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Topology from Neighbourhoods
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Summary. Using Mizar [9], and the formal topological space structure
(FMT_Space_Str) [19], we introduce the three U-FMT conditions (U-FMT filter,
U-FMT with point and U-FMT local) similar to those Vi, Vir, Virr and Viv of
the proposition 2 in [10]:

If to each element x of a set X there corresponds a set B(x) of subsets
of X such that the properties Vi, Vir, Virr and Viy are satisfied,
then there is a unique topological structure on X such that, for each
x € X, B(z) is the set of neighborhoods of z in this topology.

We present a correspondence between a topological space and a space defined
with the formal topological space structure with the three U-FMT conditions called
the topology from neighbourhoods. For the formalization, we were inspired by
the works of Bourbaki [I1] and Claude Wagschal [31].
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The notation and terminology used in this paper have been introduced in the
following articles: [24], [16], [1], [30], [I7], [19], [12], [13], [27], [2], [34], [25], [28],
4], [14], [23], [32], [33], [22], [29], [5], [6], [8], [18], [26], and [15].

1. PRELIMINARIES

From now on X denotes a non empty set.
Now we state the propositions:

(1) Let us consider families B, Y of subsets of X. If Y C UniCl(B), then
UY € UniCl(B).
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(2) Let us consider an empty family B of subsets of X. Suppose for every
elements By, By of B, there exists a subset Bg of B such that By N By =
U B3 and X = {J B. Then FinMeetCl(B) C UniCl(B).
Proor: FinMeetCl(B) C UniCl(B) by [22, (1)]. O

(3) Let us consider a non empty family B of subsets of X. Suppose for
every elements By, Bs of B, there exists a subset Bs of B such that
By N By =JBs and X = |JB. Then FinMeetCl(B) C UniCl(B).
PRrROOF: Reconsider xg = x as a subset of X. Consider Y being a family
of subsets of X such that Y C B and Y is finite and z¢ = Intersect(Y").
Define P[natural number| = for every family Y of subsets of X for every
subset  of X such that Y C B and Y = $; and z = Intersect(Y) holds
x € UniCl(B). PJ0]. For every natural number k such that P[k] holds
Plk + 1] by [20, (24)], [22, (10), (9)], [15, (2)]. For every natural number
k, Plk| from [3, Sch. 2]. O

(4) Let us consider a family B of subsets of X. Suppose for every elements
By, Bs of B, there exists a subset B3 of B such that By N By = J Bs and
X =UB. Then

(i) UniCl(B) = UniCl(FinMeetCl(B)), and

(ii) (X, UniCl(B)) is topological space-like.
Proor: UniCl(B) = UniCl(FinMeetCl(B)) by [24, (4)], (2), (3), [7, (15)].
g

(5) Let us consider a non empty formal topological space R. Then there
exists a relational structure S such that for every element x of R, Up(x)
is a subset of S.

Let T be a non empty topological space. One can verify that NeighSp T is
filled.

2. OPEN, NEIGHBORHOOD AND CONDITIONS FOR TOPOLOGICAL SPACE
FROM NEIGHBORHOODS

Let E be a non empty, strict formal topological space and O be a subset of
E. We say that O is open if and only if

(Def. 1) for every element x of E such that 2 € O holds O € Up(x).
We say that E is U-FMT filter if and only if
(Def. 2) for every element x of E, Up(x) is a filter of the carrier of E.
We say that E is U-FMT with point if and only if
(Def. 3) for every element x of E and for every element V of Up(z), x € V.
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We say that F is U-FMT local if and only if
(Def. 4) for every element = of E and for every element V of Up(x), there exists
an element W of Up(x) such that for every element y of E such that y is
an element of W holds V' is an element of Up(y).
Now we state the proposition:

(6) Let us consider a non empty, strict formal topological space E. Suppose
E is U-FMT filter. Let us consider an element = of E. Then Ur(z) is not
empty.

Let us consider a non empty, strict formal topological space E. Now we state
the propositions:

(7) If E is U-FMT with point, then E is filled.

(8) If E is filled and for every element z of E, Up(x) is not empty, then E
is U-FMT with point.

(9) If Eisfilled and U-FMT filter, then E is U-FMT with point. The theorem
is a consequence of (8).

Observe that there exists a non empty, strict formal topological space which
is U-FMT local, U-FMT with point, and U-FMT filter.
Now we state the proposition:
(10) Let us consider a U-FMT filter, non empty, strict formal topological
space F, and an element x of E. Then the carrier of E € Up(x).
Let E be a U-FMT filter, non empty, strict formal topological space and z
be an element of F.
A neighbourhood of x is a subset of £/ and is defined by
(Def. 5) it € Up(z).
Let us observe that there exists a neighbourhood of z which is open.
Let A be a subset of E.
A neighbourhood of A is a subset of E and is defined by
(Def. 6) for every element x of E such that € A holds it € Up(z).
Note that there exists a neighbourhood of A which is open.
Now we state the proposition:
(11) Let us consider a U-FMT filter, non empty, strict formal topological

space F, a subset A of E, a neighbourhood C of A, and a subset B of E.
If C C B, then B is a neighbourhood of A.

Let E be a U-FMT filter, non empty, strict formal topological space and A
be a subset of E. The functor Neighborhood A yielding a family of subsets of
is defined by the term

(Def. 7) the set of all N where N is a neighbourhood of A.
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Now we state the proposition:
(12) Let us consider a U-FMT filter, non empty, strict formal topological
space I, and a non empty subset A of E. Then Neighborhood A is a filter
of the carrier of E. The theorem is a consequence of (10).
Let E be a non empty, strict formal topological space. We say that E is
U-FMT filter base if and only if
(Def. 8) for every element x of the carrier of E, Up(z) is a filter base of the carrier
of E.
Let E be a non empty formal topological space. The functor [E] yielding
a function from the carrier of E into 22" ™ ** ¥ is defined by
(Def. 9) for every element x of the carrier of E, it(x) = [Upr(x)].
Let E be a non empty, strict formal topological space. The functor gen-filter £
yielding a non empty, strict formal topological space is defined by the term
(Def. 10) (the carrier of E, [E]).
Now we state the proposition:
(13) Let us consider a non empty, strict formal topological space E. Suppose
FE is U-FMT filter base. Then gen-filter I/ is U-FMT filter.

PROOF: For every element z of gen-filter E, Up(x) is a filter of the carrier
of gen-filter E' by [16, (25)]. O

3. TOPOLOGY FROM NEIGHBORHOODS: A DEFINITION

A topology from neighbourhoods is a U-FMT local, U-FMT with point, U-
FMT filter, non empty, strict formal topological space. Let E be a topology
from neighbourhoods and z be an element of E. We introduce the notation
the neighborhood system of x as a synonym of Up(x).

Let us note that there exists a subset of E which is open.

The functor the open set family of F yielding a non empty family of subsets
of the carrier of F is defined by the term

(Def. 11) the set of all O where O is an open subset of E.
Now we state the propositions:

(14) Let us consider a topology from neighbourhoods E. Then
(i) 0, the carrier of E € the open set family of F, and

(ii) for every family a of subsets of E such that a C the open set family
of E holds |Ja € the open set family of E, and

(iii) for every subsets a, b of E such that a, b € the open set family of E
holds a Nb € the open set family of E.
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PROOF: () € the open set family of E. The carrier of E € the open set
family of E by [30, (5)]. For every family a of subsets of E such that
a C the open set family of E holds |Ja € the open set family of E by [15,
(74)]. For every subsets a, b of E such that a, b € the open set family of
FE holds a N'b € the open set family of E. [J

(15) Let us consider a topology from neighbourhoods E, an element a of E,

and a neighbourhood V' of a. Then there exists an open subset O of E
such that

(i) a € O, and
(i) O C V.
The theorem is a consequence of (6).

(16) Let us consider a topology from neighbourhoods F, a non empty subset
A of F, and a subset V of E. Then V is a neighbourhood of A if and only
if there exists an open subset O of E such that AC O C V.
PRroOOF: If V is a neighbourhood of A, then there exists an open subset O
of E such that A C O CV by (15), (14), [13 (4)]. If there exists an open
subset O of FE such that A C O CV, then V is a neighbourhood of A. [J

(17) Let us consider a topology from neighbourhoods E, and a non empty
subset A of E. Then Neighborhood A is a filter of the carrier of E.

Let E be a topology from neighbourhoods and A be a non empty subset of
E. The open neighbourhoods of A yielding a family of subsets of the carrier of
FE is defined by the term
(Def. 12) the set of all N where N is an open neighbourhood of A.
Now we state the propositions:

(18) Let us consider a topology from neighbourhoods E, a filter F of the car-
rier of £/, a non empty subset S of F, and a non empty subset A of E.
Suppose F = Neighborhood A and § = the open neighbourhoods of A.
Then S is filter basis. The theorem is a consequence of (16).

(19) Let us consider a non empty topological space T. Then there exists
a topology from neighbourhoods E such that

(i) the carrier of T' = the carrier of F, and
(ii) the open set family of E = the topology of T

PROOF: There exists a non empty, strict formal topological space E such
that F is U-FMT filter, U-FMT with point, and U-FMT local and the carri-
er of T' = the carrier of F and there exists a topology from neighbourhoods
T7 such that 77 = F and the open set family of 17 = the topology of T' by
(13), 23 (1)], [21), (3), (7)]. Consider E being a non empty, strict formal
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topological space such that the carrier of T" = the carrier of E and F is
U-FMT filter, U-FMT with point, and U-FMT local and there exists a to-
pology from neighbourhoods 7} such that 77 = F and the open set family
of 71 = the topology of T'. Consider T} being a topology from neighbour-
hoods such that 77 = F and the open set family of T7 = the topology of
T.0O

(20) Let us consider a non empty topological space T, and a topology from ne-
ighbourhoods E. Suppose the carrier of T' = the carrier of £ and the open
set family of F = the topology of T'. Let us consider an element z of E.
Then Up(z) = {V, where V is a subset of E : there exists a subset O of
T such that O € the topology of T'and z € O and O C V'}. The theorem
is a consequence of (15).

4. BASIS

Let E be a topology from neighbourhoods and F' be a family of subsets of
E. We say that F' is quasi basis if and only if

(Def. 13) the open set family of £ C UniCl(F).

Note that the open set family of F is quasi basis and there exists a family
of subsets of E which is quasi basis.
Let S be a family of subsets of E. We say that S is open if and only if
(Def. 14) S C the open set family of E.
One can check that there exists a family of subsets of £ which is open and
there exists a family of subsets of F which is open and quasi basis.
A basis of F is an open, quasi basis family of subsets of E. Now we state
the propositions:
(21) Let us consider a topology from neighbourhoods F, and a basis B of E.
Then the open set family of E = UniCl(B). The theorem is a consequence
of (14).
(22) Let us consider a non empty family B of subsets of X. Suppose for every
elements By, By of B, there exists a subset B3 of B such that By N By =
U B3 and X = |J B. Then there exists a topology from neighbourhoods F
such that

(i) the carrier of F = X, and
(ii) B is a basis of E.
The theorem is a consequence of (4) and (19).

(23) Let us consider a topology from neighbourhoods F, and a basis B of E.
Then
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(i) for every elements Bj, Bs of B, there exists a subset Bs of B such
that By N By = |J B3, and

(ii) the carrier of E = J B.

PROOF: For every elements By, By of B, there exists a subset Bg of B such
that By N By = | Bs by [7, (16)], (14). The carrier of X € the open set
family of X. Consider Y being a family of subsets of X such that Y C B
and the carrier of X =JY. U

5. CORRESPONDENCE BETWEEN TOPOLOGICAL SPACE AND TOPOLOGY
FROM NEIGHBORHOODS

Let T be a non empty topological space. The functor TopSpace2FMT T’
yielding a topology from neighbourhoods is defined by

(Def. 15) the carrier of it = the carrier of 7' and the open set family of it =
the topology of T.

Let E be a topology from neighbourhoods. The functor FMT2TopSpace E
yielding a strict topological space is defined by

(Def. 16) the carrier of it = the carrier of E and the open set family of £ =
the topology of it.

Let us observe that FMT2TopSpace F is non empty.
Now we state the propositions:

(24) Let us consider a non empty, strict topological space T. Then T =
FMT2TopSpace TopSpace2FMT T'.

(25) Let us consider a topology from neighbourhoods E. Then E =
TopSpace2FMT FMT2TopSpace E.

REFERENCES

[1] Grzegorz Bancerek. |Cardinal numbers. Formalized Mathematics, 1(2):377-382, 1990.

[2] Grzegorz Bancerek. |Complete lattices. Formalized Mathematics, 2(5):719-725, 1991.

[3] Grzegorz Bancerek. [The fundamental properties of natural numbers. Formalized Mathe-
matics, 1(1):41-46, 1990.

[4] Grzegorz Bancerek. The ordinal numbers. Formalized Mathematics, 1(1):91-96, 1990.

[5] Grzegorz Bancerek. Directed sets, nets, ideals, filters, and maps. Formalized Mathematics,
6(1):93-107, 1997.

[6] Grzegorz Bancerek. Prime ideals and filters. Formalized Mathematics, 6(2):241-247, 1997.

[7] Grzegorz Bancerek. Bases and refinements of topologies. Formalized Mathematics, 7(1):
35-43, 1998.

[8] Grzegorz Bancerek, Noboru Endou, and Yuji Sakai. |On the characterizations of compact-
ness. Formalized Mathematics, 9(4):733-738, 2001.


http://fm.mizar.org/1990-1/pdf1-2/card_1.pdf
http://fm.mizar.org/1991-2/pdf2-5/lattice3.pdf
http://fm.mizar.org/1990-1/pdf1-1/nat_1.pdf
http://fm.mizar.org/1990-1/pdf1-1/ordinal1.pdf
http://fm.mizar.org/1997-6/pdf6-1/waybel_0.pdf
http://fm.mizar.org/1997-6/pdf6-2/waybel_7.pdf
http://fm.mizar.org/1998-7/pdf7-1/yellow_9.pdf
http://fm.mizar.org/2001-9/pdf9-4/yellow19.pdf
http://fm.mizar.org/2001-9/pdf9-4/yellow19.pdf

296

[9]

(10]
(11]
(12]
(13]

(14]
(15]

[16]

(17]
(18]

(19]
20]
(21]
22]
23]
24]
[25]
[26]

27]
(28]

29]
(30]

(31]
32]

(33]

34]

ROLAND COGHETTO

Grzegorz Bancerek, Czestaw Bylinski, Adam Grabowski, Artur Kornitowicz, Roman Ma-
tuszewski, Adam Naumowicz, Karol Pak, and Josef Urban. Mizar: State-of-the-art and
beyond. In Manfred Kerber, Jacques Carette, Cezary Kaliszyk, Florian Rabe, and Vol-
ker Sorge, editors, Intelligent Computer Mathematics, volume 9150 of Lecture Notes in
Computer Science, pages 261-279. Springer International Publishing, 2015. ISBN 978-3-
319-20614-1. doi:10.1007/978-3-319-20615-8_17.

Nicolas Bourbaki. General Topology: Chapters 1—4. Springer Science and Business Media,
2013.

Nicolas Bourbaki. Topologie générale: Chapitres 1 a 4. Eléments de mathématique.
Springer Science & Business Media, 2007.

Czestaw Byliniski. Functions and their basic properties. Formalized Mathematics, 1(1):
55-65, 1990.

Czestaw Bylinski. Functions from a set to a set. Formalized Mathematics, 1(1):153-164,
1990.

Czestaw Bylinski. [Partial functions. Formalized Mathematics, 1(2):357-367, 1990.

Czestaw Byliniski. Some basic properties of sets. Formalized Mathematics, 1(1):47-53,
1990.

Roland Coghetto. Convergent filter bases. Formalized Mathematics, 23(3):189-203, 2015.
doii10.1515/forma-2015-0016.

Agata Darmochwal. Finite sets. Formalized Mathematics, 1(1):165-167, 1990.

Adam Grabowski and Robert Milewski. Boolean posets, posets under inclusion and pro-
ducts of relational structures. Formalized Mathematics, 6(1):117-121, 1997.

Gang Liu, Yasushi Fuwa, and Masayoshi Eguchi. Formal topological spaces. Formalized
Mathematics, 9(3):537-543, 2001.

Yatsuka Nakamura, Piotr Rudnicki, Andrzej Trybulec, and Pauline N. Kawamoto. [Preli-
minaries to circuits, I. Formalized Mathematics, 5(2):167-172, 1996.

Beata Padlewska. Locally connected spaces. Formalized Mathematics, 2(1):93-96, 1991.
Beata Padlewska. [Families of sets. Formalized Mathematics, 1(1):147-152, 1990.

Beata Padlewska and Agata Darmochwal. Topological spaces and continuous functions.
Formalized Mathematics, 1(1):223-230, 1990.

Alexander Yu. Shibakov and Andrzej Trybulec. 'The Cantor set. Formalized Mathematics,
5(2):233-236, 1996.

Andrzej Trybulec. On the sets inhabited by numbers. Formalized Mathematics, 11(4):
341-347, 2003.

Andrzej Trybulec. Moore-Smith convergencel. Formalized Mathematics, 6(2):213-225,
1997.

Michal J. Trybulec. Integers. Formalized Mathematics, 1(3):501-505, 1990.

Wojciech A. Trybulec and Grzegorz Bancerek. Kuratowski — Zorn lemma. Formalized
Mathematics, 1(2):387-393, 1990.

Zinaida Trybulec. Properties of subsets. Formalized Mathematics, 1(1):67-71, 1990.
Josef Urban. Basic facts about inaccessible and measurable cardinals. Formalized Mathe-
matics, 9(2):323-329, 2001.

Claude Wagschal. Topologie et analyse fonctionnelle. Hermann, 1995.

Edmund Woronowicz. Relations and their basic properties. Formalized Mathematics, 1
(1):73-83, 1990.

Edmund Woronowicz. Relations defined on sets. Formalized Mathematics, 1(1):181-186,
1990.

Stanistaw Zukowski. [Introduction to lattice theory. Formalized Mathematics, 1(1):215-
222, 1990.

Received August 14, 2015


http://dx.doi.org/10.1007/978-3-319-20615-8_17
http://dx.doi.org/10.1007/978-3-319-20615-8_17
http://dx.doi.org/10.1007/978-3-319-20615-8_17
http://fm.mizar.org/1990-1/pdf1-1/funct_1.pdf
http://fm.mizar.org/1990-1/pdf1-1/funct_2.pdf
http://fm.mizar.org/1990-1/pdf1-2/partfun1.pdf
http://fm.mizar.org/1990-1/pdf1-1/zfmisc_1.pdf
http://dx.doi.org/10.1515/forma-2015-0016
http://fm.mizar.org/1990-1/pdf1-1/finset_1.pdf
http://fm.mizar.org/1997-6/pdf6-1/yellow_1.pdf
http://fm.mizar.org/1997-6/pdf6-1/yellow_1.pdf
http://fm.mizar.org/2001-9/pdf9-3/fintopo2.pdf
http://fm.mizar.org/1996-5/pdf5-2/pre_circ.pdf
http://fm.mizar.org/1996-5/pdf5-2/pre_circ.pdf
http://fm.mizar.org/1991-2/pdf2-1/connsp_2.pdf
http://fm.mizar.org/1990-1/pdf1-1/setfam_1.pdf
http://fm.mizar.org/1990-1/pdf1-1/pre_topc.pdf
http://fm.mizar.org/1996-5/pdf5-2/cantor_1.pdf
http://fm.mizar.org/2003-11/pdf11-4/membered.pdf
http://fm.mizar.org/1997-6/pdf6-2/yellow_6.pdf
http://fm.mizar.org/1990-1/pdf1-3/int_1.pdf
http://fm.mizar.org/1990-1/pdf1-2/orders_2.pdf
http://fm.mizar.org/1990-1/pdf1-1/subset_1.pdf
http://fm.mizar.org/2001-9/pdf9-2/card_fil.pdf
http://fm.mizar.org/1990-1/pdf1-1/relat_1.pdf
http://fm.mizar.org/1990-1/pdf1-1/relset_1.pdf
http://fm.mizar.org/1990-1/pdf1-1/lattices.pdf

	=0pt Topology from Neighbourhoods  By Roland Coghetto  



