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Summary. In this paper I present basic properties of block diagonal matri-
ces over a set. In my approach the finite sequence of matrices in a block diagonal
matrix is not restricted to square matrices. Moreover, the off-diagonal blocks
need not be zero matrices, but also with another arbitrary fixed value.
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The papers [19], [1], 2], [6], [7], [3], [17], [16], [12], [5], [8], [9], [20], [13], [18],
[21], [4], [14], [15], [11], and [10] provide the terminology and notation for this

paper.
1. PRELIMINARIES

For simplicity, we adopt the following rules: i, j, m, n, k denote natural
numbers, = denotes a set, K denotes a field, a, a1, as denote elements of K, D
denotes a non empty set, d, di, do denote elements of D, M, M, My denote
matrices over D, A, A1, As, By, By denote matrices over K, and f, g denote
finite sequences of elements of N.

One can prove the following propositions:

(1) Let K be a non empty additive loop structure and fi, f2, g1, g2 be finite
sequences of elements of K. If len f; = len fa, then (f1 + f2) ~ (91 + 92) =
h7a+f27 g

(2) For all finite sequences f, g of elements of D such that i € dom f holds
(f 9= (fri) "9

(3) For all finite sequences f, g of elements of D such that ¢ € dom g holds
(f " Drivtens = f 7~ (g10)-
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(4) Ifie€ Seg(n+1), then (n+1)—d)y =n—d.

(5) Il(n+ a) = powerg (a, n).
Let us consider f and let 7 be a natural number. Let us assume that i €
Seg(>" f). The functor min(f,7) yielding an element of N is defined by:

(Def. 1) ¢ < 3 flmin(f,7) and min(f,7) € dom f and for every j such that
i <3 f15 holds min(f,7) < .
One can prove the following propositions:
(6) Ifiedomf and f(i) # 0, then min(f,> fli) = 1.
(7) 1Ifi e Seg(> f), then min(f,7) =1 = min(f,i) —1 and > f[(min(f,7) -’
1) <.
(8) Ifi e Seg(> f), then min(f ™ g,7) = min(f,1).
(9) IfieSeg((> f)+> g)\Seg(> f), then min(f"g,i) = min(g,i—"Y_ f)+
lenfandi—"> f=i—>f.
(10) If i € dom f and j € Seg(f;), then 5+ > f[(: =" 1) € Seg(>_ f1i) and
min(f, j + 3 fI(i ='1)) = i.
(11) For all 4, j such that ¢ <len f and j <len f and }_ f[i = > f|j and if
i € dom f, then f(i) # 0 and if j € dom f, then f(j) # 0 holds i = j.

2. FINITE SEQUENCES OF MATRICES

Let us consider D and let F' be a finite sequence of elements of (D*)*. We
say that F' is matrix-yielding if and only if:
(Def. 2) For every i such that ¢ € dom F holds F'(4) is a matrix over D.

Let us consider D. Observe that there exists a finite sequence of elements of
(D*)* which is matrix-yielding.

Let us consider D. A finite sequence of matrices over D is a matrix-yielding
finite sequence of elements of (D*)*.

Let us consider K. A finite sequence of matrices over K is a matrix-yielding
finite sequence of elements of ((the carrier of K)*)*.

We now state the proposition
(12) 0 is a finite sequence of matrices over D.

We adopt the following rules: F', F, F5 are finite sequences of matrices over
D and G, G', G1, G are finite sequences of matrices over K.

Let us consider D, F', . Then F(z) is a matrix over D.

Let us consider D, F, F5. Then F; ™ F5 is a finite sequence of matrices over
D.

Let us consider D, M;. Then (M) is a finite sequence of matrices over D.
Let us consider Ms. Then (M, My) is a finite sequence of matrices over D.
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Let us consider D, F', n. Then F'[n is a finite sequence of matrices over D.
Then F}, is a finite sequence of matrices over D.

3. SEQUENCES OF SIZES OF MATRICES IN A FINITE SEQUENCE

Let us consider D, F. The functor Len F' yielding a finite sequence of ele-
ments of N is defined as follows:

(Def. 3) domLen F = dom F' and for every i such that ¢ € dom Len F' holds
(Len F')(i) = len F'(i).
The functor Width F' yields a finite sequence of elements of N and is defined by:
(Def. 4) dom Width F' = dom F and for every ¢ such that i € dom Width £ holds
(Width F)(i) = width F'(3).
Let us consider D, F. Then Len F is an element of N* ', Then Width F is
an element of Nlen 7',
The following propositions are true:

If > Len F' = 0, then > Width F = 0.
Len(Fy ~ Fy) = (Len Fy) ™ Len Fb.

Len(M) = (len M).

> Len(Mj, My) = len My + len My.
Len(F}[n) = Len F} [n.

Width(Fl - Fg) = (Width Fl) ~ Width F5.
Width(M) = (width M).

S Width(M;, M) = width M; + width Mo.
Width(Fy[n) = Width Fy [n.
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4. BLOCK DIAGONAL MATRICES

Let us consider D, let d be an element of D, and let F' be a finite sequence
of matrices over D. The d-block diagonal of F' is a matrix over D and is defined
by the conditions (Def. 5).

(Def. 5)(i)  len (the d-block diagonal of F') = >~ Len F,

(ii)  width (the d-block diagonal of F') = >~ Width F, and

(iii) for all 4, j such that (i,j) € the indices of the d-
block diagonal of F holds if j; < Y Width F[(min(Len F,i) —'
1) or 7 > > Width F[min(Len F,i), then (the d-block diagonal
of F);; = d and if Y} Width F[(min(LenF,7) = 1) < j
> Width F'[ min(Len F,7), then (the d-block diagonal of F);;
F(min(Len F, i))i_/z Len F [(min(Len F,i)—'1),j—")  Width F'|(min(Len F,i)—'1)"

[ IA
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Let us consider D, let d be an element of D, and let F' be a finite sequence of
matrices over D. Then the d-block diagonal of F' is a matrix over D of dimension
S"Len F' x > Width F.

Next we state a number of propositions:

(22) For every finite sequence F of matrices over D such that F' = () holds
the d-block diagonal of F' = ().

(23) Let M be a matrix over D of dimension Y Len(M;j, M) x > Width(Mj,
M>). Then M = the d-block diagonal of (M, M) if and only if for every 4
holds if 4 € dom Mj, then Line(M,¢) = Line(M;j, ) ™ (width M3 — d) and
if i € dom My, then Line(M, i + len M;) = (width M; — d) ™ Line(Ma, ).

(24) Let M be a matrix over D of dimension Y Len(M;, M) x > Width(Mj,
M>). Then M = the d-block diagonal of (M, M») if and only if for every
i holds if i € Segwidth My, then Mp; = ((M1)o,;) ~ (len M3 +— d) and if
i € Segwidth My, then Moy wideh v, = (len My — d) =~ (M2)oy,)-

(25) The indices of the dj-block diagonal of Fj is a subset of the indices of
the ds-block diagonal of | ~ F5.

(26) Suppose (i, j) € the indices of the d-block diagonal of Fj. Then (the
d-block diagonal of F1); j = (the d-block diagonal of Fi ™ Fb); ;.

(27) (i, j) € the indices of the di-block diagonal of F; if and only if i > 0 and
j > 0and (i + Y Len Fy, j + > Width F}) € the indices of the da-block
diagonal of F} © F5.

(28) Suppose (i, j) € the indices of the d-block diagonal of Fb. Then
(the d-block diagonal of F);; = (the d-block diagonal of F; 7

F2)i+z Len Fy,j+Y  Width Fy -

(29) Suppose (i, j) € the indices of the d-block diagonal of F; ™ Fy but
1 <> LenFj and 5 > > Width F} or ¢ > > Len Fy and 5 < > Width F7.
Then (the d-block diagonal of F1 ™ F3); ; = d.

(30) Let given ¢, j, k. Suppose i € dom F' and (j, k) € the indices of F(7).
Then

i) (+XLenF|(i—"1), k+ > Width F[(: —' 1)) € the indices of the
d-block diagonal of F', and
(ii)  F(i)jr = (the d-block diagonal of F)j+zLenF[(i—’l),k+EWidthF[(i—/1)'

(31) If ¢ € domF, then F(i) = Segm(the d-block diagonal
of F, Seg(>LenF|i) \ Seg(> LenF[(i —' 1)),Seg(>. Width F'|i) \
Seg(>- Width F'[(i = 1))).

(32) M = Segm(the d-block diagonal of (M) ™ F, Seglen M, Seg width M).

(33) M = Segm(the d-block diagonal of F' ™ (M),Seg(len M + > Len F') \
Seg(>" Len F), Seg(width M + >~ Width F') \ Seg(>~ Width F)).

(34) The d-block diagonal of (M) = M.
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(35) The d-block diagonal of F; ~ Fy = the d-block diagonal of (the d-block
diagonal of Fy) ™ Fy.

(36) The d-block diagonal of Fy ~ Fy» = the d-block diagonal of F; ™~ (the
d-block diagonal of Fy).

(37) If i € Seg(>_LenF) and m = min(Len F,q), then Line(the d-block
diagonal of F, i) = ((3 Width(F[(m —"1))) — d) ~ Line(F(m),i —'
S Len(F[(m —"1))) ™ (((X Width F) =" 3> Width(F[m)) — d).

(38) If i € Seg(>WidthF) and m = min(WidthF,q), then (the
d-block diagonal of F)g, = ((XLen(Fl(m —' 1)) +~ d) ~
(F(m)g,i—rs~ width(Pim—r1)) ~ (ZLen F) =" 3> Len(Fm)) — d).

(39) Let My, My, N1, No be matrices over D. Suppose len My = len N7 and
width M7 = width V7 and len My = len Ny and width My = width Ny and
the dj-block diagonal of (Mj, Ma) = the ds-block diagonal of (Ni, Na).
Then M1 = N1 and M2 = NQ.

(40) Suppose M = (). Then

(i)  the d-block diagonal of F'~ (M) = the d-block diagonal of F', and
(ii)  the d-block diagonal of (M) ™ F = the d-block diagonal of F.

(41) Suppose i € dom A and width A = width (the deleting of i-row in A).
Then the deleting of i-row in the a-block diagonal of (A) ™G = the a-block
diagonal of (the deleting of i-row in A) ~ G.

(42) Suppose i € dom A and width A = width (the deleting of i-row in A).
Then the deleting of (3° Len G)+i-row in the a-block diagonal of G™(A) =
the a-block diagonal of G ™ (the deleting of i-row in A).

(43) Suppose i € Segwidth A. Then the deleting of i-column in the a-block
diagonal of (4) ~ G = the a-block diagonal of (the deleting of i-column in
A) " G.

(44) Suppose i € Seg width A. Then the deleting of ¢ + >~ Width G-column in
the a-block diagonal of G (A) = the a-block diagonal of G ™ (the deleting
of 4-column in A).

Let us consider D and let F' be a finite sequence of elements of (D*)*. We
say that F'is square-matrix-yielding if and only if:
(Def. 6) For every ¢ such that i € dom F there exists n such that F' (i) is a square
matrix over D of dimension n.

Let us consider D. One can verify that there exists a finite sequence of
elements of (D*)* which is square-matrix-yielding.

Let us consider D. Observe that every finite sequence of elements of (D*)*
which is square-matrix-yielding is also matrix-yielding.

Let us consider D. A finite sequence of square-matrices over D is a square-
matrix-yielding finite sequence of elements of (D*)".
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Let us consider K. A finite sequence of square-matrices over K is a square-
matrix-yielding finite sequence of elements of ((the carrier of K)*)".

We use the following convention: S, S, So denote finite sequences of square-
matrices over D and R, Ry, Ry denote finite sequences of square-matrices over
K.

One can prove the following proposition
(45) 0 is a finite sequence of square-matrices over D.

Let us consider D, S, x. Then S(x) is a square matrix over D of dimension
len S(x).

Let us consider D, Sy, So. Then S1755 is a finite sequence of square-matrices
over D.

Let us consider D, n and let M; be a square matrix over D of dimension 7.
Then (M) is a finite sequence of square-matrices over D.

Let us consider D, n, m, let M; be a square matrix over D of dimension
n, and let My be a square matrix over D of dimension m. Then (M, Ms) is a
finite sequence of square-matrices over D.

Let us consider D, S, n. Then S[n is a finite sequence of square-matrices
over D. Then S|, is a finite sequence of square-matrices over D.

The following proposition is true

(46) Len S = Width S.

Let us consider D, let d be an element of D, and let S be a finite sequence
of square-matrices over D. Then the d-block diagonal of S is a square matrix
over D of dimension ) Len S.

One can prove the following propositions:

(47) Let A be a square matrix over K of dimension n. Suppose i € dom A
and j € Segn. Then the deleting of i-row and j-column in the a-block
diagonal of (A) © R = the a-block diagonal of (the deleting of i-row and
j-column in A) ~ R.

(48) Let A be a square matrix over K of dimension n. Suppose i € dom A and
j € Segn. Then the deleting of ¢ + > Len R-row and j + > Len R-column
in the a-block diagonal of R ™~ (A) = the a-block diagonal of R ~ (the
deleting of i-row and j-column in A).

Let us consider K, R. The functor Det R yielding a finite sequence of ele-
ments of K is defined as follows:

(Def. 7) domDet R = dom R and for every i such that ¢ € domDet R holds
(Det R)(i) = Det R(37).
Let us consider K, R. Then Det R is an element of (the carrier of K)» %,
In the sequel N denotes a square matrix over K of dimension n and N;
denotes a square matrix over K of dimension m.
The following propositions are true:
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(49) Det(N) = (Det N).

(50) Det(R1 - RQ) = (Det Rl) ™ Det Rs.

(51) Det(R[n) = Det R[n.

(52) Det (the 0x-block diagonal of (N, N1)) = Det N - Det Nj.

(53) Det (the 0x-block diagonal of R) =[] Det R.

(54) If len A; # width A; and N = the Ox-block diagonal of (A;, As), then

Det N = OK
(55) Suppose Len G # Width G. Let M be a square matrix over K of dimen-
sion n. If M = the 0x-block diagonal of G, then Det M = 0.

5. AN EXAMPLE OF A FINITE SEQUENCE OF MATRICES

Let us consider K and let f be a finite sequence of elements of N. The functor
1 };Xf yielding a finite sequence of square-matrices over K is defined by:

(Def. 8) dom(I{(XfJ)C('): f((i;)mf and for every ¢ such that i € dom([};xf) holds
. 1) X 2
) = 1 :
The following propositions are true:
) Len(I}) = f and Width(11*) = f.
) For every element i of N holds Ié?xm = (X,
) Ig"‘g)x(f“g) — (I{(Xf)/\[g(x‘q.
) The Og-block diagonal of (I3, I}'(Xj> = I}éﬂ)x(lﬂ).
) The Ox-block diagonal of I{(Xf = IE(Z Q2.
n

the sequel p, p1 are finite sequences of elements of K.

6. OPERATIONS ON A FINITE SEQUENCE OF MATRICES

Let us consider K, G, p. The functor p e G yielding a finite sequence of
matrices over K is defined as follows:
(Def. 9) dom(p e G) = dom G and for every i such that i € dom(p e GG) holds
(peG)(i) =pi- G(i).
Let us consider K and let us consider R, p. Then p e R is a finite sequence
of square-matrices over K.
The following propositions are true:

(62) Len(peG) = LenG and Width(p e G) = Width G.
(63) pe(A)=(p1-A).
(64) IflenG =lenpandlenG; < lenp;, then p~p1eG~G) = (peG) " (p10G1).
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(65) a-the aj-block diagonal of G = the (a-aq)-block diagonal of len G — aeG.

Let us consider K and let G1, G2 be finite sequences of matrices over K.

The functor G; & G yields a finite sequence of matrices over K and is defined
by:

(Def. 10) dom(G1 @ G2) = dom G, and for every i such that i € dom(G; & G2)
holds (G1 @ G2)(i) = G1(i) + Ga(i).
Let us consider K and let us consider R, G. Then R @ G is a finite sequence
of square-matrices over K.

The following propositions are true:
66) Len(Gi @ G2) = Len Gy and Width(G; & G2) = Width Gy.

) IflenG =lenG’, then G~ G1 @G ~ Gy = (GHG) ™ (G1 @ Ga).

) (A G =(A+G(1)).
69) (A1) @ (A2) = (A1 + Ag).

) (A1,B1) @ (A2, Ba) = (A1 + Ag, By + B3).

) Suppose len A} = len By and len Ay = len By and width A1 = width B,
and width As = width By. Then (the aj-block diagonal of (A;, As)) + (the

as-block diagonal of (B, By)) = the (aj +as)-block diagonal of (A7, A2) ®
<317 BQ> .

(72) Suppose Len Ry = Len Ry and Width Ry = Width Ry. Then (the a1-
block diagonal of R;)+ (the as-block diagonal of Ry) = the (aj + a2)-block
diagonal of Ry & Rs.

Let us consider K and let G1, G2 be finite sequences of matrices over K.
The functor G; G4 yielding a finite sequence of matrices over K is defined by:

(Def. 11) dom(G1 G2) = dom G; and for every i such that ¢ € dom(G; G2) holds
(G1 G2)(1) = G1(i) - Ga(7).
Next we state several propositions:

(73) If Width Gl = Len GQ, then Len(G1 GQ) = Len Gl and Wldth(Gl GQ) =
Width Gs.

(74) IflenG =len G, then (G~ G1) (G' ™~ G2) = (GG") ™ (G1 Go).

(75) (A)G = (A-G(1)).

(76) (A1) (Az2) = (A1 - Ag).

(77) (A1, B1) (Ay, By) = (A1 - As, By - Bs).

(78) Suppose width A1 = len B; and width Ay = len By. Then (the 0x-block

diagonal of (A;, Aa)) - (the Ox-block diagonal of (Bj, Bs)) = the 0x-block
diagonal of <A1, A2> <Bl7 BQ>

(79) If Width R; = Len Ry, then (the 0x-block diagonal of R;)-(the 0x-block
diagonal of Ry) = the Ox-block diagonal of R; Ry.
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