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Summary. In this article we formalize the definition of Decision-Free Petri
Net (DFPN) presented in [19]. Then we formalize the concept of directed path
and directed circuit nets in Petri nets to prove properties of DFPN. We also
present the definition of firing transitions and transition sequences with natural
numbers marking that always check whether transition is enabled or not and
after firing it only removes the available tokens (i.e., it does not remove from
zero number of tokens). At the end of this article, we show that the total number
of tokens in a circuit of decision-free Petri net always remains the same after
firing any sequences of the transition.
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The notation and terminology used in this paper have been introduced in the
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1. Preliminaries

From now on N denotes a place/transition net structure, P denotes a Petri
net, and i denotes a natural number.
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Now we state the propositions:

(1) Let us consider natural numbers x, y and a finite sequence f . Suppose

(i) f�1 is one-to-one, and

(ii) 1 < x ¬ len f , and

(iii) 1 < y ¬ len f , and

(iv) f(x) = f(y).

Then x = y.

(2) Let us consider a non empty set D and a non empty finite sequence f
of elements of D. If f is circular, then f(1) = f(len f).

Let D be a non empty set and a, b be elements of D. Let us observe that
〈a, b, a〉 is circular as a finite sequence of elements of D.

Now we state the proposition:

(3) Let us consider objects a, b. If a 6= b, then 〈a, b, a〉 is almost one-to-one.

Let X be a set, Y be a non empty set, P1 be a finite subset of X, and M1
be a function from X into Y.

An enumeration of M1 and P1 is a finite sequence of elements of Y and is
defined by

(Def. 1) (i) len it = len the enumeration of P1 and for every i such that i ∈
dom it holds it(i) = M1(the enumeration of P1(i)), if P1 is not empty,

(ii) it = εY , otherwise.

The functor PN0 yielding a Petri net is defined by the term

(Def. 2) 〈{0}, {1},Ω{1}({0}),Ω{0}({1})〉.
Let us consider N . We introduce the places and transitions of N as a syno-

nym of Elements(N).
Let us consider P . Let us note that the places and transitions of P is non

empty.
In the sequel f1 denotes a finite sequence of elements of the places and

transitions of P .
Let us consider P and f1. The functors: the places of f1 and the transitions

of f1 yielding finite subsets of P are defined by terms,

(Def. 3) {p, where p is a place of P : p ∈ rng f1},

(Def. 4) {t, where t is a transition of P : t ∈ rng f1},

respectively.
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2. The Number of Tokens in a Circuit

Let us consider N . The markings of N yielding a non empty set of functions
from the carrier of N to N is defined by the term

(Def. 5) Nα, where α is the carrier of N .

A marking of N is an element of the markings of N . Let P1 be a finite subset
of N and M1 be a marking of N . The number of tokens of P1 and M1 yielding
an element of N is defined by the term

(Def. 6)
∑

the enumeration of M1 and P1.

3. Decision-Free Petri Net Concept and Properties of Circuits in
Petri Nets

Let I be a Petri net. We say that I is decision-free-like if and only if

(Def. 7) Let us consider a place s of I. Then

(i) there exists a transition t of I such that 〈〈t, s〉〉 ∈ the T-S arcs of I,
and

(ii) for every transitions t1, t2 of I such that 〈〈t1, s〉〉, 〈〈t2, s〉〉 ∈ the T-S
arcs of I holds t1 = t2, and

(iii) there exists a transition t of I such that 〈〈s, t〉〉 ∈ the S-T arcs of I,
and

(iv) for every transitions t1, t2 of I such that 〈〈s, t1〉〉, 〈〈s, t2〉〉 ∈ the S-T
arcs of I holds t1 = t2.

Let us consider P . Let I be a finite sequence of elements of the places and
transitions of P . We say that I is directed path if and only if

(Def. 8) (i) len I ­ 3, and

(ii) len I mod 2 = 1, and

(iii) for every i such that i mod 2 = 1 and i + 1 < len I holds 〈〈I(i),
I(i+ 1)〉〉 ∈ the S-T arcs of P and 〈〈I(i+ 1), I(i+ 2)〉〉 ∈ the T-S arcs
of P , and

(iv) I(len I) ∈ the carrier of P .

Now we state the proposition:

(4) Let us consider a finite sequence f1 of elements of the places and transi-
tions of PN0. Suppose f1 = 〈0, 1, 0〉. Then f1 is directed path. Proof: f1
is directed path by [2, (13)], [4, (45)]. �

Let us consider P . Observe that every finite sequence of elements of the
places and transitions of P which is directed path is also non empty.

Let I be a Petri net. We say that I has directed path if and only if
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(Def. 9) There exists a finite sequence f1 of elements of the places and transitions
of I such that f1 is directed path.

Let us consider P . We say that P has directed circuit if and only if

(Def. 10) There exists f1 such that f1 is directed path, circular, and almost one-
to-one.

One can verify that PN0 is decision-free-like and Petri-like and has directed
circuit and there exists a Petri net which is Petri-like and decision-free-like
and has directed circuit and every Petri net which has directed circuit has also
directed path and there exists a Petri net which has directed path.

Let D1 be a Petri net with directed path. Let us note that there exists a
finite sequence of elements of the places and transitions of D1 which is directed
path.

From now on D1 denotes a Petri net with directed path and d denotes a
directed path finite sequence of elements of the places and transitions of D1.

Now we state the propositions:

(5) 〈〈d(1), d(2)〉〉 ∈ the S-T arcs of D1.

(6) 〈〈d(len d− 1), d(len d)〉〉 ∈ the T-S arcs of D1.

From now on D1 denotes a Petri-like Petri net with directed path and d

denotes a directed path finite sequence of elements of the places and transitions
of D1.

Now we state the proposition:

(7) If d(i) ∈ the places of d and i ∈ dom d, then i mod 2 = 1. Proof:
Consider p being a place of D1 such that p = d(i) and p ∈ rng d. i mod 2 =
1 by [2, (21)], [16, (25)], [7, (87)]. �

Let us assume that d(i) ∈ the transitions of d and i ∈ dom d. Now we state
the propositions:

(8) i mod 2 = 0. Proof: 〈〈d(len d − 1), d(len d)〉〉 ∈ the T-S arcs of D1.
Consider t being a transition of D1 such that t = d(i) and t ∈ rng d.
i 6= len d by [7, (87)]. i+ 1 6= len d by [7, (87)], [2, (11)], [16, (25)], [5, (3)].
�

(9) (i) 〈〈d(i− 1), d(i)〉〉 ∈ the S-T arcs of D1, and

(ii) 〈〈d(i), d(i+ 1)〉〉 ∈ the T-S arcs of D1.
Proof: 〈〈d(len d − 1), d(len d)〉〉 ∈ the T-S arcs of D1. Consider t being a
transition of D1 such that t = d(i) and t ∈ rng d. i 6= len d by [7, (87)]. �

Now we state the proposition:

(10) Suppose d(i) ∈ the places of d and 1 < i < len d. Then

(i) 〈〈d(i− 2), d(i− 1)〉〉 ∈ the S-T arcs of D1, and

(ii) 〈〈d(i− 1), d(i)〉〉 ∈ the T-S arcs of D1, and

(iii) 〈〈d(i), d(i+ 1)〉〉 ∈ the S-T arcs of D1, and
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(iv) 〈〈d(i+ 1), d(i+ 2)〉〉 ∈ the T-S arcs of D1, and

(v) 3 ¬ i.
Proof: i mod 2 = 1. 〈〈d(len d− 1), d(len d)〉〉 ∈ the T-S arcs of D1. 〈〈d(1),
d(2)〉〉 ∈ the S-T arcs of D1. Consider p being a place of D1 such that
p = d(i) and p ∈ rng d. i+ 1 6= len d by [7, (87)]. 2 6= i by [7, (87)]. �

4. Firable and Firing Conditions for Transitions and Transition
Sequences with Natural Marking

From now on M1 denotes a marking of P , t denotes a transition of P , and
Q, Q1 denote finite sequences of elements of the carrier’ of P .

Let us consider P , M1, and t. We say that t is firable at M1 if and only if

(Def. 11) Let us consider a natural number m. If m ∈M1◦(∗{t}), then m > 0.

The functor Firing(t,M1) yielding a marking of P is defined by

(Def. 12) (i) for every place s of P , if s ∈ ∗{t} and s /∈ {t} , then it(s) = M1(s)−1
and if s ∈ {t} and s /∈ ∗{t}, then it(s) = M1(s) + 1 and if s ∈ ∗{t}
and s ∈ {t} or s /∈ ∗{t} and s /∈ {t} , then it(s) = M1(s), if t is
firable at M1,

(ii) it = M1, otherwise.

Let us consider Q. We say that Q is firable at M1 if and only if

(Def. 13) (i) Q = ∅, or

(ii) there exists a finite sequence M of elements of the markings of P such
that lenQ = lenM and Q1 is firable at M1 and M1 = Firing(Q1,M1)
and for every i such that i < lenQ and i > 0 holds Qi+1 is firable at
Mi and Mi+1 = Firing(Qi+1,Mi).

The functor Firing(Q,M1) yielding a marking of P is defined by

(Def. 14) (i) it = M1, if Q = ∅,
(ii) there exists a finite sequence M of elements of the markings of P such

that lenQ = lenM and it = MlenM andM1 = Firing(Q1,M1) and for
every i such that i < lenQ and i > 0 holds Mi+1 = Firing(Qi+1,Mi),
otherwise.

Now we state the propositions:

(11) Firing(t,M1) = Firing(〈t〉,M1).
(12) t is firable at M1 if and only if 〈t〉 is firable at M1.

(13) Firing(Q a Q1,M1) = Firing(Q1,Firing(Q,M1)).

(14) If Q a Q1 is firable at M1, then Q1 is firable at Firing(Q,M1) and Q is
firable at M1.
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5. The Theorem Stating that the Number of Tokens in a Circuit
Remains the Same After any Firing Sequences

Now we state the proposition:

(15) Let us consider a Petri-like decision-free-like Petri net D1 with direc-
ted path, a directed path finite sequence d of elements of the places and
transitions of D1, and a transition t of D1. Suppose

(i) d is circular, and

(ii) there exists a place p1 of D1 such that p1 ∈ the places of d and 〈〈p1,
t〉〉 ∈ the S-T arcs of D1 or 〈〈t, p1〉〉 ∈ the T-S arcs of D1.

Then t ∈ the transitions of d. The theorem is a consequence of (7), (5),
(6), and (2).

A decision-free Petri net is a Petri-like decision-free-like Petri net with di-
rected circuit. Let D1 be a Petri net with directed circuit. Observe that there
exists a finite sequence of elements of the places and transitions of D1 which is
directed path, circular, and almost one-to-one.

A circuit of places and transitions of D1 is a directed path circular almost
one-to-one finite sequence of elements of the places and transitions of D1. Now
we state the propositions:

(16) Let us consider a decision-free Petri net D1, a circuit d of places and
transitions of D1, a marking M1 of D1, and a transition t of D1. Then
the number of tokens of the places of d and M1 = the number of tokens
of the places of d and Firing(t,M1). The theorem is a consequence of (6),
(5), (8), (2), (9), (1), (10), and (15).

(17) Let us consider a decision-free Petri net D1, a circuit d of places and
transitions of D1, a marking M1 of D1, and a finite sequence Q of elements
of the carrier’ of D1. Then the number of tokens of the places of d and
M1 = the number of tokens of the places of d and Firing(Q,M1). The
theorem is a consequence of (16).
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