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AGGREGATION OPERATORS ON TRIANGULAR
INTUITIONISTIC FUZZY NUMBERS AND ITS APPLICATION TO
MULTI-CRITERIA DECISION MAKING PROBLEMS

Changyong LIANG, Shuping ZHAO, Junling ZHANG*

Abstract: The aim of this work is to present some aggregation operators with
triangular intuitionistic fuzzy numbers and study their desirable properties. Firstly, the
score function and the accuracy function of triangular intuitionistic fuzzy number are given,
the method for ranking triangular intuitionistic fuzzy numbers are developed. Then, some
geometric aggregation operators for aggregating triangular intuitionistic fuzzy numbers are
developed, such as triangular intuitionistic fuzzy weighted geometric (TIFWG) operator,
the triangular intuitionistic fuzzy ordered weighted geometric (TIFOWG) operator and the
triangular intuitionistic fuzzy hybrid geometric (TIFHG) operator. Moreover, an application
of the new approach to multi-criteria decision making method was proposed based on the
geometric average operator of TIFNs, and the new ranking method for TIFNs is used to
rank the alternatives. Finally, an example analysis is given to verify and demonstrate the
practicality and effectiveness of the proposed method.

Keywords: multi-criteria decision making, triangular intuitionistic fuzzy numbers,
aggregation operation

1. Introduction

Since the influences of subjective and objective factors, it is not easy for decision makers to
give the accurate evaluation on complex things in practical decision problems. There
usually exist some hesitations for decision makers to assess the fuzzy and uncertain
quantities. Therefore, Atanassov[6] introduced the concept of intuitionistic fuzzy set (IFS)
characterized by a membership function and a non-membership function, which is a
generalization of the concept of fuzzy set[40]. The IFS has been proven to be highly useful
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to deal with uncertainty and vagueness. Later, Atanassov and Gargov[15] further introduced
the interval-valued intuitionistic fuzzy set (IVIFS), which is a generalization of
intuitionistic fuzzy sets and fuzzy set. The intuitionistic fuzzy set and interval-valued
intuitionistic fuzzy set were studied by many researchers[1, 5, 10], such as operators[7, 36,
38], operations[2, 4, 8] and distances[3, 24], and have been applied to many different fields,
such as decision making[12, 13, 23, 29, 37], supplier selection[9, 41], investment option[32,
33]et.al.

However, the domain of intuitionistic fuzzy set and interval-valued intuitionistic fuzzy
set are discrete sets, therefore they are only used to indicate the extent to which the criterion
does or does not belong to some fuzzy concepts[25]. To overcome this flaw, Shu et al.[22]
gave the definition and operational laws of triangular intuitionistic fuzzy number. A
prominent characteristic of the triangular intuitionistic fuzzy set is that its domain is a
consecutive set. Some authors had paid attention to the research on triangular intuitionistic
fuzzy numbers [16, 17, 20, 21, 26], these researches can be roughly classified into two
types: decision making methods[11, 17, 18, 20, 26, 27] and aggregation operators, which
are respectively reviewed as follows. In the aspect of decision making methods, Li
[16]pointed out and corrected some errors in the definition of the operational laws of
triangular intuitionistic fuzzy numbers introduced by Shu et al.[22]. Li[17] discussed the
concept of triangular intuitionistic fuzzy number and the ranking method of triangular
intuitionistic fuzzy number on the basis of the concept of a ratio of the value index to the
ambiguity index as well as applications to MADM problems. Nan et al. [20]defined the
ranking order relations of triangular intuitionistic fuzzy number, which are applied to
matrix games with payoffs of triangular intuitionistic fuzzy number. Wan[26]introduced the
notions of possibility mean and variance for triangular intuitionistic fuzzy numbers,
developed a new decision method based on possibility mean and variance of triangular
intuitionistic fuzzy numbers. Li et al[18] defined the values and ambiguities of the
membership degree and the non-membership degree for triangular intuitionistic fuzzy
number as well as the value-index and ambiguity-index, and developed a ranking method
based on value and ambiguity. In the aspect of aggregation operators[21, 28], Robinson  P.
J[21] defined the triangular intuitionistic fuzzy ordered weighted averaging (TIFOWA)
operator and the triangular intuitionistic fuzzy hybrid aggregation (TIFHA) operator, and an
extended TOPSIS model is developed to solve the multiple attribute group decision making
problems under triangular intuitionistic fuzzy sets by using its correlation coefficient.
Wang[28] proposed new arithmetic operations and logic operators for triangular
intuitionistic fuzzy numbers and applied them to fault analysis of a printed circuit board
assembly system. Through the existing literature, we can found that the aggregation
operators of triangular intuitionistic fuzzy numbers is still quite limited, and the
methods for ranking triangular intuitionistic fuzzy numbers are a bit complicated,
which are inconvenient to compare triangular intuitionistic fuzzy numbers.

Compared with intuitionistic fuzzy numbers(IFNs), triangular intuitionistic fuzzy
numbers are defined by using triangular fuzzy numbers expressing their membership and
non-membership functions, which makes the membership degrees and the non-membership
degrees no longer relative to a fuzzy concept “Excellent” or “Good”, but relative to the
triangular fuzzy number; then, the information of decision makers can be reflected exactly
and can be expressed in different dimensions[30]. Thus, the information of decision makers
can be reflected exactly and can be expressed in different dimensions than IFNs. As the
aggregation operators are critically important tools of information fusion in multiple
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criteria decision making (MCDM) problems. The aim of this paper is to present some
aggregation operators of triangular intuitionistic fuzzy numbers and a new method for
ranking triangular intuitionistic fuzzy numbers. Thereby, a new multi-criteria decision
making method using triangular intuitionistic fuzzy number is then proposed based on
geometric average operators of triangular intuitionistic fuzzy numbers.

In order to do that, this work is set out as follows. In Section 2, some basic concepts and
operation laws related to triangular intuitionistic fuzzy numbers are introduced, and the
distance of triangular intuitionistic fuzzy number is defined. In Section 3, the expected
values, the score function and the accuracy function of triangular intuitionistic fuzzy
number are given, and the ranking method is developed for triangular intuitionistic fuzzy
numbers based on the score values and the accuracy function values. In Section 4, the
concept of the triangular intuitionistic fuzzy weighted geometric (TIFWG) operator, the
triangular intuitionistic fuzzy ordered weighted geometric (TIFOWG) operator and the
triangular intuitionistic fuzzy hybrid geometric (TIFHG) operator are proposed and their
desirable properties are studied. In Section 5, based on the ITFWG, TIFOWG and ITFHG
operators, a new method to solve multi-criteria decision making problems with triangular
intuitionistic fuzzy information is proposed. Finally, an illustrative example is given to
verify the developed approach.

2. Preliminaries

We start this section by introducing some basic concepts related to triangular intuitionistic
fuzzy numbers, which will be used throughout this paper. The concept of triangular
intuitionistic fuzzy number and some operational laws of triangular intuitionistic fuzzy
numbers as follows:

Definition 1[17, 22]. Let « is a triangular intuitionistic fuzzy number, whose
membership function and non-membership function are defined as follows, its membership
function is:

(x a)u, / (b—a) (a<x<b)

Uz () = (c X)u, / (c ~b) (b<x<0) @
otherwise

its non-membership function is:

(b—x+v~(x—a'))/(b—a') (@' <x<b)

X =
Va0 =1 (i by (¢ —x) /(€ —b) (b<X<C) @)
0 otherwise

where 0<u, <1;0<v; <1;0<u;+v, <1,a,b,c,a’,c'eR .The intuitionistic fuzzy
number is denoted as & ={(([a,b,cl;u;),([a'b,cl;v;)) , & is called triangular
intuitionistic fuzzy number. When u; =1 andv, =0, «a is changed into triangular fuzzy
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number. For convenience, let & =([a,b,c];u,,Vv,) .Without special declaration in this
article, triangular intuitionistic fuzzy numbers are all these fuzzy numbers.
75 (X) =1-u, (X) —V, (X) denotes the hesitation of fuzzy number, the smaller the 7, the
more certain is the fuzzy number.
Definition 2[21]. Let¢y = ([ai,bl,cl];udl,vél) and o, = ([az,bz,cz];ud2 ’V&z) be two
triangular intuitionistic fuzzy number, and A >0, then
Day+a,=([a,+a,,b +b,,¢, +¢,Jiu; +U;, —U; U,V V)
2)aa, =([a,a,,bb,,cc,]; Uy Ug o Vi + Vs, —v~1v&2) ;
3) Aa = ([Aa,Ab, Acl;1- 1-u, )", (v,)"), A>0;
aat = ([ai,b‘,c’l];(ud)l,l— (d-v, Y),A120;
In the following, we give the operational results by same laws in Definition 2 are also
triangular intuitionistic fuzzy number.

Theorem 1. Let & =([a,b,clu,,v;) and @, =([a,,b,,C,]u;, ,V;,) be two

triangular intuitionistic fuzzy number, then the operational laws between ¢; and ¢, are
shown as follows:

Moy +a,=a,+a,

Qa®a,=0,®q,

BV AUy +a,)=Acy + Aa, 120,

@ A@+Aa=(A+2)a Ayl 20

Gya*®a”?=a"" 1,4 >0,

®)a ®a," =(¢®a,) 1>0.

Definition 3. Let & =([a;,b,c,J;u; .V, ) and &, =([a,,b,,c,T;u,,,v;)) are two
triangular intuitionistic fuzzy number, then the normalized Hamming distance between ¢,
and ¢, is defined as follows:

d(dl dz) _ l ‘(1+ ua'/,l _le)al -+ udz _V&Z )az‘ +‘(1+ udl _le)bl -1+ udz _de )bz‘
6|+ ‘(1+ Ug —V; )6 — (L+U;, —de)Cz‘

©)

3. A method for ranking triangular intuitionistic fuzzy numbers

In this section, a method for ranking triangular intuitionistic fuzzy numbers is developed
motivated by Wang’ paper [14].The expected values, the score function and the accuracy
function of triangular intuitionistic fuzzy numbers are defined as follows.

A useful tool for dealing with Fuzzy sets is their « -cuts. Every « -cut of a fuzzy
number is a closed interval and a family of such intervals describes completely a fuzzy
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number under study.
Definition 4[17]. A «a -cuts set of triangular intuitionistic fuzzy number

a=([a,b,c];u;,V,) is a crisp subset of R, which is defined as &, ={X|u;(X)>a},
where 0<a<u,;.
It directly follows from Eq. (1) and Definition 4 that &, :{x|ud (X)>a} is aclosed

ab-2) _alc-b)
T u, |

o

interval, denoted by &, =[L;(«),R; ()] = {a +

The trust degree of triangular intuitionistic fuzzy number & =([a,b,c];u;,v;) is
between [u;,1-V;]

Definition 5. Let& = ([a,b,c];u,,Vv;) is a triangular intuitionistic fuzzy number, and
then the expected value E(<r) of « is defined as follows:

0~ 6 L 01+ 1R Ny o 1L )
:%((1—/1)(a+ b)+ A(b+c))(L+u, -V,)
4)

where 1 e[0,1], Avaries according to the risk tolerance of the decision maker. The
decision maker is risk-averse, if A1 <0.5; The decision maker presents a propensity for
risk, if A <0.5; The decision maker is risk-neutral, if 4=0.5.

The score function and accuracy function of triangular intuitionistic fuzzy numbers are
introduced below.

Definition 6. Let& = ([a,b,c];u,,Vv;) is a triangular intuitionistic fuzzy number, and
then the score function S(&) and the accuracy function H(&) of & is defined as
follows:

S(a)=E(a) *(1; —V;) ®)

H(a) = E(a) * (14 +V;) (6)

There are several ranking methods [17, 26, 27] of triangular intuitionistic fuzzy

number which considers the DM’s risk preference, but the calculation process is too

complicated, so no unique best approach exists. Compared to the above method, the

ranking method also consider the decision makers’ risk preference, and the calculation

process is simple. To facilitate the calculation, we assume that the decision maker is
risk-neutral, the expected value E(a) of & is as follows in this paper

E@ =22 e, -v,) )

o o

Definition 7. Let;, and «, are any two triangular intuitionistic fuzzy number, and
then the
1)If S(a)>S(a,). then o > a,;
2) If S(ay)=S(ar,),and H(a,)=H(a,) thena, =, ;
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3)If S(a)=S(r,),and H(x,)>H(a,) theng, = a,;
4)If S(a)=S(a,), andH () <H(a,) thena, >~ ¢ .
When the values of score function of the triangular intuitionistic fuzzy numbers are the

same, the bigger the value of the accuracy function, the bigger the corresponding triangular
intuitionistic fuzzy numbers.

4. Some geometric aggregation operators on triangular intuitionistic
fuzzy numbers

In this section, we shall develop some geometric operators for aggregating triangular
intuitionistic fuzzy numbers based on the literature[39]and study their desirable properties.
Let Q be the set of triangular intuitionistic fuzzy number. In the following, some
aggregation operators with triangular intuitionistic fuzzy numbers are developed as follows:

Definition 8. Lete, (i=1,2,---,n) be a collection of triangular intuitionistic fuzzy
number, and let TIFWG: Q" — Q| if

TIFWG(a,, &,, -, a,) =] [&“ )]
i<l

then TIFWG is called triangular intuitionistic fuzzy weighted geometric operator of
dimension n, where ®=(w,,®,,...,@,)" is the weight vector of & (i=12,---,n),

Yo =1 @ €[0,]. Especially, if wz(%,%,...,%)T, the TIFWG operator is

reduced to triangular intuitionistic fuzzy geometric averaging (TIFGA)operator, which is

defined as follows:
1

TIFGA(d,,d,, . d,) = (4, ®a, ®--- @ &,)" 9)

By Definition 8 and Theorem 1, we can obtain the following result by using
mathematical inductionon n.

Theorem 2. Let¢g (i=12,---,n) be a collection of triangular intuitionistic fuzzy

number, then their aggregated value by using the TIFWG operator is also an triangular
intuitionistic fuzzy number, and

TIFWG,, (¢, a,, -, ) =
([q(ai)“ 160" 11" }nl(u&i " 1-T1a-v, )" j o)
where W = (W,,W,,...,W, )" is the weight vector of & (i=12,---,n), withw, €[0,1]and

Zin=1wi =1.

Proof. The first result follows quickly from Definition 8. In the following, we prove that
Eq.(10) by using mathematical inductionon n.
() For n=2:

Since
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*=([a” b e iu,)? 1= @-v, )™ ),
(i 710 -0,7).

then

TIFWG(4,,&,) = 4, ® @,

=([a™ b0 i)™ 1= a=v,)* )@ ([ 20,6, Jiug,) ™ 1= (L-v,,)? )
[a,"a,",b,"b,”, ¢, "¢, I (g )™ (Ug, )2 1— (L—vg )™ +1-(1-v,, )™ -

:[(1—(1—va~1)“1)(1—(1—va~2)“’2)

= ([a,"a,",b,b,”, ¢, I; (Ug )™ (U, ), 1= (1=, )™ (1=, )™)

Thus, Eq.(10) holds.

(2) If Eq.(10) holds for n=Kk , that is

k
TIFWG(d,,d,,+,é,) =[] &

{[ﬁ{(ai)“,lj(bi)“,ﬁ{(ci)“’»}lj(uai)”*,1—1j(1—vdi )j

then, when n=Kk +1, by the operational laws in Definition 2, we have
k+1

TIFWG(ay, a0 .q) = Ha“" =TIFWG(a,,a,, -, a,) ® a4, ,**

({H(a)@ 116" 16" [T, 1-T1a-v, )“*j@
(I:ak+1 “ bk+1(% G } Pz, )™ (ngk+1 ) )

k k k k
[{H(ai)w' ®a,,, " [1(0)" ®bk+1wm’1_[((3i)wi ®Ck+1wk+l:|;l_[(ud. )" ®(ug )™,
i=1 i=1

k

1-T]A-v, )" +1-(-v, )™ —(1- H(l v, M)A~ (- vam)%)J

([ﬁ(a) H(b)“’ H(c)@}n(u Y1 ﬁ(l v, )" j

i.e. Eq.(10) holds for n=k +1.Thus, Eq.(10) holds for all n, which completes the proof
of Theorem 2.
To study some desirable properties of TIFWG operator, we have the following theorem.

Theorem 3 (ldempotency). Let ¢;(i=12,---,n) be a collection of triangular
intuitionistic  fuzzy numbers, and = (@, ®,,...,m, )" is the weight vector
of @ (i=12,--,n), with > @ =1, @ €[0,]. If all &(i=12,---,n) are equal,
ie.a, =¢ forall i,then

TIFWG(y, @, -+ a,) = (11)

Proof. By Theorem 1, we have
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TIFWG(G,, @y, 13, ) = G2 ® G2 ® - ® G " =G>1" =g
Theorem 4 (Boundary). Let ¢;(i=12,---,n) be a collection of triangular
intuitionistic fuzzy numbers, and let
a” =([mina;,minb,, minc,], minu,,maxv,),
I I I
a’ =([maxa,, maxb,,maxc,],maxu,,minv,) .
1 1 1

then

IA

12)

a <TIFWG(«a,,a,, -, a,)
< minc, <¢, <maxgc, ,

a’.
Proof. Since mma,<a <maxa mmb b, < max axb,

min 4 < g <max g, miny, <v;, Sm_aXVi for all i ,then
1 1 1 ]

[1@)" <[I(maxa)" =maxa,, [[(a)" >[[(mina)" =mina,
that is,

mlna <]_[(a,)“4 <maxa; .
i=1

Similarly, we have
n
m_inbI <T[(b)* <maxb, mmc <H(c ) <maxc;,
i=1 ! =1

mmu <H(u ) <maxu m|nv <1- H(l Ak <maxv

i=1 i=1
Let TIFWG(a,,a,, -+, a,) =([a,b,c];u;,Vv,) , then
~ ~ a+2b+c
S(@)=E(a)* (1 —Vs) :T(l"‘/ud =V ) = V)
max &, +max 2b, + maxc,
< ' 2 —— (1+ max ; —minv, )(max g, —minv,
=S(a")
~ ~ a+2b+c
S(a) =E(a) *(u; —V;) ZT(:H_IU& =V ) (4 —V;)
mina, + min2b, + minc,
> ' —— (L+min 2, —maxv, )(Min g, —maxv, )
=S(a")

If S(&)<S(a")andS(a)>S(a"), then we have
a <TIFWG, (¢, a,,-,a,)<a
If S,(a)=S,(a") e,
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a+2b+c
—(1"'/107 _Vd)(,ud _Va?)
max a, + max 2b, + maxc;
=— ' ' (I+max g, —minv, )(max x, —minv, )
i ! i ! i ! i !

4
then ,we have
a=maxa;,b=maxb,c=maxc, 4 =max g v, =miny,
1 1 [} I 1
Therefore,
~ ~ a+2b+c
H(a) = E(a)* (¢; +V,) ZT(]-"'/U& =V ) +Vg)
max @, + max 2b, + maxc;
=— '4 L (1+max g, —minv, )(max u, +minv,)
i i i i i i i i
=H(a")
Similarly, we have
~ ~ a+2b+c
H(a) = E(a) * (; +V;) :T(l"‘ Mz =Nz )z +V5)

mina, + max 2b, + maxc,
=—! ' ' @+ miin Hg, —Maxv, )(miin Mg + miaxv&i)

=H(@")
Then we have
TIFWG(a,, a,, -+, a,)=a". (13)
Similarity, it follows that
TIFWG(a,, &, a,) =a . (14)

Thus, we know that Eq.(12) always holds.
Theorem 5. (Monotonicity). Let & (i=12,---,n) and & (i=12,---,n) be a
collection of triangular intuitionistic fuzzy numbers. If &, <&." forall i, then
TIFWG(a,, a,, -+, a,) < TIFWG(a;,a,, -+, &) (15)

Based on Definition 2 and the ordered weighted geometric averaging (OWG) operator
[23], we shall develop and triangular intuitionistic fuzzy version of the OWG operator.

Definition 9. Lete, (i=12,---,n) be a collection of triangular intuitionistic fuzzy
numbers. A triangular intuitionistic fuzzy ordered weighted geometric (TIFOWG) operator
of dimension n is a mapping TIFOWG: Q" — Q , if

n
TIFOWG(&,, &, +*,&,) =[] &, 4" (16)

i=1
where (o(1),0(2),---o(n)) is a permutation of (1,2,---,n) such that &,y =&, for
all i, and w=(W,W,,....,w,)" is the weight vector of &(i=12,--,n) ,

- - T -
>ow =1,w e[0,1]. Especially, IfW=(%,%,...,%) , the TIFOWG operator is
reduced to the geometric averaging operator of the triangular intuitionistic fuzzy number
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(TIFGA).
Similar to Theorem 2, we have the following result.

Theorem 6. Let¢,(i=12,---,n) be a collection of triangular intuitionistic fuzzy

numbers, then their aggregated value by using the TIFOWG operator is also an triangular
intuitionistic fuzzy number, and

TIFOWG(¢,, @,, -+, a,)
n n n n n
= HH (aa(i))Wi 'H(ba(i))Wi 'H(Ca(i))Wi }H(Uddi) )" 11_H(1_Vda(i))wi j
i=1 i=1 i=1 i=1 i=1
where W=(W1,W2,...,Wn)T is the weighting vector of TIFOWG operator,

with Y w, =1 and w, €[0,1].
The TIFOWG operator has the following properties, which is similar to those of the
TIFWG operator.

Theorem 7 (ldempotency). Let ¢;(i=1,2,---,n) be a collection of triangular

(17

intuitionistic fuzzy numbers, and w = (W,,W,,...,w,)" is the weight vector of TIFOWG

n

operator, > W, =1, w, €[0,1]. Ifall &(i=12,---,n) areequal ie. =a foralli,
then
TIFOWG, (&, &,, -+, a,) =& (18)
Theorem 8 (Boundary). Let ¢;(i=12,---,n) be a collection of triangular
intuitionistic fuzzy numbers, and let
a = ([miin a,, miin bi,miin c,],minu;,maxv,),
a’ = ([miaxai,miaxbi,m?xci],maxui,minvi) .
then
a <TIFOWG,(a,,&,, - a,)<a” (19)
Theorem 9. (Monotonicity). Let & (i=12,---,n) and ¢ (i=12,---,n) be a
collection of triangular intuitionistic fuzzy numbers. If &, <@, for alli, then
TIFOWG(¢,, &,, -, a,) < TIFOWG(a;, a5, -+, a,,) (20)
Theorem 10. (Commutativity). Let & (i=12,---,n)and & (i=12,---,n) be a
collection of triangular intuitionistic fuzzy numbers, then
TIFOWG(&,,@,,-++,a,) = TIFOWG(a;, a5, -, a;) (21)
where ¢ (i=12,--,n) is any permutation of ¢&(i=12,--,n) ,and
w=(W,,W,,...,w )" isthe weight vector of TIFOWG, with iwi =1,w €[0,1].

i=1
Proof. Let

n
TI FOWG(aNl,dzi' : ‘ldn) = Hdgl(l)
i=1
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n
TIFOWG, (&}, &}, ay) = [ ant,
i=1

since ;" (i=12,---,n) is any permutation of & (i=1,2,---,n), we have
07’;“) =, (i=12,---,n)

then Eq.(21) holds..

By Definitions 8 and 9, we know that the TIFWG operator weights only the triangular
intuitionistic fuzzy numbers, while the TIFOWG operator weights only the ordered
positions of the triangular intuitionistic fuzzy numbers. To overcome this limitation, we
shall develop a triangular intuitionistic fuzzy hybrid geometric (TIFHG) operator.

Definition 10. Lete, (i=1,2,---,n) be a collection of triangular intuitionistic fuzzy
numbers. A triangular intuitionistic fuzzy hybrid geometric (TIFHG) operator of dimension
n is a mapping TIFHG: Q" — Q, which has an associated vector w = (W,, W, ..., W, )"

n
with>'w, =1, w, €[0,1] such that
i=1
ITFHGw,w(&lidz’“'v&n) Zﬂ;(l)wl ®/’;’a(2)w2 ®"'®Ba(n)wn (22)
where [}U(i) is the ith largest of the weighted triangular intuitionistic fuzzy number
ﬁi (,Bi =a",i :2L2,---,n),a)=(a)l,a)z,~-~,a)n)T is weight vector of ¢ (i=1,2,---,n)
with > " w =1, €[0,1], and nis the balancing coefficient, which plays a role of

balance.
Similar to Theorem 2, we also obtain the following result.

Theorem 11. Let ¢;(i=12,---,n) be a collection of triangular intuitionistic fuzzy

numbers, then, we have
ITFHGMVW(dl,o?z,m,dn)

n ’ Wi n ’ Wi n ’ Wi . n Wi n Wi 23
:(|:Ha0'(i) Y [ LR [ [ '}H(U/}U(i)) "1_H(1_V,ga(i)) 'j (@3)
i1 i1 i1 i1 i1

and the aggregated value derived by using the TIFHG operator is also an triangular
intuitionistic fuzzy number.
Theorem 12. The TIFWG operator is a special case of the TIFHG operator.

Proof. Letw:(%,%,...,%)T,then

|TFHG(0~‘1,&2 AR dn) = Bo—(l)Wl ® ﬂNO'(Z)WZ ®---® ﬁa(n)wn
Py 0 Py /
= (ﬂo‘(]_) ® ,Ba(z) ®---® ,Bo—(n))l "
=" ®a,”?® --®a," =ITFWG(q,,a,, -, a,)
Theorem 13. The TIFOWG operator is a special case of the TIFHG operator.

Proof. Letw=(%,}ﬁ,...,%)T ,thenﬁ’i =q;,i=12,---,n, thus
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ITFHG(dl,dz, ay) = ,Ba(l) ®ﬂa(2) ®-- ®,Ba(n)
=d‘f,’1(l) ®a 2 ®- ®aa(n)

= ITFOWG(al,az, L, a,)

5. Multi-criteria decision making method based on triangular
intuitionistic fuzzy numbers

In this section, based on the TIFWG, TIFOWG and TIFHG operators, we will propose a
new method to solve multi-criteria decision making problems in which the ratings of
alternatives on criteria are expressed using TIFNs.

For some fuzzy multi-criteria decision making problem, let A={A,A,,..., A} bea
and C={C,,C,,...C.} be the set of

is the corresponding weight vector of the criteria,

discrete  set of alternatives,
criteria, @ = (a)l,a)z,---,a)n)T
where »; €[0,1] , zrj‘zla)j =1 but the value «;is unknown. The criteria value of

alternative A on the criteria Cj
h, = ([a b.,C. ] u. v) U v <1, v €[0,]

ij 1 ij ! ij?
j = 1! 2|
decision maker have indifferent risk preference.

is the triangular intuitionistic fuzzy number

cugel0l , i=120-,m

-,N,and the decision matrix denotes H —[h”]mxn is constructed. Assuming

5.1 Standardize decision matrix

To eliminate the effect from different physical dimensions to decision results, the

decision making matrix H —[h”]mxn should be standardized firstly. Suppose that the

standardized decision matrix is R = [”]mxn, f; :([r”,rIJ ,ru] U,V ).In general, the
criteria can be classified into two common types: benefit type and cost type, then the
standardized methods are shown as follows:

(1) For benefit type of criteria:

_([hi=h; hZ=h; K —h; ]
= o i Vi (24)
| hy =hy hy =hy hy =hy |
(2) For cost type of criteria:
[h=h3 h*=h2 h'—h! |
r'7i': ; lil : u,l J Ii ;ui'ivi' (25)
! h.*—h, hj —h; h; —h; o
where h*_max(h”),h _mln(h) i=12,---,m, j=L12,---,n



Aggregation operators on triangular intuitionistic fuzzy numbers ... 201

5.2. Determine the criteria weight

There are many methods to determine the criteria weight, such as maximizing deviation
method [31], information entropy method[19] and other optimization method[30]. In this
paper, we will adopt maximizing deviation method to determine the criteria weight.

The maximizing deviation method is proposed by Wang[31] to deal with multi-criteria
decision making problems with numerical information. For a multi-criteria decision making
problem, we need to compare the collective preference values to rank the alternatives, the

larger the ranking value f; is, the better the corresponding alternative A is. If the criteria

values of all alternative have little differences under a criteria, it shows that such a criteria
plays a small important role in the priority procedure. Contrariwise, if some criteria makes
the performance values among all the alternatives have obvious differences, such an
attribute plays an important role in choosing the best alternative. So to the view of sorting
the alternatives, if one criteria has similar attribute values across alternatives, it should be
assigned a small weight; otherwise, the criteria which makes larger deviations should be
evaluated a bigger weight, in spite of the degree of its own importance. Especially, if all
available alternatives score about equally with respect to a given attribute, then such a
criteria will be judged unimportant by most decision makers. In other word, such a criteria
should be assigned a very small weight[35].

Because the traditional maximizing deviation method is generally suitable for criteria
value taking the form of crisp number and yet it fail in dealing with the triangular
intuitionistic fuzzy number. Therefore, the deviation method is selected here to compute the
differences of the performance values of each alternative based on Definition 3. The steps
of determining the attribute weights by the maximizing deviation method are shown as
follows:

(1)For the criteria C;, the deviation value D, () of all alternative to all the other

alternatives can be defined as follows:
m m m
Dy (@) = 2D, (@) =23 [f; =y o
(2)We can construct a non-linear programming model as follows:
n m m
max D(w;)=33 > |(F )|,
(Ml) . j=li=11=1
st Y(w)*=Lw;20,j=12--,n
j=L
(3)To solve the above model, let
nmm, 5 1 n 2
L(@,,$) =X 2 3|% —Fi| o, +=¢ (X (@)° D)
=) 27 4
denote the Lagrange function of the constrained optimization problem ( M1), where & is
a real number. Then the partial derivatives of L are computed as
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It can be verified easily that a): are positive such that they do satisfy the constrained

conditions in model (M1) and the solution is unique.

By normalizing a)J to let the sum of ., we have

J 1
m m
Zzhirhlj‘
Cl)J = :1=1r:1=1m . (26)
PRI
j=li=li=1
Based on the above analysis, we develop a practical approach based on the TIFWG
operator, the TIFOWG operator and the TIFHG operator to the multi-criteria decision

making with triangular intuitionistic fuzzy information as follows:

(1) Construct the decision matrix H :[ﬁ. where all the arguments h. are

j ]mxn ! 1)

triangular intuitionistic fuzzy numbers.
(2) To eliminate the effect from different physical dimensions by the Eq. (24)-Eq. (25),

the decision matrix H = [ﬁ. are converted to standardize decision matrix R = [Fd

ij ]mxn mxn

(3) If the weight vector of criteria is completely unknown, utilize Eq. (26) to obtain the
optimal weight of criteria.
(4) Utilize the TIFWG operator, the TIFOWG operator and the TIFHG operator to

aggregate the criteria values f; (j =1,2,---n) of the alternative A .
(5) Rank all the alternatives A (i =1,2,---m) and select the best one(s) in accordance
with score function values S(F;) and accuracy function values H(F) . The largest S(I;)

and H(F7) , the better the alternatives A (i=1,2,---m) will be.
(6) End.

6. Numerical example

A car company is desirable to select the most appropriate green supplier for one of the key
elements in its manufacturing process. After pre-evaluation, four suppliers A (i =1, 2,3,4)
have remained as alternatives for further evaluation. Three criteria are considered as:
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product quality C, ; technology capability C, ; environment management C, ; (whose
weighting vector is completely unknown). They constructed the decision matrices
H:[ﬁij] as follows:

([2.3,4];0.7,0.2) ([3,4,5];0.5,0.4) ([4,6,7];0.7,0.2)

H_ ([5.6.7]:0.6,0.3) [3 5,6];0.6,0.3) ([6.7, 9 10.5,0.4)
[4,5,8];0.5,0.4) ([3,4,5];0.8,0.2) ([3,6, 7] 0.6,0.4)
[3,5,7];0.5,0.33 ([4.5.6];0.7,0.2) ([5,6,8];0.6,0.3)

Steps using the method in this article are as follows:

(1). Standardize triangular intuitionistic fuzzy decision matrix R= [Fij men produced by
Eq. (24)-Eq. (25) is shown as follows:
([0,0.17,0.33];0.7,0.2)  ([0,0.33,0.67];0.5,0.4) ([0.17,0.5,0.67];0.7,0.2)
([0.5,0.67,0.83];0.6,0.3)  ([0,0.67,1];0.6,0.3)  ([0.5,0.67,1];0.5,0.4)

([0.33,0.5,1];0.5,0.4)  ([0,0.33,0.67];0.8,0.2)  ([0,0.5,0.67];0.6,0.4)

([0.17,05,0.83];0.5,0.3) ([0.33,0.67,1];0.7,0.2) ([0.33,0.5,0.83];0.6,0.3)

(2). Calculate the attribute weight @ by model (M1) is shown as follows:

w=(0.381,0.405,0.214)

(3). Applying the TIFWG operator, the TIFOWG operator and the TIFHG operator to

derive  the collective overall preference values [, of alternative A

1
(letw=(0.3,0.3,0.4)" ), as shown in Table 1.

R:

Table 1. The value of alternative A by the different aggregation operator

TIFWG TIFOWG TIFHG
([0,0.28,0.51];0.61,0.29) ([0,0.34,0.58];0.61,0.29) ([0,0.35,0.58];0.62,0.28)
([0,0.67,0.93];0.58,0.32) ([0,0.67,0.93];0.58,0.32) ([0,0.68,0.94];0.58,0.32)
([0,0.42,0.78];0.63,0.33) ([0,0.43,0.79];0.62,0.33) ([0,0.44,0.79]1;0.63,0.33)

& | & |F ||

([0.26,0.56,0.9];0.6,0.26) | ([0.29,0.56,0.89];0.61,0.26) | ([0.27,0.57,0.89];0.6,0.26)

(3). Rank all the alternatives A (1=1,2,3,4) by the score function values S(f;)and

the accuracy function values H(F;) of triangular intuitionistic fuzzy values under the

TIFWG operator, the TIFOWG operator, and the TIFHG operator, as shown in Table 2.
Then, we can derive the ranking of alternative by the score function

valuesS(F) : A, = A, = A, = A, and thus the most desirable alternative is A, .
In addition, in order to verify the validity of the method proposed in this paper, we use
the criteria weight w:(0.381,0.405,0.214) which are generated in this paper and use

the proposed method[34], we can get the distances d(F;,F") between collective overall
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values f; and the positive ideal solution , as shown in Table 3.

From the Table 3, we can derive the ranking of alternatives: A, > A, = A, = A .

However, when we use the triangular intuitionistic fuzzy weighted averaging (TIFWA)
operator, the triangular intuitionistic fuzzy ordered weighted averaging (TIFOWA) operator,
he triangular intuitionistic fuzzy hybrid aggregation (TIFHA) operator[21] and the ranking

method which are generated in this paper, we can get the collective overall values f; and
score function values S(F;) , as seen in shown 4.

Table 2. The ranking results of alternatives by the score function

A TIFWG TIFOWG TIFHG

S(f) 0.056 0.066 0.072

S(f,) 0.092 0.090 0.094

S(%,) 0.079 0.077 0.082

S(r,) 0.129 0.135 0.131
A-A-A-A | A-A-A-A | ArA-A-A

Table 3. The ranking results of alternatives by the distances d(f,F")

A TIFWG TIFOWG TIFHG
d(F,,F") 0.826 0.798 0.792
d(F,,F) 0.664 0.664 0.660
d(F,,F) 0.740 0.738 0.734
d(F,,F) 0.616 0.609 0.614

A-A-A-A | A-A-A-A | A-A-A>A

Table 4. The value of alternative A by the different aggregation operator[21]

TIFWA TIFOWA TIFHA

([0.04,0.31,0.54];0.63,0.26)

([0.06,0.36,0.6];0.63,0.26)

([0.08,0.38,0.61];0.64,0.25)

([0.3,0.67,0.94];0.58,0.32)

([0.3,0.67,0.94];0.58,0.32)

([0.41,0.68,0.95];0.56,0.34)

([0.13,0.43,0.8];0.58,0.32)

([0.13,0.44,0.8];0.66,0.31)

([0.06,0.45,0.74];0.68,0.31)

& |F|F >

([0.27,0.57,0.9];0.61,0.25)

([0.3,0.56,0.89];0.62,0.26)

([0.3,0.57,0.9];0.63,0.25)
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Table 5.  The ranking results of alternatives by the score function

A TIFWA TIFOWA TIFHA
H(F) 0.075 0.087 0.098
H(F,) 0.105 0.105 0.091
H(F;) 0.112 0.107 0.107
H(F,) 0.140 0.142 0.153

A-A-A-A | ArA-A-A | ArA-AXA

From the table 5 we can see that the best alternatives is A, .Therefore, the method
proposed in this paper is reasonable and feasible.

7. Conclusion

In this paper investigates the MCDM problem, in which the criteria values are in the form
of TIFNs, and a new MCDM method is proposed. Based on the expected values, the score
function and the accuracy function of triangular intuitionistic fuzzy number are given, the
method for ranking triangular intuitionistic fuzzy numbers are developed. The distance
between triangular intuitionistic fuzzy numbers is defined. Then, the concept of the TIFWG,
the TIFOWG and TIFHG operators has been defined, which extends the weighted
geometric (WG) operator, the ordered weighted geometric (OWG) operator and the hybrid
geometric (HG) operator to accommaodate the situations where the decision information are
triangular intuitionistic fuzzy numbers. The novelty of the TIFHG operator is that it reflects
the importance degrees of both the given argument and the ordered position of the argument
and can relieve the influence of unfair arguments. Furthermore, maximizing deviation
method is used to determine the criteria weight, and we have developed an approach to
multi-criteria decision making with triangular intuitionistic fuzzy information based on the
TIFWG operator, the TIFOWG operator, and the TIFHG operator. Finally, an illustrative
example is given to verify the developed approach and to demonstrate its practicality and
effectiveness. Therefore, the geometric average operators of TIFNs greatly enrich the
research content of IF MCDM and provide a new tool of information fusion for solving
decision problems under IF environments. In the future, we shall continue working in the
extension and application of the developed operators and decision making method to other
domains.
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