V' such that

(i) rank Wy = rank Ws + rank W3, and
(11) Wy N W3 = 0y, and
(iii) W3 is a submodule of Wj.

PROOF: Set Iy = the basis of W5. Reconsider Jo = I as a subset of Wj.
Consider J; being a finite, linearly independent subset of W7 such that
Jo C J; and rank Wy = Ji. Set J3 = J; \ Jo. Reconsider I3 = J3 as
a subset of V. Wa N Lin(/3) = 0y by [16, (20)], [14, (42)], [18, (23)], [19,
(4)]. O

(9) There exists a finite rank, free submodule W3 of V' such that

(i) rank(W7 4+ Wa) = rank W; + rank W3, and
(ii) Wi N W3 = 0y, and
(iii) W3 is a submodule of Wy + Wh.



300 YUICHI FUTA, HIROYUKI OKAZAKI, AND YASUNARI SHIDAMA

PROOF: Set I} = the basis of Wj. Consider I being a finite, linearly in-
dependent subset of V' such that I is a subset of W7 + W5 and I; C [
and rank(W; + W) = rank Lin(I). Set Iy = I \ I . Reconsider Jy = Iy as
a finite, linearly independent subset of V. Wi NLin(.J2) = 0y by [16], (20)],
[14, (42)], [18, (23)], [19, (4)]. O

Now we state the proposition:

(10) Let us consider a finite rank, free Z-module V', and submodules Wy, Wy
of V. Then rank(W; N Wa) > rank Wj + rank Wy — rank V.

Let V be a Z-module. The functor torsion-part(V') yielding a strict submo-
dule of V is defined by

(Def. 1) the carrier of it = {v, where v is a vector of V' : v is torsion}.
Now we state the propositions:
(11) Let us consider a Z-module V, and a vector v of V. Then v is torsion if
and only if v € torsion-part(V).
(12) Let us consider a Z-module V. Then V is torsion-free if and only if
torsion-part(V') = 0y . The theorem is a consequence of (11).

Let V be a Z-module. Observe that Z-ModuleQuot(V, torsion-part(V')) is
torsion-free.

Let W be a submodule of V. The functor Z-QMorph(V, W) yielding a linear
transformation from V' to Z-ModuleQuot(V, W) is defined by

(Def. 2) for every element v of V', it(v) = v+ W.

One can check that Z-QMorph(V, W) is onto.
Now we state the proposition:

(13) Let us consider Z-modules V', W, a linear transformation 7" from V to W,

a finite sequence s of elements of V', and a finite sequence t of elements of
W. Suppose len s = lent and for every element 4 of N such that ¢ € dom s
there exists a vector s; of V such that s; = s(i) and ¢(i) = T'(s1). Then
Yt=T( s).
PROOF: Define P[natural number| = for every finite sequence s of elements
of V for every finite sequence t of elements of W such that len s = $; and
len s = lent and for every element ¢ of N such that ¢ € dom s there exists
a vector s of V such that s; = s(i) and ¢(i) = T'(s1) holds Y}t =T(3_ s).
P[0] by [32, (43)], [26], (19)]. For every natural number k such that P[k]
holds Plk + 1] by [6, (59)], [4, (11)], [6, (4)], [9, (3)]. For every natural
number k, P[k] from [4, Sch. 2]. O

Let V be a finitely generated Z-module and W be a submodule of V. Observe

that Z-ModuleQuot(V, W) is finitely generated and
Z-ModuleQuot(V, torsion-part(V)) is free.
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2. Z-MODULE GENERATED BY THE FIELD OF RATIONAL NUMBERS

The functor Z-moduleQ yielding a vector space structure over Z® is defined

by the term
(Def. 3) (the carrier of Fg,the addition of Fg,the zero of Fg, the left integer
multiplication of Fg).

One can verify that Z-moduleQ is non empty and Z-moduleQ is Abelian,
add-associative, right zeroed, right complementable, scalar distributive, vector
distributive, scalar associative, and scalar unital.

Now we state the propositions:

(14) Let us consider an element v of Fg, and a rational number v;. Suppose
v = vy. Let us consider a natural number n. Then (Nat-mult-left Fg)(n,v) =
n-uvi.

PROOF: Define P[natural number|] = (Nat-mult-left Fg)($1,v) = $1 - v1.
For every natural number n such that P[n] holds P[n + 1]. For every
natural number n, P[n] from [4, Sch. 2]. O

(15) Let us consider an integer x, an element v of Fg, and a rational number
v1. Suppose v = v;. Then (the left integer multiplication of Fg)(z,v) =
x - v1. The theorem is a consequence of (14).

Let us observe that Z-moduleQ is torsion-free and Z-moduleQ is non trivial.

Now we state the propositions:

(16) Let us consider an element s of Z-moduleQ. Then Lin({s}) # Z-moduleQ.
The theorem is a consequence of (15) and (1).

(17) Let us consider elements s, ¢ of Z-moduleQ. If s # ¢, then {s,¢} is not
linearly independent. The theorem is a consequence of (15).

Let us observe that Z-moduleQ is non free.

Now we state the proposition:

(18) Let us consider a finite subset A of Z-moduleQ. Then there exists an in-
teger n such that

(i) n#0, and
(ii) for every element s of Z-moduleQ such that s € Lin(A) there exists

an integer m such that s = .

PROOF: Set S = Z-moduleQ. Define P[natural number] = for every finite
subset A of S such that A = $; there exists an integer n such that n # 0
and for every element s of S such that s € Lin(A) there exists an integer
m such that s = *. P[0] by [15 (67)]. For every natural number k such
that P[k] holds P[k+1] by [37, (41)], [3, (44)], [2, (30)], [20, (1)]. For every
natural number k, P[k] from 4, Sch. 2]. O
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One can verify that Z-moduleQ is non finitely generated.
Now we state the proposition:

(19) Let us consider a finite subset A of Z-moduleQ. Then rank Lin(A) < 1.
PROOF: Set S = Z-moduleQ. Define P[natural number] = for every finite
subset A of S such that A = $; holds rankLin(A4) < 1. P[0] by [15]
(67)], [14, (51)], [26, (1)]. For every natural number n such that P[n]
holds P[n+1] by [12} (31)], [3, (44)], [2, (30)], [I5, (72)]. For every natural
number n, P[n] from [4, Sch. 2]. O

3. THE RANK-NULLITY THEOREM

In the sequel V', W denote finite rank, free Z-modules and T denotes a linear
transformation from V' to W.

Let W be a finite rank, free Z-module, V' be a Z-module, and T be a linear
transformation from V to W. Observe that im 7 is finite rank and free.

The functor rank T" yielding a natural number is defined by the term

(Def. 4) rankim7T.

Let V be a finite rank, free Z-module and W be a Z-module. The functor
nullity T' yielding a natural number is defined by the term

(Def. 5) rankkerT.
Now we state the propositions:

(20) Let us consider a finite rank, free Z-module V', a subset A of V, a linearly
independent subset B of V, and a linear transformation 7" from V to W.
Suppose rank V = B and A is a basis of ker T"and A C B. Then T'[(B\ A)

is one-to-one.

(21) Let us consider a finite rank, free Z-module V', a subset A of V', a linearly
independent subset B of V, a linear transformation 7" from V' to W, and
a linear combination [ of B\ A. Suppose rankV = B and A is a basis of
kerT'and A C B. Then T'(>"1) = > (T @x1). The theorem is a consequence
of (20).

(22) Let us consider Z-modules V', W, a linear transformation 7' from V
to W, and a subset A of V. Suppose A C the carrier of kerT. Then
Lin(T°A) = Ow.

(23) Let us consider Z-modules V', W, a linear transformation 7" from V to
W, and subsets A, B, X of V. Suppose A C the carrier of kerT and
X = BUA. Then Lin(7°X) = Lin(7°B). The theorem is a consequence
of (22).
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Let us consider finite rank, free Z-modules V', W and a linear transformation
T from V to W. Now we state the propositions:

(24) rankV =rankT + nullity T'.

PROOF: Set A = the finite basis of kerT. Reconsider A’ = A as a subset
of V. Consider B’ being a finite, linearly independent subset of V', a being
an element of Z® such that a # Oyr and A’ C B’ and aoV is a submodule
of Lin(B’). Reconsider X = B’ \ A’ as a finite subset of B’. Reconsider
C = T°X as a finite subset of W. T'[X is one-to-one. C is linearly inde-
pendent by [26, (60)], (21), [26, (20)], [16, (20)]. Reconsider a; = aoimT
as a submodule of W. Lin(T°B’) = Lin(T°X). For every vector v of W
such that v € a; holds v € Lin(C) by [14, (25)], [26], (23)], [14, (29), (24)].
]

(25) If T is one-to-one, then rank V' = rank T'. The theorem is a consequence
of (24).
Let V, W be Z-modules and T be a linear transformation from V' to W. The
functor Z-decom(T') yielding a linear transformation from Z-ModuleQuot(V, ker
T) to im T is defined by
(Def. 6) itis bijective and for every element v of V', it ((Z-QMorph(V, ker T'))(v)) =
T(v).
Now we state the propositions:
(26) Let us consider Z-modules V', W, and a linear transformation 7' from V'
to W. Then T' = Z-decom(T) - Z-QMorph(V, ker T').
PROOF: Set g = Z-decom(T') - Z-QMorph(V, ker T'). For every element z of
V, T(z) = g(z) by [10, (15)]. O
(27) Let us consider Z-modules V', U, W, a linear transformation f from V'
to U, and a linear transformation g from U to W. Then g - f is a linear
transformation from V' to W.
PROOF: Set § = g - f. For every elements z, y of V, f(x + y) = f(z) + f(y)
by [10, (15)]. For every element a of Z® and for every element z of V,
f(a-2) = a-f(z) by [10, (15)]. O
Let V., U, W be Z-modules, f be a linear transformation from V to U, and
g be a linear transformation from U to W. One can check that the functor g - f
yields a linear transformation from V' to W. Now we state the propositions:
(28) Let us consider Z-modules V', W, and a linear transformation f from V'
to W. Then the carrier of ker f = f~1({Ow}).
PROOF: For every object x, x € the carrier of ker f iff z € f=1({Ow}) by
[10, (38)]. O
(29) Let us consider Z-modules V', U, W, a linear transformation f from V'
to U, and a linear transformation g from U to W. Then the carrier of
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ker g- f = f~1(the carrier of ker g). The theorem is a consequence of (28).
(30) Let us consider Z-modules V', W, and a linear transformation f from V'
to W. If f is onto, then im f = Q.
(31) Let us consider a Z-module V, and a submodule W of V.
Then ker Z-QMorph(V, W) = Q.
ProoF: Set f = Z-QMorph(V,W). Reconsider W7 = Qu as a strict
submodule of V. For every object x, = € f‘l({OZ_ModuleQuot(uw)}) iff
x € the carrier of W by [10, (38)], [I4, (63)]. ker f = W;. O
(32) Let us consider a Z-module V', a submodule W of V| a strict submodule
W1 of V, and a vector v of V. If W7 = Qu, then v + W = v + Wh.
PRrROOF: For every object z, x € v+ W iff x € v+ W, by [14, (72)]. O
(33) Let us consider a Z-module V', a submodule W of V', a strict submodule
Wi of V, and an object A. If W7 = Qyy, then A is a coset of W iff A is
a coset of Wj. The theorem is a consequence of (32).
Let us consider a Z-module V', a submodule W of V', and a strict submodule
Wi of V.

Let us assume that W7 = Qyy. Now we state the propositions:

(34) CosetSet(V,W) = CosetSet(V,W;). The theorem is a consequence of
(33).

(35) addCoset(V, W) = addCoset(V,W;). The theorem is a consequence of
(34) and (32).

(36) lmultCoset(V, W) = ImultCoset(V, W7). The theorem is a consequence
of (34) and (32).

(37) Z-ModuleQuot(V, W) = Z-ModuleQuot(V, W7). The theorem is a con-
sequence of (34), (35), and (36).

Now we state the propositions:

(38) Let us consider Z-modules V', U, a submodule V; of V, a submodule
Uy of U, and a linear transformation f from V to U. Suppose f is onto
and the carrier of V4 = f~1(the carrier of U;). Then there exists a line-
ar transformation F' from Z-ModuleQuot(V, V}) to Z-ModuleQuot(U, Uy)
such that F is bijective. The theorem is a consequence of (37), (29), (31),
and (30).

(39) Let us consider a Z-module V', submodules Wi, Wy of V, a submodule
Up of Wi + W5, and a strict submodule Us of W7, Suppose Uy = W
and Uy = W7 N W5y, Then there exists a linear transformation F' from
Z-ModuleQuot(W; + Wy, U;y) to Z-ModuleQuot(W7y,Us) such that F is
bijective.

PROOF: Set Z; = Z-ModuleQuot(W7 + W, Uy). Set Zy = Z-ModuleQuot
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(W1, Us). Define Plobject, object] = there exists an element v of W 4+ Ws
such that $; = v and $5 = v + U;. For every element z of W7, there exists
an element y of Z; such that P[z,y| by [14, (25), (93)]. Consider f being
a function from the carrier of Wy into the carrier of Z; such that for every
element z of Wy, Pz, f(2)] from [10, Sch. 3]. f is a linear transformation
from Wy to Z; by [14, (25), (28), (29)]. ker f = Uy by [26, (20)], [14,
(63), (94), (46)]. im f = Z-ModuleQuot(W; + Wa, Uy) by [I4, (92), (93),
(28)]. Reconsider F' = Z-decom(f) as a linear transformation from Zs to
Z1. Consider F} being a linear transformation from Z; to Zs such that
Fy = F~! and F; is bijective. [

(40) Let us consider a Z-module V', a submodule W; of V| a submodule Wy of
W1, a submodule U; of V, and a submodule Uy of Z-ModuleQuot(V, Uy).
Suppose U; = Wy and Uy = Z-ModuleQuot(W7, W5). Then there exists
a linear transformation F from Z-ModuleQuot(Z-ModuleQuot(V, Uy), Us)
to Z-ModuleQuot(V, W7) such that F' is bijective.

PROOF: Define P[object, object] = there exists an element v of V' such that
$1 = v+ U; and $3 = v+W;. For every element z of Z-ModuleQuot(V, U;),
there exists an element y of Z-ModuleQuot(V,W;) such that P[z,y] by
[10, (113)]. Consider f being a function from Z-ModuleQuot(V,U;) into
Z-ModuleQuot(V, W7) such that for every element z of Z-ModuleQuot(V,
U1), Plz, f(z)] from [10, Sch. 3]. f is a linear transformation from
Z-ModuleQuot(V, U;) to Z-ModuleQuot(V, W7) by [14, (58), (24), (68)].
ker f = U by [26, (20)], [14}, (63), (24), (28)]. im f = Z-ModuleQuot(V, W)
by [14, (58), (24), (68)], [10 (38), (41)]. O

Let V be a Z-module and a be a non zero element of ZR. Let us observe

that Z-ModuleQuot(V,a o V) is torsion.
Now we state the propositions:

(41) Let us consider a trivial Z-module V. Then Qy = Oy.

(42) Let us consider a Z-module V', and a vector v of V. If v # Oy, then
Lin({v}) is not trivial. The theorem is a consequence of (41).
(43) There exists a Z-module V and there exists an element p of Z% such that
p # Ozr and Z-ModuleQuot(V,p o V') is not trivial.
PROOF: Reconsider V = (the carrier of Z%, the addition of Z~®, the zero
of Z® the left integer multiplication of (ZR?)) as a Z-module. Reconsider
p = 2 as an element of ZR®. Z-ModuleQuot(V, p o V) is not trivial by [14}
(63)], [19, (14)]. O
Note that there exists a torsion Z-module which is non trivial and there
exists a Z-module which is non torsion-free.
Let V' be a non torsion-free Z-module. Let us note that there exists a vector
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of V' which is non zero and torsion and there exists a finitely generated Z-module
which is non trivial.

Now we state the proposition:

(44) Let us consider a Z-module V. Then V is torsion-free if and only if Qy
is torsion-free.

Observe that every non torsion-free Z-module is non trivial and there exists
a finitely generated, torsion-free Z-module which is non trivial.

Let V be a non trivial, finitely generated, torsion-free Z-module and p be
a prime element of Z®. Let us note that Z-ModuleQuot(V,p o V) is non trivial
and there exists a torsion Z-module which is finitely generated and there exists
a finitely generated, torsion Z-module which is non trivial.

Let V be a non trivial, finitely generated, torsion-free Z-module and p be
a prime element of Z®. Note that Z-ModuleQuot(V,p o V) is finitely generated
and torsion.

Let V be a non torsion Z-module.
One can verify that Z-ModuleQuot(V, torsion-part(V')) is non trivial.
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