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Summary. This article describes definitions of positive matrix, negative
matrix, nonpositive matrix, nonnegative matrix, nonzero matrix, module matrix
of real elements and their main properties, and we also give the basic inequalities
in matrices of real elements.
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The terminology and notation used here are introduced in the following articles:

[21, 9], [3], (2], [1], [5], [8], [4], [7], [11], [6], and [10].

1. SOME SPECIAL MATRICES OF REAL ELEMENTS

We use the following convention: a, b are elements of R, 4, j, n are natural
numbers, and M, My, My, Ms, My are matrices over R of dimension n.
Let M be a matrix over R. We say that M is positive if and only if:

(Def. 1) For all 4, j such that (i, j) € the indices of M holds M; ; > 0.
We say that M is negative if and only if:

(Def. 2) For all 4, j such that (i, j) € the indices of M holds M; ; < 0.
We say that M is nonpositive if and only if:
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(Def. 3) For all 4, j such that (i, j) € the indices of M holds M; ; <O0.
We say that M is nonnegative if and only if:
(Def. 4) For all 4, j such that (i, j) € the indices of M holds M;; > 0.

Let My, Ms be matrices over R. The predicate M; T My is defined as
follows:

(Def. 5) For all 4, j such that (i, j) € the indices of M holds (M;);; < (Ma); ;.
We say that M is less or equal with Ms if and only if:
(Def. 6) For all 4, j such that (i, j) € the indices of M holds (M;); ; < (Ma); ;.

Let M be a matrix over R. The functor |:M:| yielding a matrix over R is

defined by:

(Def. 7) len|:M:| = len M and width|:M:| = width M and for all 4, j such that (7,
J) € the indices of M holds [:M:]; ; = [M; .

Let us consider n and let us consider M. Then —M is a matrix over R of
dimension n.

Let us consider n and let us consider My, Ms. Then M; + M, is a matrix
over R of dimension n.

Let us consider n and let us consider My, Ms. Then M7 — Ms is a matrix
over R of dimension n.

Let us consider n, let a be an element of R, and let us consider M. Then
a - M is a matrix over R of dimension n.

Let us observe that there exists a matrix over R which is positive and non-
negative and there exists a matrix over R which is negative and nonpositive.

Let M be a positive matrix over R. One can check that M is positive.

Let M be a negative matrix over R. Note that M T is negative.

Let M be a nonpositive matrix over R. One can verify that M T is nonposi-
tive.

Let M be a nonnegative matrix over R. Observe that M7 is nonnegative.

1.1\

Let us consider n. Observe that o is positive and nonneg-

nxn

-1 ... -1
ative and oo is negative and nonpositive.
-1 ... -1
Let us consider n. One can verify that there exists a matrix over R of
dimension n which is positive and nonnegative and there exists a matrix over R
of dimension n which is negative and nonpositive.
We now state a number of propositions:

(1) For every element z; of Rp and for every real number xy such that
T1 = xo holds —z1 = —x9.
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(2) For every matrix M over R such that (i, j) € the indices of M holds
(=M)ij = =M.

(3) For all matrices M;, My over R such that len M; = len My and
width My = width M5 and (4, j) € the indices of M; holds (M — Ms); j =
(M1)ij — (Ma)i ;-

(4) For every matrix M over R such that len(a - M) = len M and width(a -

M) = width M and (i, j) € the indices of M holds (a-M);; = a- M, ;.

The indices of M = the indices of |:M:|.

la - M:| = |a| - |: M:].

If M is negative, then —M is positive.

If My is positive and M> is positive, then M7 + My is positive.

If —Ms & My, then My + Ms is positive.

If M; is nonnegative and M, is positive, then My + My is positive.

If My is positive and My is negative and |:Mos:| C |:My:|, then My + M,
is positive.

A~ I/~ /N~
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If My is positive and M> is negative, then My — M> is positive.
If My C My, then My — Ms is positive.
If @ > 0 and M is positive, then a - M is positive.

If M is positive, then —M is negative.

If M; is negative and M5 is negative, then M; 4+ Ms is negative.

If My C —M,, then My + M> is negative.

If M, is positive and M is negative and |:Mi:| C [:My:|, then M; + M,
is negative.

If My € M>, then My — M5 is negative.

If My is positive and M> is negative, then My — M; is negative.

)
)
)
15) If a < 0 and M is negative, then a - M is positive.
)
)
)
)

If a < 0 and M is positive, then a - M is negative.

If @ > 0 and M is negative, then a - M is negative.

If M is nonnegative, then —M is nonpositive.

If M is negative, then M is nonpositive.

If M, is nonpositive and M, is nonpositive, then M; 4+ Ms is nonpositive.
If My is less or equal with — My, then M7 + M> is nonpositive.

If My is less or equal with Ms, then My — M> is nonpositive.

If a <0 and M is positive, then a - M is nonpositive.

If @ > 0 and M is negative, then a - M is nonpositive.

If @ > 0 and M is nonpositive, then a - M is nonpositive.
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If @ <0 and M is nonnegative, then a - M is nonpositive.
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(33) |:M:| is nonnegative.

(34) If M; is positive, then M; is nonnegative.

(35) If M is nonpositive, then —M is nonnegative.

(36) If M; is nonnegative and My is nonnegative, then M; + M is nonnega-

tive.

w
JQ

If —M; is less or equal with My, then My + Ms is nonnegative.

(]
oo

If M> is less or equal with My, then M7 — M; is nonnegative.

W
Ne)

If @ > 0 and M is positive, then a - M is nonnegative.

If @ <0 and M is negative, then a - M is nonnegative.

N
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If @ <0 and M is nonpositive, then a - M is nonnegative.
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If @ > 0 and M is nonnegative, then a - M is nonnegative.

N
w

If a >0 and b > 0 and M; is nonnegative and Ms is nonnegative, then
a- Mi +b- My is nonnegative.

2. SOME BASIC INEQUALITIES IN MATRICES OF REAL ELEMENTS

Next we state a number of propositions:

If My C Ms, then M is less or equal with Ms.

If M7 E My and My & Ms, then My E Ms.

If M7 E My and M3y E My, then My + Ms E My + My.
If My E Ms, then My + M3 C My + Mj.

If My C Ms, then M3 — Ms T M3 — M.

|: My + My:| is less or equal with [:My:| + |:My:|.
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50) If M is less or equal with Ms, then M; — Ms is less or equal with
My — Ms.

(51) If My — M3 is less or equal with My — M3, then M is less or equal with
M.

(52) If M is less or equal with My — M3, then Mj is less or equal with
Moy — M.

(53) If My — My is less or equal with M3, then M; — M3 is less or equal with
M.

(54) If My © My and Msy is less or equal with My, then My — My T My — Ms.

(55) If M is less or equal with My and M3 C My, then My — My T My — Ms.

(56) If My — Mj is less or equal with M3z — My, then M; — Ms is less or equal
with My — My.

(57) 1If My — M is less or equal with M3 — My, then My — My is less or equal
with My — M.
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(58) If My — Mj is less or equal with M3 — My, then My — Ms is less or equal
with M2 - Ml.

(59) If My + My is less or equal with Ms, then M is less or equal with
Mz — Ms.

(60) If My + M is less or equal with M3+ My, then M; — Mj is less or equal
with M4 - MQ.

(61) If My + M is less or equal with M3 — My, then M; + My is less or equal
with M3 — Mg.

(62) If My — My is less or equal with M3 + My, then M; — My is less or equal
with M3 + M.

(63) If M; is less or equal with My, then —Mj is less or equal with —Mj.
(64) If Mj is less or equal with —My, then Mj is less or equal with —Mj.
(65) If —Ms> is less or equal with M, then —M; is less or equal with M.
(66) If M, is positive, then My T My + M.

(67) If M; is negative, then My + My C M.

(68) If M) is nonnegative, then My is less or equal with M; + M.

(69) If M is nonpositive, then M; + My is less or equal with M.

(70) If M; is nonpositive and Mjy is less or equal with Ms, then Ms + M is

less or equal with M.

(71) If M; is nonpositive and Mg T Mo, then Ms + M; T M.
(72) If M, is negative and M3 is less or equal with My, then M3z + M; C My.
(73) If My is nonnegative and My is less or equal with M3, then Ms is less or
equal with M; + M3.

If M is positive and My is less or equal with Mgz, then My T My + Ms.

If M; is nonnegative and My C Ms, then My T My + Ms.

If My is nonnegative, then My — M is less or equal with M.

If M, is positive, then My — M7 E Mo.

If My is nonpositive, then My is less or equal with My — M;.

If My is negative, then My T My — M.

If M, is less or equal with Ms, then Ms — Mj is nonnegative.

If M is nonnegative and Mo E Mg, then My — My T Ms.

If M, is nonpositive and My is less or equal with Ms, then My is less or
equal with M3 — M;.

If M, is nonpositive and My E M3, then My T Mg — M.

If M, is negative and M is less or equal with M3, then My C Mg — M;.

If M7 © My and a > 0, then a- M; C a - Ms.

If M1 © My and a > 0, then a - M7 is less or equal with a - M.

If Mi C My and a < 0, then a- My C a - M.
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(88) If My C My and a <0, then a - Ms is less or equal with a - M;.

(89) If M;j is less or equal with Ms and a > 0, then a - M is less or equal
with a - Ms.

(90) If M is less or equal with My and a < 0, then a - My is less or equal
with a - M.

(91) If a > 0 and a < b and M; is nonnegative and less or equal with Mo,
then a - My is less or equal with b - M.

(92) If a <0 and b < a and M is nonpositive and My is less or equal with
M7, then a - M7 is less or equal with b - Ms.

(93) Ifa < 0and b < aand M; is negative and My = My, then a- My C b- Ms.

(94) If a > 0 and a < b and M; is nonnegative and My T Mo, then a - M; C
b- Ms.

(95) If a > 0 and a < b and M; is positive and less or equal with My, then
a - M1 E b- MQ.

(96) Ifa > 0and a < band M is positive and M; C My, then a-M; T b- My.
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