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Summary. In this article, we give some equality and basic theorems about
quaternion numbers, and some special operations.

MML identifier: QUATERN3, version: 7.11.02 4.120.1050

The articles [11], [1], [12], [3], [4], [9], [2], [5], [8], [7], [10], [13], and [6] provide
the notation and terminology for this paper.
In this paper z1, 29, 23, 24, z are quaternion numbers.
The following propositions are true:
(1) §R(2’1 . Zz) == %(ZQ . Zl).
(2) If z is a real number, then z + z3 = R(2) + N(2z3) + S1(23) - i + Jo(23) -
j + %3(23) - k.
(3) If z is a real number, then z — z3 = (R(2) — R(z3), —S1(23), —S2(z23),
—%3(23)>H.
(4) If z is a real number, then z - z3 = (R(z) - R(z3), R(2) - F1(23), R(2) -
%2(2’3), %(2) . %3(23))]}{.
(5) If z is a real number, then z-i = (0, R(z),0,0)y.
(6) If z is a real number, then z - j = (0,0, R(z),0)x.
(7) If z is a real number, then z - k = (0,0,0, R(2))m.
(8) z—0mg=-=z.
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If z is a real number, then z - z; = 21 - .

If 31(2) =0 and S2(z) = 0 and I3(z) = 0, then z = R(2).

212 = (R())? + (S1(2))? + (S2(2))? + ((2))2.

|2|? = |z - Z|.

2|2 = R(z - 7).

2-R(z) =R(z+72).

If z is a real number, then Z-z1 =7 - Z7.

Z1-23 = 22+ Z1-

|21+ 22| = |21]? - |22/

7 - zZ1 — k1 1= (0 0 -2 %3(2’1) 2. %2(21»1}]1.
,0)

i-z1+211=(=2-31(21),2 - R(z

),0,0).
jrz—z1-7=1(0,2-33(21),0,—2- %1(21)>H.
jezitz17=(=2-32(21),0,2 - R(21), 0)g.
k-z1—21-k=(0,-2-F9(21),2-31(21),0)m
k-z1+21-k=(-2-33(21),0,0,2 - R(z1))m
R(ids ) = s - R(2)

Sl(# Z) = —# -G1(2).
Qg 2) = ;- S2(2)
J3(2y - Z) = —# - Q3(2).

|21 - 29 - Z3|2 \Zl|2 |Z2|2 |Z3|2

§R(21 z9 Z3) ?]%(2:3 z1 ZQ)

|z z| =1z Z|
|z - 7] = |22
|21 - 22 - 23] = |21| - |22] - |23].

|21 + 22 + 23] < 21| + |22 + |23].
|(z1 + 22) — 23] < |21 + |22] + |23].
|Zl — 29 — 2’3| S ’Zl| + |ZQ| + |2’3‘.
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21] — |zg] < Lxtzltienzl,
21| — || < Ltzaltlza=z]
||z1] = |22]| < |22 — 21].
||z1] = [22]| < 21|+ |22].
21| = [z2] < |21 — 2] + ]2 — 2.
If |21| — |22] # 0, then (|21|2 + |22/|2) — 2 - |21] - |22] > O.

J21] + |2 > EtzltlEoal,

|z1422|+|21—22]
21| + |22| > HESEE

(21 - 22)_1 =z 1.z
z 1= ,-T,

(1]}]1)_1 = 1.

If |21 = |22| and |21| # 0 and 217! = 2571, then 21 = 2.
(21— 22) - (23 +24) = ((21- 23 — 22 - 23) + 21 - 24) — 22 - 24.
(z1+22) (23 +24) =21 23+ 22 23+ 21 - 24 + 22 - 24.
—(Zl + 22) = —21 — 29.

—(21 — 22) = —21 + 2.

z— (214 22) =2 — 21 — 29.

z— (21— 22) = (2 —21) + 22.

(z1+22) (23— 24) = (21- 23+ 22-23) — 2124 — 22" 24.
(21 —22) - (23 —24) = (2123 — 22 - 23 — 21 - 24) + 22 - 24.
—(z1+ 20+ 23) = —21 — 29 — 23.

—(21— 22— 23) = —21 + 22 + 23.

—((z1 — 22) + 23) = (—21 + 22) — 23.

—((z1+ 22) — 23) = (—21 — 22) + 23.

If 21 + 2 = 20 + 2, then 21 = 29.

If 21 — 2 = 29 — 2z, then z; = 2».

((z14+22) —23) - 2a = (21 - 24+ 22 - 24) — 23 - 2.

(21— 22) +23) - 2a= (2124 — 22 24) + 23 - 24.

(21 — 29— 23) 24 =21 24 — 2224 — 23 * 24.
(z1+z2+23) Z4 = 2124+ 22 24+ 23 - 24.

(21 —22) 23 = (22 — 21) - —23.

z3 - (21 — 2’2) = (—Zg) . (ZQ — 21).

(21 — 22 — 23) + 24 = (24 — 23 — 22) + 21.

(21 — 22) - (23 — 24) = (22 — 21) - (24 — 23).

Z— 21— Ry =2— 22— 21.

_ R(z S (z Sa(z Si3(z
z71 :<|Z(‘2)7_ |2‘(2),_ ‘i|(2)7_ |Z‘(2)>H~
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(78) 21 <%(22)'%(21)‘*‘%1(Zl)'31(2’2)+32(22)'32(Z1)+%3(22)~%3(Z1)
29 ‘Z2|2 9
(® 22)'%1(21)*31(22)'?}3(21)‘*(\‘;22(22)'33(21))+%3(22)'92(21)
29 ’
(3?(22)'32(21)4'%1(22)'33(21‘))|—2§2(22)'%(21)—33(22)'31(21)
29 )
((%(22)33(Z1)—31(22)'32(21))+32(Z2)'31(31))—33(z2)'§}3(zl)>
[22]2 H-

(i)~
()~

81) (k)
Let z be a quaternion number. The functor 22 is defined by:

(Def. 1) 22=12-2.
Let z be a quaternion number. One can verify that 22 is quaternion.

Let z be an element of H. Then 22 is an element of H.
One can prove the following four propositions:

(82) 2% = ((R(2))* = (S1(2))2 = (32(2))? = (V3(2))%, 2 (R(2) - 31(2)), 2+ (R(2)
(2)),2- (R(2) - S3(2)))m-

= —1.
= —j_
=—k

(85) 22 =(—2)2

Let z be a quaternion number. The functor 23 is defined as follows:
(Def. 2) 23=2-2- 2

Let z be a quaternion number. Observe that 23 is quaternion.

Let z be an element of H. Then 23 is an element of .

Next we state several propositions:

(0m)® = 0.
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