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Summary. The notion of a rough set, developed by Pawlak [10], is an
important tool to describe situation of incomplete or partially unknown infor-
mation. In this article, which is essentially the continuation of [6], we try to
give the characterization of approximation operators in terms of ordinary pro-
perties of underlying relations (some of them, as serial and mediate relations,
were not available in the Mizar Mathematical Library). Here we drop the classi-
cal equivalence- and tolerance-based models of rough sets [12] trying to formalize
some parts of [19] following also [18] in some sense (Propositions 1–8, Corr. 1
and 2; the complete description is available in the Mizar script). Our main pro-
blem was that informally, there is a direct correspondence between relations and
underlying properties, in our approach however [7], which uses relational struc-
tures rather than relations, we had to switch between classical (based on pure
set theory) and abstract (using the notion of a structure) parts of the Mizar
Mathematical Library. Our next step will be translation of these properties into
the pure language of Mizar attributes.

MML identifier: ROUGHS 2, version: 8.1.01 5.8.1171

The notation and terminology used in this paper have been introduced in the
following articles: [13], [11], [5], [1], [2], [14], [3], [9], [16], [6], [15], [17], [8], and
[4].

1. Preliminaries

One can verify that there exists a relational structure which is non empty
and void.

Now we state the propositions:
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(1) Let us consider a total non empty relational structure R and an element
x of R. Then x ∈ field the internal relation of R.

(2) Let us consider a non empty 1-sorted structure R and a subset X of
R. Then {x where x is an element of R : ∅ ⊆ X} = ΩR. Proof: y ∈
{x where x is an element of R : ∅ ⊆ X}. �

(3) Let us consider a 1-sorted structure R and a subset X of R. Then
{x where x is an element of R : ∅ meets X} = ∅R.

2. Missing Ordinary Properties of Binary Relations

Let R be a binary relation and X be a set. We say that R is serial in X if
and only if

(Def. 1) Let us consider an element x. Suppose x ∈ X. Then there exists an
element y such that

(i) y ∈ X, and

(ii) 〈〈x, y〉〉 ∈ R.

We say that R is serial if and only if

(Def. 2) R is serial in fieldR.

Let R be a relational structure. We say that R is serial if and only if

(Def. 3) the internal relation of R is serial in the carrier of R.

One can check that every relational structure which is reflexive is also serial.
Let R be a non empty relational structure. One can verify that R is serial if

and only if the condition (Def. 4) is satisfied.

(Def. 4) Let us consider an element x of R. Then there exists an element y of R
such that x ¬ y.

Let us observe that every relational structure which is total is also serial and
every relational structure which is serial is also total.

Let R be a non empty serial relational structure and x be an element of R.
Let us note that [x]the internal relation of R is non empty.

Now we state the proposition:

(4) Let us consider a non empty reflexive relational structure R and an
element x of R. Then x ∈ [x]α, where α is the internal relation of R. The
theorem is a consequence of (1).

Let R be a non empty reflexive relational structure and x be an element of
R. Note that [x]the internal relation of R is non empty.

Let R be a binary relation and X be a set. We say that R is mediate in X

if and only if

(Def. 5) Let us consider elements x, y. Suppose x, y ∈ X. If 〈〈x, y〉〉 ∈ R, then
there exists an element z such that z ∈ X and 〈〈x, z〉〉, 〈〈z, y〉〉 ∈ R.
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We say that R is mediate if and only if

(Def. 6) R is mediate in fieldR.

Let R be a relational structure. We say that R is mediate if and only if

(Def. 7) the internal relation of R is mediate in the carrier of R.

Let us note that every relational structure which is reflexive is also mediate.

3. Approximations Revisited

Now we state the proposition:

(5) Let us consider a non empty relational structure R and elements a, b of
R. Suppose a ∈ UAp({b}). Then 〈〈a, b〉〉 ∈ the internal relation of R.

Let R be a non empty relational structure and X be a subset of R. The
functor UapX yielding a subset of R is defined by the term

(Def. 8) (LAp(Xc))c.

The functor LapX yielding a subset of R is defined by the term

(Def. 9) (UAp(Xc))c.

Now we state the propositions:

(6) Let us consider a non empty relational structure R, a subset X of R,
and an element x. If x ∈ LAp(X), then [x]α ⊆ X, where α is the internal
relation of R.

(7) Let us consider a non empty relational structure R, a subset X of R,
and a set x. If x ∈ UAp(X), then [x]α meets X, where α is the internal
relation of R.

Let us consider a non empty relational structure R and a subset X of R.
Now we state the propositions:

(8) UapX = UAp(X).

(9) LapX = LAp(X).

Let us consider a non empty void relational structure R and a subset X of
R. Now we state the propositions:

(10) LAp(X) = ΩR.

(11) UAp(X) = ∅R.

4. General Properties of Approximations

Let R be a non empty relational structure. Observe that LAp(ΩR) reduces
to ΩR.

LetR be a non empty serial relational structure. One can check that UAp(ΩR)
reduces to ΩR.
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One can check that LAp(∅R) reduces to ∅R.
Let R be a non empty relational structure. Note that UAp(∅R) reduces to

∅R.
Let us consider a non empty relational structure R and subsets X, Y of R.

Now we state the propositions:

(12) LAp(X ∩ Y ) = LAp(X) ∩ LAp(Y ).

(13) UAp(X ∪ Y ) = UAp(X) ∪UAp(Y ).

(14) If X ⊆ Y , then LAp(X) ⊆ LAp(Y ).

(15) If X ⊆ Y , then UAp(X) ⊆ UAp(Y ).

Now we state the propositions:

(16) Let us consider a non empty relational structure R and a subset X of
R. Then LAp(Xc) = (UAp(X))c.

(17) Let us consider a non empty serial relational structure R and a subset
X of R. Then LAp(X) ⊆ UAp(X).

5. Auxiliary Operations on Approximation Operators

LetR be a non empty relational structure. The functors LAp(R) and UAp(R)
yielding functions from 2the carrier of R into 2the carrier of R are defined by the con-
ditions, respectively.

(Def. 10) Let us consider a subset X of R. Then (LAp(R))(X) = LAp(X).

(Def. 11) Let us consider a subset X of R. Then (UAp(R))(X) = UAp(X).

Let A be a non empty set and U be a function from 2A into 2A. We say that
U preserves empty set if and only if

(Def. 12) U(∅) = ∅.
We say that U preserves universe if and only if

(Def. 13) U(A) = A.

Observe that id2A preserves empty set and universe as a function from 2A

into 2A.
One can verify that there exists a function from 2A into 2A which preserves

empty set and universe.
Let X be a set and f be a function from 2X into 2X . The functor Flip f

yielding a function from 2X into 2X is defined by

(Def. 14) Let us consider a subset x of X. Then it(x) = f(xc)c.

Let us consider a set X and a function f from 2X into 2X . Now we state the
propositions:

(18) If f(∅) = ∅, then (Flip f)(X) = X.

(19) If f(X) = X, then (Flip f)(∅) = ∅.
(20) If f = id2X , then Flip f = f .
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Let us consider a set X, a function f from 2X into 2X , and subsets A, B of
X. Now we state the propositions:

(21) If for every subsets A, B of X, f(A∪B) = f(A)∪f(B), then (Flip f)(A∩
B) = (Flip f)(A) ∩ (Flip f)(B).

(22) If for every subsets A, B of X, f(A∩B) = f(A)∩f(B), then (Flip f)(A∪
B) = (Flip f)(A) ∪ (Flip f)(B).

Now we state the proposition:

(23) Let us consider a setX and a function f from 2X into 2X . Then Flip Flip f
= f . Proof: Set g = Flip Flip f . For every subset x of X, g(x) = f(x). �

Let A be a non empty set and f be a function from 2A into 2A. Observe
that Flip f preserves empty set.

Let f be a function from 2A into 2A. One can verify that Flip f preserves
universe.

Now we state the proposition:

(24) Let us consider a non empty set A and functions L, U from 2A into 2A.
Suppose

(i) U = FlipL, and

(ii) for every subset X of A, L(L(X)) ⊆ L(X).

Let us consider a subset X of A. Then U(X) ⊆ U(U(X)).

6. Towards Topological Models of Rough Sets

Let T be a topological space. The functors ClMapT and IntMapT yielding
functions from 2the carrier of T into 2the carrier of T are defined by the conditions,
respectively.

(Def. 15) Let us consider a subset X of T . Then (ClMapT )(X) = X.

(Def. 16) Let us consider a subset X of T . Then (IntMapT )(X) = IntX.

Let f be a function from 2the carrier of T into 2the carrier of T . We say that f is
closed-valued if and only if

(Def. 17) Let us consider a subset X of T . Then f(X) is closed.

We say that f is open-valued if and only if

(Def. 18) Let us consider a subset X of T . Then f(X) is open.

Note that ClMapT is closed-valued and IntMapT is open-valued.
Let us observe that there exists a function

from 2the carrier of T into 2the carrier of T which is closed-valued and there exists a
function from 2the carrier of T into 2the carrier of T which is open-valued.

Let us consider a topological space T . Now we state the propositions:

(25) Flip ClMapT = IntMapT .
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(26) Flip IntMapT = ClMapT .

Let T be a non empty topological space. One can verify that ClMapT pre-
serves empty set and universe and IntMapT preserves empty set and universe.

7. Formalization of Zhu’s Paper [19]

Let us consider a non empty relational structure R. Now we state the pro-
positions:

(27) Flip UAp(R) = LAp(R).

(28) Flip LAp(R) = UAp(R).

Now we state the proposition:

(29) Let us consider a non empty finite set A and a function U from 2A into
2A. Suppose

(i) U(∅) = ∅, and

(ii) for every subsets X, Y of A, U(X ∪ Y ) = U(X) ∪ U(Y ).

Then there exists a non empty finite relational structure R such that

(iii) the carrier of R = A, and

(iv) U = UAp(R).

The theorem is a consequence of (13). Proof: Define P[set, set] ≡ $1 ∈
L({$2}). Consider R being a binary relation on A such that for every
elements x, y of A, 〈〈x, y〉〉 ∈ R iff P[x, y]. Reconsider RR = 〈A,R〉 as a
non empty finite relational structure. For every element y of RR and for
every subset Y of RR such that Y = {y} holds UAp(Y ) = L(Y ). For every
element x such that x ∈ dom UAp(RR) holds (UAp(RR))(x) = L(x). �

Let us consider a non empty finite set A and a function L from 2A into 2A.
Now we state the propositions:

(30) Suppose L(A) = A and for every subsets X, Y of A, L(X ∩ Y ) =
L(X) ∩L(Y ). Then there exists a non empty finite relational structure R
such that

(i) the carrier of R = A, and

(ii) L = LAp(R).

(31) Suppose L(A) = A and L(∅) = ∅ and for every subsets X, Y of A,
L(X ∩Y ) = L(X)∩L(Y ). Then there exists a non empty serial relational
structure R such that

(i) the carrier of R = A, and

(ii) L = LAp(R).

Now we state the propositions:
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(32) Let us consider a non empty finite set A and a function U from 2A into
2A. Suppose

(i) U(A) = A, and

(ii) U(∅) = ∅, and

(iii) for every subsets X, Y of A, U(X ∪ Y ) = U(X) ∪ U(Y ).

Then there exists a non empty finite serial relational structure R such that

(iv) the carrier of R = A, and

(v) U = UAp(R).

The theorem is a consequence of (29). Proof: Consider R being a non
empty finite relational structure such that the carrier of R = A and U =
UAp(R). For every element x such that x ∈ the carrier of R there exists
an element y such that y ∈ the carrier of R and 〈〈x, y〉〉 ∈ the internal
relation of R. �

(33) Let us consider a non empty finite set A and a function L from 2A into
2A. Suppose

(i) L(A) = A, and

(ii) for every subset X of A, L(X) ⊆ L(Xc)c, and

(iii) for every subsets X, Y of A, L(X ∩ Y ) = L(X) ∩ L(Y ).

Then there exists a non empty finite serial relational structure R such that

(iv) the carrier of R = A, and

(v) L = LAp(R).

The theorem is a consequence of (30). Proof: Consider R being a non
empty finite relational structure such that the carrier of R = A and L =
LAp(R). For every element x such that x ∈ the carrier of R there exists
an element y such that y ∈ the carrier of R and 〈〈x, y〉〉 ∈ the internal
relation of R. �

(34) Let us consider a non empty finite set A and a function U from 2A into
2A. Suppose

(i) U(∅) = ∅, and

(ii) for every subset X of A, U(Xc)c ⊆ U(X), and

(iii) for every subsets X, Y of A, U(X ∪ Y ) = U(X) ∪ U(Y ).

Then there exists a non empty serial relational structure R such that

(iv) the carrier of R = A, and

(v) U = UAp(R).
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The theorem is a consequence of (29), (19), and (27). Proof: Consider
R being a non empty finite relational structure such that the carrier of
R = A and U = UAp(R). For every element x such that x ∈ the carrier
of R there exists an element y such that y ∈ the carrier of R and 〈〈x,
y〉〉 ∈ the internal relation of R. �

Let us consider a non empty reflexive relational structure R and a subset X
of R. Now we state the propositions:

(35) LAp(X) ⊆ X.

(36) X ⊆ UAp(X).

Now we state the propositions:

(37) Let us consider a non empty finite set A and a function U from 2A into
2A. Suppose

(i) U(∅) = ∅, and

(ii) for every subset X of A, X ⊆ U(X), and

(iii) for every subsets X, Y of A, U(X ∪ Y ) = U(X) ∪ U(Y ).

Then there exists a non empty finite reflexive relational structure R such
that

(iv) the carrier of R = A, and

(v) U = UAp(R).

The theorem is a consequence of (32). Proof: Consider R being a non
empty finite serial relational structure such that the carrier of R = A and
U = UAp(R). For every element x such that x ∈ the carrier of R holds
〈〈x, x〉〉 ∈ the internal relation of R. �

(38) Let us consider a non empty finite set A and a function L from 2A into
2A. Suppose

(i) L(A) = A, and

(ii) for every subset X of A, L(X) ⊆ X, and

(iii) for every subsets X, Y of A, L(X ∩ Y ) = L(X) ∩ L(Y ).

Then there exists a non empty finite reflexive relational structure R such
that

(iv) the carrier of R = A, and

(v) L = LAp(R).

The theorem is a consequence of (19), (22), (37), (23), and (27). Proof:
Set U = FlipL. For every subset X of A, X ⊆ U(X). Consider R being
a non empty finite reflexive relational structure such that the carrier of
R = A and U = UAp(R). �
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Let us consider a non empty mediate relational structure R and a subset X
of R. Now we state the propositions:

(39) UAp(X) ⊆ UAp(UAp(X)).

(40) LAp(LAp(X)) ⊆ LAp(X).

Now we state the proposition:

(41) Let us consider a non empty finite set A and a function U from 2A into
2A. Suppose

(i) U(∅) = ∅, and

(ii) for every subset X of A, U(X) ⊆ U(U(X)), and

(iii) for every subsets X, Y of A, U(X ∪ Y ) = U(X) ∪ U(Y ).

Then there exists a non empty mediate finite relational structure R such
that

(iv) the carrier of R = A, and

(v) U = UAp(R).

The theorem is a consequence of (29) and (5). Proof: Consider R being
a non empty finite relational structure such that the carrier of R = A and
U = UAp(R). For every elements x, y such that x, y ∈ the carrier of R
holds if 〈〈x, y〉〉 ∈ the internal relation of R, then there exists an element z
such that z ∈ the carrier of R and 〈〈x, z〉〉, 〈〈z, y〉〉 ∈ the internal relation of
R. �

Let us consider a non empty finite set A and a function L from 2A into 2A.
Now we state the propositions:

(42) Suppose L(A) = A and for every subset X of A, L(L(X)) ⊆ L(X) and
for every subsets X, Y of A, L(X ∩ Y ) = L(X)∩L(Y ). Then there exists
a non empty mediate finite relational structure R such that

(i) the carrier of R = A, and

(ii) L = LAp(R).

(43) Suppose L(A) = A and for every subsets X, Y of A, L(X ∩ Y ) =
L(X) ∩ L(Y ). Then for every subset X of A, L(X) ⊆ L(Xc)c if and only
if L(∅) = ∅.

Now we state the proposition:

(44) Let us consider a non empty finite set A and a function U from 2A into
2A. Suppose

(i) U(∅) = ∅, and

(ii) for every subsets X, Y of A, U(X ∪ Y ) = U(X) ∪ U(Y ).

Then for every subset X of A, U(Xc)c ⊆ U(X) if and only if U(A) = A.
The theorem is a consequence of (34), (32), (27), and (17).
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