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Summary. In this paper, we define sequence dominated by 0, in which
every initial fragment contains more zeroes than ones. If n > 2-m and n > 0,
then the number of sequences dominated by 0 the length n including m of ones,
is given by the formula

n+l-—-m m

D(n7m):n+12-m.<n>

and satisfies the recurrence relation

[un

D(n,m)=D(n—1,m) + iD(Qvi,i)~D(n72-(i+1),mf(i+1)).

1=

Obviously, if n = 2 - m, then we obtain the recurrence relation for the Catalan
numbers (starting from 0)

m—1
Cmy1 = Z Cit1 - Cmi.
i=0
Using the above recurrence relation we can see that
S Coreat = 14 <Z Coun x)
i=0 =0

where (|z| < 1) and hence

> , 1—=/1—-4-z
Zcm-x =Y ==
pard 2-x
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The notation and terminology used here are introduced in the following papers:
[21, [23], [7], [25], [19], [27], [5], [28], [9], [1], [26], [21], [6], (3], [14], [12], [16], [13],
[20], [15], [8], [22], [11], [10], [18], [24], [17], and [4].

1. PRELIMINARIES

For simplicity, we adopt the following convention: x, D denote sets, i, j, k,
1, m, n denote elements of N, p, ¢ denote finite 0-sequences of N, p’, ¢’ denote
finite 0-sequences, and p1, g1 denote finite 0-sequences of D.

Next we state several propositions:

(1) (@'~ ¢)ldomp' =y

(2) If n < domp, then (p' ~¢)In=7p'In.

(3) Ifn=domp +k, then (p' "¢ )[n=1p"" (k).
(4) There exists ¢’ such that p’ = (p/[n) " ¢'.

(5) There exists ¢; such that p1 = (p1[n) ~ q.

Let us consider p. We say that p is dominated by 0 if and only if:
(Def. 1) rngp C {0,1} and for every k such that k& < domp holds 2- > (plk) < k.
The following propositions are true:
(6) If p is dominated by 0, then 2- Y (plk) < k.
(7) If p is dominated by 0, then p(0) = 0.
Let us consider k, m. Then k — m is a finite 0-sequence of N.
One can check that there exists a finite 0-sequence of N which is empty and
dominated by 0 and there exists a finite 0-sequence of N which is non empty

and dominated by 0.
The following propositions are true:

(8) m+— 0 is dominated by 0.
(9)
(10) 1If p is dominated by 0, then p[n is dominated by 0.
(11)

If n > m, then (n — 0) ~ (m +— 1) is dominated by 0.

If p is dominated by 0 and ¢ is dominated by 0, then p ™ ¢ is dominated

by 0.

(12) If p is dominated by 0, then 2- > (p[(2-n+1)) <2-n+1.

(13) 1If p is dominated by 0 and n < lenp —2- > p, then p ™ (n —— 1) is
dominated by 0.

(14) If p is dominated by 0 and n < (k + lenp) — 2 - > p, then (k +—
0) "p~ (n+—1) is dominated by 0.

(15) 1If p is dominated by 0 and 2- > (p[k) = k, then k < lenp and len(p[k) =
k.

(16) 1If p is dominated by 0 and 2- > (plk) = k and p = (p[k) " g, then ¢ is

dominated by 0.
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(17) 1If p is dominated by 0 and 2 - > (plk) = k and k = n + 1, then plk =
(pln) = (L r—1).

(18) Let given m, p. Suppose m = min*{n : 2-> (p[n) = n A n > 0}
and m > 0 and p is dominated by 0. Then there exists ¢ such that
pm=(1+0)" ¢~ (1 1) and ¢ is dominated by 0.

(19) Let given p. Suppose rngp C {0,1} and p is not dominated by 0. Then
there exists k such that 2-k+1 =min*{n:2-> (p/n) >n}and 2-k+1 <
domp and k= > (p[(2-k)) and p(2- k) = 1.

(20) Let given p, g, k. Suppose p[(2-k+leng) = (k+——0) "¢~ (k — 1)
and ¢ is dominated by 0 and 2- ) ¢ = lenq and k£ > 0. Then min*{n :
2-3 (pln)=n A n>0}=2-k+leng.

(21) Let given p. Suppose p is dominated by 0 and {i:2- > (p[i) =1 A i >
0} = 0 and lenp > 0. Then there exists ¢ such that p = (0) ~ ¢ and ¢ is
dominated by 0.

(22) If p is dominated by 0, then (0) ~p is dominated by 0 and {7 : 2-> (({(0) "
pI) =i A i>0}=0.

(23) If rngp C {0,1} and p is not dominated by 0 and 2-k + 1 = min*{n :
2-> (pIn) > n}, then p[(2 - k) is dominated by 0.

2. THE RECURRENCE RELATION FOR THE CATALAN NUMBERS

Let n, m be natural numbers. The functor Doming(n, m) yields a subset of
{0,1}* and is defined as follows:

(Def. 2) 2 € Doming(n, m) iff there exists a finite 0-sequence p of N such that
p = and p is dominated by 0 and domp =n and > p =m.

Next we state two propositions:
(24) p € Doming(n,m) iff p is dominated by 0 and domp =n and > p =m.
(25) Doming(n,m) C Choose(n,m,1,0).

Let us consider n, m. One can check that Doming(n,m) is finite.

One can prove the following propositions:
(26) Doming(n,m) is empty iff 2-m > n.
(27)
(28) card Doming(n,0) = 1.
(29)

Doming(n,0) = {n —— 0}.

Let given p, n. Suppose rngp C {0,n}. Then there exists ¢ such that
lenp = leng and rmgq C {0,n} and for every k such that & < lenp
holds > (plk) + > (qlk) = n - k and for every k such that k € lenp holds
q(k) =n — p(k).

(30) If m <mn, then (/1) > 0.
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(31) If2-(m+1) <n, then card(Choose(n,m+1,1,0) \ Doming(n,m+1)) =
card Choose(n, m, 1,0).

32) If 2 (m+1) <n, then card Doming(n, m +1) = (,,"1) — (,)-
33) If 2-m < n, then card Doming(n,m) = % (M.

(32)

(33)

(34) card Doming(2 + k,1) = k + 1.

(35) card Doming(4 + k,2) = w.
(36)

(37)

(38)

36) card Doming(6 + k,3) = w.

Ca)
n+1"°
card Doming(2 - n,n) = Catalan(n + 1).

37
38

Let us consider D. A functional non empty set is said to be a set of w-

card Doming(2 - n,n) =

sequences of D if:
(Def. 3) For every x such that = € it holds z is a finite O-sequence of D.
Let us consider D. Then D is a set of w-sequences of D. Let F be a set of
w-sequences of D. We see that the element of F' is a finite O-sequence of D.
In the sequel p2 denotes an element of N¥.
We now state several propositions:
(39) {p2:domps =2-n A pyis dominated by 0} = (an)
(40) Let given n, m, k, j, l. Suppose j =n—2-(k+1) and l =m — (k+1).
Then {p2 : p2 € Doming(n,m) A 2-(k+1) =min*{i:2-> (p2]i) =
i A i>0}} = card Doming(2 - k, k) - card Doming(j, [).
(41) Let given n, m. Suppose 2-m < n. Then there exists a finite 0-sequence

C4 of N such that

{p2 : p2 € Doming(n,m) A {i:2->(pali) =i A i >0} #0} = >S4
and domC; = m and for every j such that j < m holds Cy(j) =
card Doming(2 - 7, j) - card Doming(n =" 2- (j + 1),m =" (j + 1)).

(42) For every n such that n > 0 holds Doming(2-n,n) = {p2 : po € Doming(2-
n,n) A {i:2-> (p2li) =14 A i>0} # 0}

(43) Let given n. Suppose n > 0. Then there exists a finite 0-sequence Cy of
N such that ) Cy = Catalan(n + 1) and dom Cy = n and for every j such
that j < n holds Cs(j) = Catalan(j + 1) - Catalan(n —' j).

(44) {p2:p2 € Doming(n+1,m) A {i:2-> (p2li) =i A i >0} =0} =
card Doming(n, m).

(45) Let given n, m. Suppose 2-m < n. Then there exists a finite 0-sequence
C7 of N such that card Doming(n,m) = > Cy + card Doming(n —" 1,m)
and domC; = m and for every j such that j < m holds Ci(j) =
card Doming(2 - , j) - card Doming(n =" 2- (j +1),m =" (j + 1)).

(46) For all n, k there exists p such that > p = card Doming(2 - n + 2 +
k,n+ 1) and domp = k + 1 and for every i such that ¢ < k holds p(i) =
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card Doming(2 - n + 1 +14,n).

3. CaucHy ProbpucT

We use the following convention: si, s, s3 denote sequences of real numbers,
r denotes a real number, and Fy, Fy, F3 denote finite O-sequences of R.

Let us consider F;. The functor ) F yields a real number and is defined as
follows:

(Def 4) ZFI = +r ® F}.
Let us consider Fy, x. Then Fij(x) is a real number.
Let s1, s2 be sequences of real numbers. The functor s; (#) s2 yields a

sequence of real numbers and is defined by the condition (Def. 5).

(Def. 5) Let k be a natural number. Then there exists a finite 0-sequence F of

R such that dom F} = k + 1 and for every n such that n € k 4+ 1 holds
Fi(n) =s1(n)-s2(k —"n) and > F; = (s1 (#) s2)(k).
Let us notice that the functor sq (#) s2 is commutative.
One can prove the following propositions:

(47) For all Fy, n such that n € dom Fj holds > (Fy[n)+ Fi(n) = > (Fi[(n+
1)).

(48) For all Fy, F5 such that dom F» = dom F3 and for every n such that
n € len Fy holds Fy(n) = F3(len F» —' (1 +n)) holds > F, =Y F5.

(49) For all Fy, F5 such that dom F» = dom F3 and for every n such that

n € len I holds Fy(n) =7 - F3(n) holds > Fh =r- ) Fj.

s1(#) 1 s2 =1 (s1(#) s2).

s1(#)(s2 + s3) = (51 (#) s2) + (51 (#) 53)-

(s1 () 52)(0) = 1(0) - 52(0).

For all s1, s2, n there exists F such that (3 n_o(s1 (#) 52)())ren(n) =
> F; and dom F; = n + 1 and for every i such that ¢ € n + 1 holds
Fi(i) = 51(0) - (Ca=0(s2)(@))sen(n —"4).

(54) Let given s1, s, n. Suppose sg is summable. Then there exists F; such
that (3 a—o(s1 (#) s2)(@))sen(n) = 322 - (a—o(s1)(@))nen(n) — 3 Fi
and dom F; = n + 1 and for every i such that i € n + 1 holds F}(i) =
s1(6) - 2(s2 T ((n =) + 1))

(55) For every Fj there exists a finite 0-sequence a; of R such that doma; =
dom Fy and |>] Fi| < > ay and for every ¢ such that i € doma; holds
ar(i) = [F1(2)]-

(56) For every s; such that s; is summable there exists r such that 0 < r and
for every k holds |> (s T k)| <.
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(57) For all s1, n, m such that n < m and for every ¢ holds s1(7) > 0 holds
(X a=o(s1)(@))ren(n) < (Xa=o(s1)(@))ren(m).

(58) For all s1, sy such that s; is absolutely summable and sg is summable
holds s1 (#) s2 is summable and Y (s1 (#) s2) = >_ 51+ >, S2.

(59) If p= Fy, then Y p=> Fi.

4. THE GENERATING FUNCTION FOR THE CATALAN NUMBERS

Next we state the proposition

(60) Let given r. Then there exists a sequence Cy of real numbers such that
(i) for every n holds Cy(n) = Catalan(n + 1) - r", and
(i) if |r| < 1, then C5 is absolutely summable and > Cy = 147 (3 Cs)?

and ) Co = ﬁ and if r # 0, then > Cy = 1*27@
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