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Summary. We formalized some basic properties of the Mdbius function
which is defined classically as
1, ifn=1,
u(n) =< 0, if p?|n for some prime p,
(=1)", if n = pip2---pr, where p; are distinct primes.
as e.g., its multiplicativity. To enable smooth reasoning about the sum of
this number-theoretic function, we introduced an underlying many-sorted set
indexed by the set of natural numbers. Its elements are just values of the Mobius
function.
The second part of the paper is devoted to the notion of the radical of number,
i.e. the product of its all prime factors.
The formalization (which is very much like the one developed in Isabelle proof
assistant connected with Avigad’s formal proof of Prime Number Theorem) was
done according to the book [13].
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1. PRELIMINARIES

The scheme LambdaNATC deals with an element A of N, a set B, and a
unary functor F yielding a set, and states that:
There exists a function f from N into B such that f(0) = A and
for every non zero natural number x holds f(z) = F(z)
provided the parameters have the following properties:
e Ac B, and
e For every non zero natural number x holds F(z) € B.
One can check that there exists a natural number which is non prime and
non zero.
One can prove the following propositions:
(1) For every non zero natural number n such that n # 1 holds n > 2.
(2) For all natural numbers k, n, ¢ such that 1 < k holds i € Segn iff
k-i€ Seg(k-n).
(3) For all natural numbers m, n such that m and n are relative prime holds
m > (0 or n > 0.
(4) For every non prime natural number n such that n # 1 there exists a
prime number p such that p | n and p # n.
(5) For every natural number n such that n # 1 there exists a prime number
p such that p | n.
(6) For every prime number p and for every non zero natural number n holds
p | n iff p-count(n) > 0.
(7) support PPF(1) = 0.
(8) For every prime number p holds support PPF(p) = {p}.

In the sequel m, n are natural numbers.
We now state the proposition
(9) For every prime number p such that n # 0 and m < p-count(n) holds
p" [ n.
Let us observe that every natural number which is odd is also non zero.
The following propositions are true:
(10) For every natural number a and for every prime number p such that
p? | a holds p | a.
(11) Let p be a prime natural number and m, n be non zero natural numbers.
If m and n are relative prime and p? | m - n, then p? | m or p? | n.
(12) For every real bag N over N such that support N = {n} holds > N =
N(n).
Let us mention that CFS((}) is empty.
The following propositions are true:
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(13) Let p be a prime number. Suppose p | n. Then {d; d ranges over natural
numbers: d >0 A d|n A p|d} = {p-d;d ranges over natural numbers:
d>0 A d|n-=+p}.

(14) For every non zero natural number n there exists a natural number k
such that support PPF(n) C Segk.

(15) For every non zero natural number n and for every prime number p such
that p ¢ support PPF(n) holds p-count(n) = 0.

(16) Let k£ be a natural number and n be a non zero natural number. If
support PPF(n) C Seg(k + 1) and support PPF(n) € Segk, then k + 1 is
a prime number.

(17) For all non zero natural numbers m, n such that for every prime
number p holds p-count(m) < p-count(n) holds support PPF(m) C
support PPF(n).

(18) Let k be a natural number and n be a non zero natural number.
Suppose support PPF(n) C Seg(k + 1). Then there exists a non zero
natural number m and there exists a natural number e such that
support PPF(m) C Segk and n = m - (k + 1)¢ and for every prime num-
ber p holds if p € support PPF(m), then p-count(m) = p-count(n) and if
p ¢ support PPF(m), then p-count(m) < p-count(n).

(19) For all non zero natural numbers m, n such that for every prime number
p holds p-count(m) < p-count(n) holds m | n.

2. SQUAREFREE NUMBERS

Let & be a natural number. We say that x is square-containing if and only
if:
(Def. 1) There exists a prime number p such that p? | z.
One can prove the following proposition

(20) Let n be a natural number. Given a non zero natural number p such
that p # 1 and p? | n. Then n is square-containing.

Let = be a natural number. We introduce x is squarefree as an antonym of
x is square-containing.
The following propositions are true:
(21) 0 is square-containing.
(22) 1 is squarefree.
(23) Every prime number is squarefree.

Let us observe that every element of N which is prime is also squarefree.
The subset SCNAT of N is defined as follows:

(Def. 2) For every natural number n holds n € SCNAT iff n is squarefree.
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Let us mention that there exists a natural number which is squarefree and
there exists a natural number which is square-containing.

One can check that every natural number which is square and non trivial is
also square-containing.

We now state several propositions:

24) If n is squarefree, then for every prime number p holds p-count(n) < 1.
25)
26) If m is squarefree and n | m, then n is squarefree.
27)

(

( If m - n is squarefree, then m is squarefree.

(

( Let p be a prime number and m, d be natural numbers. If m is squarefree

and p | m and d | m <+ p, then d | m and p 1 d.

(28) For every prime number p and for all natural numbers m, d such that
p|mand d| m and ptdholds d|m-=+p.

(29) Let p be a prime number and m be a natural number. Suppose m is

squarefree and p | m. Then {d; d ranges over natural numbers: 0 < d A d |

m A p1d} ={d;d ranges over natural numbers: 0 < d A d|m =+ p}.

3. MoOBIUs FUNCTION

Let n be a natural number. The functor p(n) yielding a real number is
defined by:
(Def. 3)(1) p(n) =0 if n is square-containing,
(ii)  there exists a non zero natural number n’ such that n’ = n and p(n) =

’ .
(_ 1)card support PPF(n’) ’ otherwise.

One can prove the following four propositions:

(30) (1) = 1.
(31) u(2) = —1.
(32) wu(3)=-1.
(

33) For every natural number n such that n is squarefree holds p(n) # 0.

Let n be a squarefree natural number. Observe that u(n) is non zero.
We now state several propositions:
(34) For every prime number p holds u(p) = —1.
(35) For all non zero natural numbers m, n such that m and n are relative
prime holds p(m - n) = p(m) - p(n).
(36) For every prime number p and for every natural number n such that
1 <n and n - p is squarefree holds u(n - p) = —pu(n).
(37) For all non zero natural numbers m, n such that m and n are not relative
prime holds p(m -n) = 0.
(38) For every natural number n holds n € SCNAT iff u(n) # 0.
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4. NATURAL DIVISORS

Let n be a natural number. The functor NatDivisors n yields a subset of N
and is defined by:

(Def. 4) NatDivisors n = {k; k ranges over elements of N: k #£0 A k| n}.
We now state two propositions:
(39) For all natural numbers n, k holds k& € NatDivisorsn iff 0 < k and k | n.
(40) For every non zero natural number n holds NatDivisorsn C Segn.

Let n be a non zero natural number. Note that NatDivisors n is finite and
has non empty elements.
One can prove the following proposition

(41) NatDivisors 1 = {1}.

5. THE SUM OF VALUES OF MOBIUS FUNCTION

Let X be a set. The functor SMoebius X yielding a many sorted set indexed
by N is defined as follows:
(Def. 5) support SMoebius X = X NSCNAT and for every natural number & such
that k& € support SMoebius X holds (SMoebius X) (k) = u(k).
Let X be a set. One can check that SMoebius X is real-yielding.
Let X be a finite set. Note that SMoebius X is finite-support.
One can prove the following three propositions:
(42) > SMoebius NatDivisors 1 = 1.

(43) For all finite subsets X, Y of N such that X misses Y holds
support SMoebius X U support SMoebiusY = support(SMoebius X +
SMoebiusY).

(44) For all finite subsets X, Y of N such that X misses Y holds SMoebius(X U
Y') = SMoebius X + SMoebiusY.

6. PRIME FACTORS OF A NUMBER

Let n be a non zero natural number. The functor PFactors n yields a many
sorted set indexed by Prime and is defined by:
(Def. 6) support PFactorsn = support PFExp(n) and for every natural number
p such that p € support PFExp(n) holds (PFactors n)(p) = p.
Let n be a non zero natural number. Note that PFactorsn is finite-support
and natural-yielding.
One can prove the following propositions:
(45) PFactors 1 = EmptyBag Prime.



34 MAGDALENA JASTRZEBSKA AND ADAM GRABOWSKI

(46) For every prime number p holds PFactorsp - (p) = (p).

(47) For every prime number p and for every non zero natural number n holds
PFactors(p") - (p) = (p).

(48) For every prime number p and for every non zero natural number n such
that p-count(n) = 0 holds (PFactorsn)(p) = 0.

(49) For every non zero natural number n and for every prime number p such
that p-count(n) # 0 holds (PFactorsn)(p) = p.

(50) For all non zero natural numbers m, n such that m and n are relative
prime holds PFactors(m - n) = PFactors m + PFactors n.

(51) Let n be a non zero natural number and A be a finite subset of N.
Suppose A = {k;k ranges over elements of N: 0 < k A k| n A kis
square-containing}. Then SMoebius A = EmptyBag N.

7. THE RADICAL OF A NUMBER

Let n be a non zero natural number. The functor Rad(n) yields a natural
number and is defined as follows:

(Def. 7) Rad(n) = [] PFactors n.
The following proposition is true
(52) For every non zero natural number n holds Rad(n) > 0.

Let n be a non zero natural number. Observe that Rad(n) is non zero.
One can prove the following propositions:
(53) For every prime number p holds p = Rad(p).
(54) For every prime number p and for every non zero natural number n holds
Rad(p") = p.
(55) For every non zero natural number n holds Rad(n) | n.
(56) For every prime number p and for every non zero natural number n holds
p | niff p | Rad(n).
(57) For every non zero natural number k such that k is squarefree holds
Rad(k) = k.
(58) For every non zero natural number n holds Rad(n) < n.
(59) For every prime number p and for every non zero natural number n holds
p-count(Rad(n)) < p-count(n).
(60) For every non zero natural number n holds Rad(n) =1 iff n = 1.
(61) For every prime number p and for every non zero natural number n holds
p-count(Rad(n)) < 1.
Let n be a non zero natural number. Note that Rad(n) is squarefree.
One can prove the following propositions:
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(62) For every non zero natural number n holds Rad(Rad(n)) = Rad(n).

(63) Let n be a non zero natural number and p be a prime number. Then
{k; k ranges over elements of N: 0 <k A k|Rad(n) A p|k} C Segn.

(64) Let n be a non zero natural number and p be a prime number. Then
{k; k ranges over elements of N: 0 < k A k|Rad(n) A ptk} C Segn.

(65) For all non zero natural numbers k, n holds k | n and k is squarefree iff
k| Rad(n).

(66) Let n be a non zero natural number. Then {k;k ranges over natural
numbers: 0 < k A k| n A kissquarefree} = {k;k ranges over natural

numbers: 0 < k A k| Rad(n)}.
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