FORMALIZED MATHEMATICS 3 DE GRUYTER
Vol. 22 No. 1, Pages 29-35, 2014

DOI: 10.2478 /forma-2014-0004 Ml degruyter.com/view/j/forma

The Formalization of Decision-Free Petri
Net

Pratima K. Shah Pauline N. Kawamotqﬂ
Shinshu University Shinshu University
Nagano, Japan Nagano, Japan

Mariusz Gier
University of Bialtystok
Poland

Summary. In this article we formalize the definition of Decision-Free Petri
Net (DFPN) presented in [I9]. Then we formalize the concept of directed path
and directed circuit nets in Petri nets to prove properties of DFPN. We also
present the definition of firing transitions and transition sequences with natural
numbers marking that always check whether transition is enabled or not and
after firing it only removes the available tokens (i.e., it does not remove from
zero number of tokens). At the end of this article, we show that the total number
of tokens in a circuit of decision-free Petri net always remains the same after
firing any sequences of the transition.
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The notation and terminology used in this paper have been introduced in the
following articles: [T, [, [17], [14], |81, [5], [6], [15], [12], 3], 9], [10}, [20], [11],
[13], [18], and [7].

1. PRELIMINARIES

From now on N denotes a place/transition net structure, P denotes a Petri
net, and ¢ denotes a natural number.

'This work was supported in part by JSPS Kakenhi grant number 2230028502.
2This work was supported in part by the University of Bialystok grant BST225 Database
of mathematical texts checked by computer.
@ 2014 University of Bialystok

CC-BY-SA License ver. 3.0 or later
29 ISSN 1426-2630(Print), 1898-9934(Online)


http://www.degruyter.com/view/j/forma
http://zbmath.org/classification/?q=cc:68Q60
http://zbmath.org/classification/?q=cc:68Q85
http://zbmath.org/classification/?q=cc:03B35
http://fm.mizar.org/miz/petri_df.miz
http://ftp.mizar.org/
http://creativecommons.org/licenses/by-sa/3.0/

30 PRATIMA K. SHAH, PAULINE N. KAWAMOTO, AND MARIUSZ GIERO

Now we state the propositions:

(1) Let us consider natural numbers z, y and a finite sequence f. Suppose

(i) f
(i)
)
)

|1 is one-to-one, and
1 <z <lenf, and
(i) 1 <y <lenf, and

f(@) = f(y).
Then x = y.

(iv

(2) Let us consider a non empty set D and a non empty finite sequence f
of elements of D. If f is circular, then f(1) = f(len f).

Let D be a non empty set and a, b be elements of D. Let us observe that
(a,b,a) is circular as a finite sequence of elements of D.

Now we state the proposition:

(3) Let us consider objects a, b. If a # b, then (a, b, a) is almost one-to-one.
Let X be a set, Y be a non empty set, P; be a finite subset of X, and M;
be a function from X into Y.

An enumeration of M7 and P is a finite sequence of elements of Y and is
defined by

(Def. 1) (i) lenit = lenthe enumeration of P; and for every i such that i €
dom it holds it(i) = Mj(the enumeration of P;(i)), if P} is not empty,

(ii) it = ey, otherwise.

The functor PNg yielding a Petri net is defined by the term

(Def. 2) ({0}, {1}, Q2013 ({0}), Qo ({1}))-
Let us consider V. We introduce the places and transitions of N as a syno-
nym of Elements(N).
Let us consider P. Let us note that the places and transitions of P is non
empty.
In the sequel f; denotes a finite sequence of elements of the places and
transitions of P.

Let us consider P and fi. The functors: the places of f; and the transitions
of f1 yielding finite subsets of P are defined by terms,

(Def. 3) {p, where p is a place of P : p € rng f1},
(Def. 4) {t, where t is a transition of P : t € rng fi},

respectively.
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2. THE NUMBER OF TOKENS IN A CIRCUIT

Let us consider N. The markings of N yielding a non empty set of functions
from the carrier of N to N is defined by the term

(Def. 5) N¢, where « is the carrier of N.

A marking of N is an element of the markings of N. Let P; be a finite subset
of N and M; be a marking of N. The number of tokens of P and M; yielding
an element of N is defined by the term

(Def. 6) >" the enumeration of M; and P;.

3. DECISION-FREE PETRI NET CONCEPT AND PROPERTIES OF CIRCUITS IN
PETRI NETS

Let I be a Petri net. We say that [ is decision-free-like if and only if
(Def. 7) Let us consider a place s of I. Then

(i) there exists a transition ¢ of I such that (¢, s) € the T-S arcs of I,
and

(ii) for every transitions t¢1, to of I such that (t1, s), (t2, s) € the T-S
arcs of I holds t1 = t9, and

(iii) there exists a transition t of I such that (s, t) € the S-T arcs of I,
and

(iv) for every transitions ¢, to of I such that (s, t1), (s, t2) € the S-T
arcs of I holds t; = to.

Let us consider P. Let I be a finite sequence of elements of the places and
transitions of P. We say that I is directed path if and only if

(Def. 8) (i) lenI > 3, and
(ii) lenI mod 2 =1, and
(iii) for every i such that ¢ mod 2 = 1 and i + 1 < len[I holds (I(i),
I(i+1)) € the S-T arcs of P and (I(i+ 1), I(i+2)) € the T-S arcs
of P, and
(iv) I(lenI) € the carrier of P.
Now we state the proposition:

(4) Let us consider a finite sequence f; of elements of the places and transi-
tions of PNg. Suppose f; = (0,1,0). Then f; is directed path. PROOF: f;
is directed path by [2, (13)], 4, (45)]. O
Let us consider P. Observe that every finite sequence of elements of the
places and transitions of P which is directed path is also non empty.
Let I be a Petri net. We say that I has directed path if and only if
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(Def. 9) There exists a finite sequence f; of elements of the places and transitions
of I such that f; is directed path.

Let us consider P. We say that P has directed circuit if and only if

(Def. 10) There exists fi such that f; is directed path, circular, and almost one-
to-one.

One can verify that PNy is decision-free-like and Petri-like and has directed
circuit and there exists a Petri net which is Petri-like and decision-free-like
and has directed circuit and every Petri net which has directed circuit has also
directed path and there exists a Petri net which has directed path.

Let Dy be a Petri net with directed path. Let us note that there exists a
finite sequence of elements of the places and transitions of Dy which is directed
path.

From now on D; denotes a Petri net with directed path and d denotes a
directed path finite sequence of elements of the places and transitions of D;.

Now we state the propositions:

(5) (d(1), d(2)) € the S-T arcs of D;.
(6) (d(lend — 1), d(lend)) € the T-S arcs of D;.

From now on D; denotes a Petri-like Petri net with directed path and d
denotes a directed path finite sequence of elements of the places and transitions
of Dl.

Now we state the proposition:

(7) If d(i) € the places of d and ¢ € domd, then i mod 2 = 1. PROOF:
Consider p being a place of D; such that p = d(i) and p € rngd. i mod 2 =
1 by [2, (21)], [16], (25)], [7, (87)]. O

Let us assume that d(i) € the transitions of d and ¢ € dom d. Now we state
the propositions:

(8) ¢ mod 2 = 0. PrROOF: (d(lend — 1), d(lend)) € the T-S arcs of Dj.
Consider ¢ being a transition of D; such that ¢ = d(i) and t € rngd.
i #lend by [T, (87)]. i+ 1 # lend by [7, (87)], [2, (11)], [16, (25)], [5, (3)]-
U

(9) (1) (d(i—1), d(3)) € the S-T arcs of Dy, and
(i) (d(), d(i + 1)) € the T-S arcs of D;.
PROOF: (d(lend — 1), d(lend)) € the T-S arcs of D;. Consider ¢ being a
transition of D; such that ¢t = d(i) and ¢ € rngd. i # lend by [7, (87)]. O

Now we state the proposition:
(10) Suppose d(i) € the places of d and 1 < i < lend. Then

(i) (d(i—2), d(i — 1)) € the S-T arcs of D, and
(ii) (d(i —1), d(i)) € the T-S arcs of Dy, and
(iii) (d(7), d(i + 1)) € the S-T arcs of Dy, and
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(iv) (d(i+ 1), d(i + 2)) € the T-S arcs of Dy, and
(v) 3<i.
PROOF: i mod 2 = 1. {d(lend — 1), d(lend)) € the T-S arcs of D;. {d(1),

d(2)) € the S-T arcs of D;. Consider p being a place of D; such that
p=4d(i) and p € rngd. i + 1 # lend by [7, (87)]. 2 # ¢ by [7, (87)]. O

4. FIRABLE AND FIRING CONDITIONS FOR TRANSITIONS AND TRANSITION
SEQUENCES WITH NATURAL MARKING

From now on M; denotes a marking of P, t denotes a transition of P, and
@, Q1 denote finite sequences of elements of the carrier’ of P.
Let us consider P, M7, and t. We say that ¢ is firable at M7 if and only if
(Def. 11) Let us consider a natural number m. If m € M;°(*{t}), then m > 0.
The functor Firing(¢, M) yielding a marking of P is defined by
(Def. 12) (i) for every place s of P, if s € *{t} and s ¢ {t}, then it(s) = M;(s)—1
and if s € {t} and s ¢ *{t}, then it(s) = Mi(s) + 1 and if s € *{t}
and s € {t} or s ¢ *{t} and s ¢ {t}, then it(s) = M(s), if t is
firable at M,
(ii) it = M, otherwise.
Let us consider Q. We say that @ is firable at M; if and only if
(Def. 13) (1) Q =0, or
(ii) there exists a finite sequence M of elements of the markings of P such
that len @ = len M and @ is firable at M; and M; = Firing(Q1, M)
and for every ¢ such that ¢ < len @ and ¢ > 0 holds @;4; is firable at
M; and M;41 = Firing(Q;+1, M;).
The functor Firing(Q, M;) yielding a marking of P is defined by
(Def. 14) (i) it = My, if Q =0,
(ii) there exists a finite sequence M of elements of the markings of P such
that len Q = len M and it = Me, pr and M = Firing(Q1, M7) and for
every i such that i < len @ and i > 0 holds M, = Firing(Q;+1, M;),
otherwise.
Now we state the propositions:
(11) Firing(¢t, My) = Firing((¢), M1).
(12) ¢ is firable at M if and only if (t) is firable at Mj.
(13) Firing(Q ~ Q1, M1) = Firing(Q1, Firing(Q, M1)).
(14) If Q ~ @y is firable at M, then @ is firable at Firing(Q, M;) and Q is
firable at M.
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5. THE THEOREM STATING THAT THE NUMBER OF TOKENS IN A CIRCUIT
REMAINS THE SAME AFTER ANY FIRING SEQUENCES

Now we state the proposition:

(15) Let us consider a Petri-like decision-free-like Petri net D; with direc-
ted path, a directed path finite sequence d of elements of the places and
transitions of D1, and a transition ¢t of D;. Suppose

(i) d is circular, and

(ii) there exists a place p; of D; such that p; € the places of d and (pi,
t) € the S-T arcs of Dy or (¢, p1) € the T-S arcs of D;.

Then t € the transitions of d. The theorem is a consequence of (7), (5),
(6), and (2).

A decision-free Petri net is a Petri-like decision-free-like Petri net with di-
rected circuit. Let D be a Petri net with directed circuit. Observe that there
exists a finite sequence of elements of the places and transitions of D which is
directed path, circular, and almost one-to-one.

A circuit of places and transitions of D; is a directed path circular almost
one-to-one finite sequence of elements of the places and transitions of D;. Now
we state the propositions:

(16) Let us consider a decision-free Petri net D, a circuit d of places and
transitions of Dy, a marking M7 of D, and a transition ¢ of D;. Then
the number of tokens of the places of d and M; = the number of tokens
of the places of d and Firing(¢, M7). The theorem is a consequence of (6),
(5), (8), (2), (9), (1), (10), and (15).

(17) Let us consider a decision-free Petri net D, a circuit d of places and
transitions of Dy, a marking M; of D1, and a finite sequence ) of elements
of the carrier’ of Di. Then the number of tokens of the places of d and
M; = the number of tokens of the places of d and Firing(Q, M;). The
theorem is a consequence of (16).
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