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Abstract. Methods based on fuzzy outranking relations constitute one of the main 

approaches to multiple criteria decision problems. The use of ELECTRE methods require 
the elicitation of a large number of parameters (weights and different thresholds); but direct 
eliciting is often a demanding task for the decision-maker (DM). For handling intensity-of-
preference effects on concordance levels, a generalized concordance model was proposed 
by Roy and Slowinski which is more complex than previous outranking models. In this 
paper, an evolutionary multi-objective-based indirect elicitation of the complete ELECTRE 
III model-parameter set is proposed. The evolutionary multi-objective inference method is 
successfully extended to inferring reinforced-preference model parameters. Wide 
experimental evidence is provided to support the proposal, which performs well even 
working on small size reference sets. 
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1. Introduction 
Many practical decisions can be modeled by using multi-criteria decision analysis. Multi-
criteria methods entail a decision-maker (DM) reflecting his/her preferences in a pre-
specified mathematical structure. Hence, obtaining preference information from the DM 
and formalizing such information into preferential parameters is a crucial aspect in building 
a multi-criteria decision model (>4@). The development of these models can be based on 
direct or indirect elicitation procedures. In the first case, the DM must specify preferential 
parameters through an interactive process guided by a decision analyst (>7@). Usually, the 
DMs reveal difficulties when they are inquired to assign values to parameters whose 
meanings are barely clear for them. On the other hand, indirect procedures, which compose 
the so-called preference-disaggregation analysis (PDA), use regression-like methods for 
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LQIHUULQJ�D�VHW�RI�SDUDPHWHUV�I�IURP�D�EDWWHU\�RI�GHFLVLRQ�H[DPSOHV��>�@���7KH�REMHFW�RI�WKLV�
SDSHU� LV� WR� GHULYH� D� ILWWHG�PRGHO� FRQVLVWHQW�ZLWK� D� GHFLVLRQ� SROLF\� HPEHGGHG� LQ� D� VHW� RI�
GHFLVLRQ�H[DPSOHV��$FFRUGLQJ� WR�'RXPSRV�DQG�=RSRXQLGLV� LQ� >�@�� VXFK�H[DPSOHV�PD\�EH�
SURYLGHG�E\��
D� IRUPHU�GHFLVLRQV�PDGH�E\�WKH�DM��
E� GHFLVLRQV� RQ� D� OLPLWHG� VHW� RI� ILFWLWLRXV� DFWLRQV� IRU� ZKLFK� WKH�DM� FDQ� HDVLO\� H[SUHVV�

SUHIHUHQWLDO�MXGJPHQWV��GHFLVLRQ�SROLF\���DQG�
F� GHFLVLRQV�RQ�D�VXEVHW�RI�DFWLRQV�XQGHU�FRQVLGHUDWLRQ��IRU�ZKLFK�WKH�DM�LV�FRPIRUWDEOH�

H[SUHVVLQJ�D�GHFLVLRQ�SROLF\���
7KHUH�DUH�VRPH�HDUO\�ZRUNV�UHODWHG�WR�WKH�PDA�SDUDGLJP��H�J��>��@���,QGHHG��WKH�SURFHVV�

RI�DVVHVVLQJ�FULWHULRQ�ZHLJKWV�LQ�YDOXH�IXQFWLRQ�DQG�XWLOLW\�PRGHOV��FI��>����������@��PD\�EH�
FRQVLGHUHG� DQ� H[DPSOH� RI� WKH� PDA� DSSURDFK�� ,Q� WKH� IUDPHZRUN� RI� 0XOWLSOH� &ULWHULD�
'HFLVLRQ� $LG� �MCDA��� -DFTXHW�/DJUH]H� DQG� 6LVNRV� LQ� >��@� SLRQHHUHG� WKH�UTA� PHWKRG���
$FFRUGLQJ� WR�*UHFR�HW� DO�� LQ� >��@��MCDA� DSSURDFKHV�EDVHG�RQ�GLVDJJUHJDWLRQ�SDUDGLJPV�
DUH�RI�LQFUHDVLQJ�LQWHUHVW�EHFDXVH�WKH\�LPSO\�UHODWLYHO\�OHVV�FRJQLWLYH�HIIRUW�IURP�WKH�DM��
7KH� GLUHFW� HOLFLWLQJ� VHWWOHPHQW� KDV� EHHQ� UHFHQWO\� FULWLFL]HG� E\�0DUFKDQW� � DQG� 3LUORW� �>����
��@��� � ,Q� >��@��0DUFKDQW� DUJXHV� WKDW� WKH� RQO\� YDOLG� SUHIHUHQWLDO� LQSXW�LQIRUPDWLRQ� LV� WKDW�
DULVLQJ� IURP� DM¶V� SUHIHUHQWLDO� MXGJPHQWV� LQ� SDLUZLVH� FRPSDULVRQV�� $QRWKHU� ZD\� LV� WR�
FDSWXUH� H[SOLFLW� RU� LPSOLFLW� NQRZOHGJH� RU� SROLF\� IURP�DMV� YLD� URXJK� VHWV� DSSURDFK�� LQ�
ZKLFK� WKH�GHFLVLRQ�SROLF\� LV�PRGHOHG�E\� D� VHW� RI�PLQLPDO� GHFLVLRQ� UXOHV� �H�J�� >��@���2XU�
LQWHUHVW�KHUH�LV�UHVWULFWHG�WR�PDA�LQ�(/(&75(�PHWKRGV��ZKLFK�DUH�RQH�RI�WKH�PRVW�SRSXODU�
PXOWLFULWHULD�GHFLVLRQ�WRROV��H�J��>����������@���,Q�(/(&75(�EDVHG�PRGHOV��LQIHUULQJ�DOO�WKH�
SDUDPHWHUV� VLPXOWDQHRXVO\� UHTXLUHV� VROYLQJ�D�QRQ�OLQHDU�SURJUDPPLQJ�SUREOHP�ZLWK�QRQ�
FRQYH[�FRQVWUDLQWV��ZKLFK�LV�XVXDOO\�GLIILFXOW��FI��>�����@���$FFRUGLQJ�WR�'RXPSRV�HW�DO��LQ�
>�@��WKH�UHODWLRQDO�IRUP�RI�WKHVH�PRGHOV�DQG�WKH�YHWR�FRQGLWLRQV�PD\�PDNH�LW�LPSRVVLEOH�WR�
LQIHU� WKH�PRGHO� SDUDPHWHUV� LQ� UHDO�VL]H� GDWD� VHWV�� 2WKHUZLVH�� LQ� VPDOO� GDWD� VHWV� WKH� QRQ�
OLQHDU�SUREOHP�PD\�EH�LOO�GHWHUPLQHG�� WKHUH�DUH�PDQ\�GLIIHUHQW�SDUDPHWHU�VHWWOHPHQWV� WKDW�
DUH�FRPSDWLEOH�ZLWK�SUHIHUHQFH�LQIRUPDWLRQ��EXW�QR�PDWKHPDWLFDO�SURJUDPPLQJ�WHFKQLTXH�LV�
DEOH� WR� GHVFULEH� WKH�ZKROH� FRPSDWLEOH� SDUDPHWHU� VHWWOHPHQW�� 7KH� SUREOHP� LV� SDUWLFXODUO\�
GLIILFXOW� ZKHQ� HIIHFWV� RI� UHLQIRUFHG�SUHIHUHQFH� RQ� WKH� FUHGLELOLW\� RI� RXWUDQNLQJ� DUH�
FRQVLGHUHG� DV� LQ� >��@�� $W� SUHVHQW�� LQGLUHFW� SURFHGXUHV� KDYH� QRW� EHHQ� DSSOLHG� WR� WKLV�
HQKDQFHG� RXWUDQNLQJ� PRGHO�� %HVLGHV�� WKH� FRQFRUGDQFH� PRGHO� LV� PRUH� FRPSOH[�� WKXV�
UHTXLULQJ�HYHQ�PRUH�FRJQLWLYH�HIIRUW�IURP�WKH�DM�ZKHQ�D�GLUHFW�VHWWOHPHQW�LV�XVHG��

7ZR� UHFHQW�SDSHUV� H[DPLQH� WKH�SUREOHP�RI� LQIHUULQJ�RXWUDQNLQJ�PRGHO�SDUDPHWHUV�E\�
HYROXWLRQDU\�WHFKQLTXHV��ERWK�LQ�WKH�FRQWH[W�RI�PXOWL�FULWHULD�VRUWLQJ�SUREOHPV��FI��>����@���,Q�
UHFHQW� \HDUV�� HYROXWLRQDU\� DOJRULWKPV� KDYH� UHQGHUHG� SRZHUIXO� WRROV� IRU� VROYLQJ� GLIILFXOW�
SUREOHPV�LQ�D�YDULHW\�RI� ILHOGV�� LQ�SDUWLFXODU�� IRU� WKH� WUHDWPHQW�RI�QRQ�OLQHDULW\�DQG�JOREDO�
RSWLPL]DWLRQ�LQ�SRO\QRPLDO�WLPH��FI��>�@���,Q�>�@��'RXPSRV�HW�DO��XVH�D�GLIIHUHQWLDO�HYROXWLRQ�
DOJRULWKP�IRU�LQIHUULQJ�SDUDPHWHU�YDOXHV�LQ�WKH�(/(&75(�75,�PHWKRG��,Q�>�@��)HUQDQGH]�HW�
DO�� SURSRVH� DQ� HYROXWLRQDU\�PXOWL�REMHFWLYH� DOJRULWKP� IRU� LQIHUULQJ�SDUDPHWHUV� RI� D� IX]]\�
LQGLIIHUHQFH� UHODWLRQ� PRGHO� IRU� PXOWL�FULWHULD� VRUWLQJ� SXUSRVHV�� &RPSDUHG� ZLWK� VLQJOH�
REMHFWLYH� RSWLPL]DWLRQ�� WKH� PXOWL�REMHFWLYH� DSSURDFK� LV� �WKRXJK� PRUH� FRPSOH[�� PRUH�
IOH[LEOH�EHFDXVH�LW�DOORZV�D�ULFKHU�PRGHOOLQJ�RI�SUHIHUHQFHV��7KH�VROXWLRQ�RI�WKH�SDUDPHWHU�
LQIHUHQFH�SUREOHP�PXVW�VDWLVI\�VHYHUDO�FRQVWUDLQWV�LQ�WKH�SDUDPHWHU�VSDFH��7KH�DM�PD\�EH�
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XQDEOH�WR�HVWDEOLVK�WKH�PRGHO�SDUDPHWHUV��EXW�WKH�DM�PD\�SURYLGH�VXEMHFWLYH�LQIRUPDWLRQ�
DERXW�FULWHULRQ�LPSRUWDQFH�DQG�SDUDPHWHU�YDOXH�UDQJHV��$V�FRQVWUDLQWV��WKHVH�MXGJPHQWV�FDQ�
UHGXFH� WKH� VHDUFK� VSDFH� DQG� KHOS� WR� REWDLQ� PRUH� DFFHSWDEOH� VROXWLRQV�� $V� DQ� DGGLWLRQDO�
DGYDQWDJH��DQ�HYROXWLRQDU\�PXOWL�REMHFWLYH�DOJRULWKP�LV�FDSDEOH�RI�JHQHUDWLQJ�PDQ\�JRRG�
FRPSURPLVH� VROXWLRQV� LQ� WKH� DVVRFLDWHG� SDUDPHWHU� VSDFH��$V� D� UHVXOW� RI� WKH� HYROXWLRQDU\�
H[SORUDWLRQ� SURFHVV�� D� FKDUDFWHUL]DWLRQ� RI� WKH� FRPSOHWH� VHW� RI� GLIIHUHQW� PRGHO� SDUDPHWHU�
VHWWOHPHQWV�LV�DFKLHYHG��7KLV�LQIRUPDWLRQ�LV�WKHQ�XVHG�WR�REWDLQ�D�ILQDO�SDUDPHWHU�VHWWOHPHQW��
7KH�ILUVW�JRDO�RI�WKH�SUHVHQW�SDSHU�LV�WR�GHYHORS�DQ�HYROXWLRQDU\�PXOWL�REMHFWLYH�PHWKRG�IRU�
LQIHUULQJ� WKH�ZKROH� VHW� RI� (/(&75(� ,,,� PRGHO� SDUDPHWHUV�� 7KH� DSSURDFK� FRPELQHV� WKH�
SUHIHUHQFH�LQIRUPDWLRQ�FRQWDLQHG�LQ�D�UHIHUHQFH�VHW�ZLWK�LQWHU�FULWHULD�DQG�LQWUD�FULWHULD�VRIW�
LQIRUPDWLRQ�DULVLQJ�IURP�WKH�DM��)XUWKHU��WKH�FDSDFLW\�RI�WKH�HYROXWLRQDU\�VHDUFK�LV�DSSOLHG�
WR� DFKLHYH� D� EHWWHU� FKDUDFWHUL]DWLRQ� RI� WKH� VHW� RI� FRPSDWLEOH� SDUDPHWHU� VHWWOHPHQWV��$V� D�
VHFRQG� JRDO� WKH� DSSURDFK� LV� H[WHQGHG� WR� DFKLHYH� D� PRUH� FRPSOH[� PRGHO� IRU� KDQGOLQJ�
UHLQIRUFHG�SUHIHUHQFHV��DV�SURSRVHG�E\�5R\�DQG�6ORZLQVNL�LQ�>��@��

)XQGDPHQWDO�SUREOHPV�DULVH�ZKHQ�WKHUH�LV�QR�SUHYLRXV�SUHIHUHQFH�LQIRUPDWLRQ��,Q�VXFK�
FDVHV� WKH�DM� VKRXOG� SURYLGH� WKH� UHTXLUHG� LQIRUPDWLRQ� LQ� WHUPV� RI� SUHIHUHQFH� MXGJPHQWV�
�SDLUHG�FRPSDULVRQV�RU�VRUWLQJ�GHFLVLRQV���$V�D�WKLUG�JRDO�WKH�SDSHU�H[SORUHV�WKH�PDQQHU�WR�
REWDLQ� SUHIHUHQFH� LQIRUPDWLRQ� IURP� WKH�DM�� ZKLFK�PXVW� EH� RSHUDWLRQDO�� 7KH� QXPEHU� RI�
UHTXLUHG� MXGJPHQWV� DQG� WKH� FRJQLWLYH� HIIRUW� IURP� WKH� DM� VKRXOG� EH� NHSW� DV� VPDOO� DV�
SRVVLEOH�� � 7KLV� LVVXH� KDV� QRW� EHHQ� DSSURDFKHG� E\� RWKHU� SDSHUV�� ZKLFK� KDYH� XVHG� D� ULFK�
LQIRUPDWLRQ�FRQWDLQHG�LQ�UHIHUHQFH�VHWV�ZLWK�KXQGUHGV��HYHQ�WKRXVDQGV��RI�SDLUV�RI�REMHFWV���

$VLGH� RI� WKLV� LQWURGXFWLRQ�� WKH� SDSHU� LV� RUJDQL]HG� DV� IROORZV�� QRWDWLRQV� DQG� PDLQ�
DVVXPSWLRQV�DUH�SRLQWHG�RXW�LQ�6HFWLRQ����7KH�RSWLPL]DWLRQ�PRGHO�LV�RXWOLQHG�LQ�6HFWLRQ����
7KH�PHWKRG�IRU�LQIHUULQJ�(/(&75(�,,,�SDUDPHWHUV�LV�GHWDLOHG�LQ�6HFWLRQ����7KH�SURSRVDO�E\�
5R\�DQG�6ORZLQVNL�LQ�>��@�LV�EULHIO\�RXWOLQHG�LQ�6HFWLRQ����LQ�ZKLFK�WKH�HYROXWLRQDU\�VHDUFK�
LV�DOVR�DGDSWHG�WR�WKH�QHZ�PRGHO��([SHULPHQWDO�HYLGHQFH�LV�JLYHQ�LQ�6HFWLRQ���WKURXJK�ILYH�
LOOXVWUDWLYH�H[DPSOHV��6HFWLRQ���FRQWDLQV�FRQFOXGLQJ�UHPDUNV���
�
2. Assumptions and notations 
/HW�XV�FRQVLGHU�D�FRQVLVWHQW�IDPLO\�RI�FULWHULD�G=^g�,…��gn`�GHILQHG�RQ�D�GHFLVLRQ�VHW�A��/HW�
Դ�EH�D�SUHIHUHQFH�UHODWLRQ�GHILQHG�RQ�D�VXEVHW�RI�AuA�VXFK�WKDW�xԴy�PHDQV�WKDW�WKH�DM�LV�
VXIILFLHQWO\�FRQILGHQW�ZLWK�WKH�VWDWHPHQW�µx�LV�DW�OHDVW�DV�JRRG�DV�y¶��

Assumption 1: 7KH�DM�FDQ�SURYLGH�D�UHIHUHQFH�VHW�T � AuA�FRPSRVHG�RI�DFWLRQ�SDLUV�
�a,b��VDWLVI\LQJ�WKH�IROORZLQJ�SURSHUW\��)RU�HDFK��a�b����T��RQH�RI�WKH�WZR�VWDWHPHQWV�EHORZ�
LV�WUXH�� 

L� a�Դ�b��
LL� not a Դ�b��

/HW�V(x,y)�EH�D�IX]]\�RXWUDQNLQJ�UHODWLRQ�GHILQHG�RQ�A.�V�x,y) PD\�EH�LQWHUSUHWHG�DV�WKH�
GHJUHH�RI�FUHGLELOLW\�RI�WKH�VWDWHPHQW�µx�LV�DW�OHDVW�DV�JRRG�DV�y¶��V��FDQ�EH�FDOFXODWHG�ZLWK�
UHVSHFW� WR� WKH� DVVXPSWLRQV� LPSRVHG� E\� � (/(&75(� ,,,�� 3520(7+((� �� RU� E\� DQ\� RWKHU�
RXWUDQNLQJ� LQVSLUHG�DSSURDFK��:H�DUH� LQWHUHVWHG� LQ�FRQVLGHULQJ�KRZ�WKH�V�LPDJH�GHSHQGV�
RQ�D�VSHFLILF�VHWWOHPHQW�RI�WKH�PRGHO�SDUDPHWHUV��ZHLJKWV�DQG�WKUHVKROGV���/HW�XV�GHQRWH�E\�
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P� WKH� VHW� RI� PRGHO� SDUDPHWHUV� WR� EH� LQIHUUHG�� 7KXV�� WKH� DVVHVVPHQW� RI� WKH� GHJUHH� RI�
FUHGLELOLW\�IRU�µx�LV�DW�OHDVW�DV�JRRG�DV�y¶�LV�D�IXQFWLRQ�V�x,y,P����

Assumption 2: 7KH� DM� KDV� DGGLWLRQDO� LQIRUPDWLRQ� DERXW� FULWHULRQ� LPSRUWDQFH��
V\PPHWU\�� DV\PPHWU\�� DQG� DFFHSWDEOH� SDUDPHWHU� UDQJHV�� %\� XVLQJ� VXFK� LQIRUPDWLRQ�� WKH�
DM�UHYHDOV�MXGJPHQWV�RI�DFFHSWDELOLW\�RU�SUHIHUHQFHV�RQ�GLIIHUHQW�SDUDPHWHU�VHWWOHPHQWV��

1RZ��ZH�GHQRWH�E\�P*�D�VSHFLILF�VHWWOHPHQW�RI�PRGHO�SDUDPHWHUV��/HW�XV�FRQVLGHU�D�UHDO�
YDOXH�Ot�����DQG�WKH�IROORZLQJ�FULVS�ELQDU\�UHODWLRQV�RQ�T��

�x,y��� S�O� LII��V�x,y� P* �t�O  �O�RXWUDQNLQJ��
�x,y��� P�O��LII��V�x,y� P* �t�O ����V�y,x� P* �������O�VWULFW�SUHIHUHQFH��
�x,y��� Q�O� LII��V�x,y� P* �t�O  ������dV�y,x� P* ��O �O�ZHDN�SUHIHUHQFH��
�x,y��� I�O� LII��V�x,y� P* �t�O�����V�y,x� P* �tO��O�LQGLIIHUHQFH���
�x,y��� R�O� LII�V�x,y� P* ��O ����V�y,x� P* ��O  �O�LQFRPSDUDELOLW\���

�
3. Parameter inference by using a multi-criteria error measure 
$� SHUIHFW� FRQVLVWHQF\� SUHIHUHQFH� PRGHO�GHFLVLRQ� SROLF\� LV� UHIOHFWHG� E\� WKH� ORJLFDO�
LPSOLFDWLRQV��
��x�y��� T 
              V�x,y� P* �t�O � �xԴ y   �������������������������������������������������������������������������D��
���������������xԴ y ����V�x,y� P* �t�O                                                                       ���E� ������������������������������������������������������������������
���� ORJLF� LQ�(T�� ���D�� LV� D� VLPSOLILHG�PRGHO��$�QRQ�LGHDO�GHFLVLRQ�PDNHU�PD\�DVVRFLDWH� D�
GHJUHH�RI�WUXWK�OHVV�WKDQ�RQH�WR�WKH�SURSRVLWLRQ�µx is at least as good as y¶��(TXDWLRQ����D��
FDQ�EH�FRQVLGHUHG�D�IX]]\�LPSOLFDWLRQ��)RU�D�QRQ�LGHDO�GHFLVLRQ�PDNHU��KLV�KHU�SHUFHSWLRQ�
DERXW�µx is at least as good as y¶�LV�LQIOXHQFHG�E\�KLV�KHU�EHOLHIV�DERXW�µy is not at least as 
good as x¶��8VLQJ�WKH�DERYH�O�UHODWLRQV�����D��DQG����E��FDQ�EH�WUDQVIRUPHG�LQWR���
��x�y��� T 
 xP�O�y���xԴ y�����������������������������������������������������������������������������������������������������D��
xQ�O�y���xԴ y������������������������������������������������������������������������������������������������������E��
xI�O�y���xԴ y�������������������������������������������������������������������������������������������������������F��
xԴ y  ��xS�O�y                   �����������������������������������������������������������������������������������G��

�:KHQ�WKH�PRGHO�V VXJJHVWV�D�VWULFW�SUHIHUHQFH�IDYRULQJ�x�RYHU�y��WKH�VWDWHPHQW�µx is at 
least as good as y¶� LV�PRUH�FUHGLEOH��7KH� LPSOLFDWLRQ� ���D�� LV�PRUH�FUHGLEOH� WKDQ� ���E��RU�
���F���<HW� VRPH� HIIHFWV� RI� UHLQIRUFHG� SUHIHUHQFHV� �FI�� >��@�� FRXOG�PDNH�xԴy WUXH� GHVSLWH�
V�x,y�P* ���O��

&RQGLWLRQV�
�� �x��y����P�O� ZLWK�not xԴy 
�� �x��y����Q�O� ZLWK�not xԴ y�
�� �x��y����I�O� ZLWK�not xԴ y 
�� �x��y���Դ  ZLWK�not xS�O�y �

DUH� LGHQWLILHG� DV� LQFRQVLVWHQFLHV� ZLWK� P�O�� Q�O� ,I�O��� DQG Դ, UHVSHFWLYHO\�� 6XFK�
GLVFUHSDQFLHV�FDQ�EH�LQWHUSUHWHG�DV�HUURUV��GHYLDWLRQV�RI�V�x,y� P*��IURP�D�JRRG�PRGHO�IRU�

��� (��)HUQDQGH]��-��1DYDUUR��*��0D]FRUUR



�

WKH�GHJUHH�RI� WUXWK�RI� WKH�SUHGLFDWH� µx LV�DW� OHDVW�DV�JRRG�DV�y¶��6XFK� LQFRQVLVWHQFLHV�PD\�
DULVH�IURP�LQDGHTXDWH�DVVHVVPHQWV�RI�VRPH�PRGHO�SDUDPHWHUV���

/HW�XV�FRQVLGHU�WKH�IROORZLQJ�VHWV��
DP� �^�x��y����P�O� ZLWK�not xԴ y `�
DQ� �^�x��y����Q�O� ZLWK��not xԴ y�`�
DI� �^�x��y����I�O� ZLWK��not xԴ y�`�
DԴ� �^��x��y���Դ  ZLWK�not xS�O�y `�
nP��nQ��nI DQG�nԴ GHQRWH� WKH� UHVSHFWLYH� FDUGLQDOLW\�RI� WKH� DERYH� VHWV��2EYLRXVO\�� VXFK�

YDOXHV�GHSHQG�RQ�P��
7KH� PRGHO� SDUDPHWHUV� VKRXOG� EH� LQIHUUHG� IURP� WKH� EHVW� FRPSURPLVH� VROXWLRQ� WR� WKH�

PXOWL�REMHFWLYH�RSWLPL]DWLRQ�SUREOHP��
                                      Minimize��nP ��nQ ��nI ��nԴ �                                            ����
��������������������������������������������P��RF 
ZKHUH� RF� LV� D� IHDVLEOH� UHJLRQ� LQ� WKH� SDUDPHWHU� VSDFH�� 7KLV� UHJLRQ� LV� GHWHUPLQHG� E\�

FRQVWUDLQWV�WKDW�WKH�DM�LPSRVHV�RQ�WKH�PRGHO�SDUDPHWHUV��$VVXPSWLRQ�����,Q�WKH�UHPDLQGHU�
RI�WKH�SDSHU�ZH�VKDOO�GHQRWH�E\��nP ��nQ��nI ��nԴ ��WKH�EHVW�FRPSURPLVH�VROXWLRQ�WR�3UREOHP�
��LQ�WKH�REMHFWLYH�VSDFH��

��$V� LQ� >�@��ZH�GLVUHJDUG� VLQJOH�REMHFWLYH�PLQLPL]DWLRQ�RI� VRPH�HUURU� IXQFWLRQ�RU� DQ\�
UHODWHG�FULWHULRQ��&RPSDUHG�ZLWK�VLQJOH�REMHFWLYH�RSWLPL]DWLRQ��D�PXOWL�REMHFWLYH�DSSURDFK�
LV� PRUH� IOH[LEOH� EHFDXVH� LW� DOORZV� PRGHOOLQJ� SUHIHUHQFHV� RQ� GLIIHUHQW� REMHFWLYHV�� 7KH�
GLIIHUHQW� LQFRQVLVWHQF\� PHDVXUHV GR� QRW� KDYH� WKH� VDPH� LPSRUWDQFH� DQG� VKRXOG� QRW� EH�
PHUJHG� LQWR� D� VLQJOH� REMHFWLYH�� LQFRQVLVWHQFLHV�ZLWK�P�O�� VHHP� WR� EH�PRUH� UHOHYDQW��7KH�
REMHFWLYH�nQ VHHPV�WR�EH�D�OLWWOH�PRUH�LPSRUWDQW�WKDQ�nI DQG�nԴ��+RZHYHU��VLQFH�LW�LV�GLIILFXOW�
WR�PRGHO�WKH�DM¶V�SULRULWLHV�ZLWK�UHVSHFW�WR�nQ��nI DQG�nԴ��ZH�XVH�D�SRVWHULRU�PRGHOOLQJ�RI�
SUHIHUHQFHV�� 6WLOO�� WKH� FRPSOH[LW\� RI� VROYLQJ� ���� VXJJHVWV� WKH� DSSOLFDWLRQ� RI� HYROXWLRQDU\�
DOJRULWKPV�� 7KHVH� DUH� SDUWLFXODUO\� FRQYHQLHQW� WR� VROYH� PXOWL�REMHFWLYH� RSWLPL]DWLRQ�
SUREOHPV�EHFDXVH�WKH\�UHQGHU�DSSUR[LPDWLRQV�WR�WKH�3DUHWR�IURQWLHU�LQ�D�VLQJOH�UXQ��LQVWHDG�
RI� SHUIRUPLQJ� PDQ\� VLQJOH�REMHFWLYH� RSWLPL]DWLRQ� SURFHVVHV� VXFK� DV� QRQ�KHXULVWLF�
FRQYHQWLRQDO� PXOWL�REMHFWLYH� RSWLPL]DWLRQ� WHFKQLTXHV� GR� �>��� �@��� $Q� HYROXWLRQDU\�EDVHG�
VROXWLRQ�WR�3UREOHP���IRU�LQIHUULQJ�WKH�(/(&75(�,,,�PRGHO�SDUDPHWHUV�LV�GHYHORSHG�LQ�WKH�
QH[W�VHFWLRQ��

%H\RQG�WKH�PDWKHPDWLFDO�FRPSOH[LWLHV��PDQ\�P�PD\�DULVH�DV�D�SUH�PDS�IURP��nP��nQ ��
nI � nԴ���)URP�VXFK�P�WKH�DM VKRXOG�VHOHFW�D�PEHVW�DV�µWKH�PRVW�DSSURSULDWH�VHWWOHPHQW¶��
,QGHHG��WKLV�FKRLFH�LV�DQRWKHU�VHOHFWLRQ�SUREOHP�ZKRVH�VROXWLRQ�GHPDQGV�WKH�DM FRQVLGHU�
WKH�IROORZLQJ��

x +RZ� UHSUHVHQWDWLYH� LV� WKH� SDUWLFXODU� VROXWLRQ� UHJDUGLQJ� WKH� ZKROH�
GLVWULEXWLRQ�RI�SDUDPHWHU�VHWWOHPHQWV"�

x +RZ� FDSDEOH� LV� VXFK� D� VROXWLRQ� RI� UHVWRULQJ� DGGLWLRQDO� SUHIHUHQFH�
LQIRUPDWLRQ�QRW�LQFOXGHG�LQ�WKH�UHIHUHQFH�VHW"�
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x 7R� ZKDW� H[WHQW� GRHV� VXFK� D� VROXWLRQ� DJUHH� ZLWK� WKH� DM’V� DGGLWLRQDO�
LQIRUPDWLRQ� DERXW� FULWHULRQ� LPSRUWDQFH�� V\PPHWU\�� DV\PPHWU\�� DQG� DFFHSWDEOH�
SDUDPHWHU�UDQJHV"�

7KHVH�LVVXHV�ZLOO�EH�DGGUHVVHG�LQ�VXEVHFWLRQ������
�
4. Inference of ELECTRE III parameters by evolutionary multi-
objective optimization 
4.1. Brief outline of ELECTRE III 
7KH�(/(&75(�PHWKRGV� LQWURGXFHG�D�ELQDU\� UHODWLRQ�S� WKDW� LV� D�PRGHO�RI�Դ��3URSRVLWLRQ�
xSy �µx�RXWUDQNV�y¶��KROGV�LI��DQG�RQO\�LI��WKH�DM�KDV�VXIILFLHQW�DUJXPHQWV�LQ�IDYRU�RI�µx LV�
DW�OHDVW�DV�JRRG�DV�y¶�DQG�WKHUH�DUH�QR�VWURQJ�DUJXPHQWV�DJDLQVW�LW��,Q�PRUH�IRUPDO�ZD\��WKH�
FRDOLWLRQ�RI�WKH�FULWHULD�LQ�DJUHHPHQW�ZLWK�WKDW�SURSRVLWLRQ�LV�VWURQJ�HQRXJK��DQG�WKHUH�LV�QR�
LPSRUWDQW� FRDOLWLRQ� GLVFRUGDQW�ZLWK� LW� �FI�� >��@��� 7KLV� FDQ� EH� H[SUHVVHG� E\� WKH� IROORZLQJ�
ORJLFDO�HTXLYDOHQFH�>��@��
 xSy ���C�x�y)��a�D�x�y�������������������������������������������������������������
ZKHUH��
x C�x,y��LV�WKH�SUHGLFDWH�DERXW�WKH�VWUHQJWK�RI�WKH�FRQFRUGDQFH�FRDOLWLRQ��WKLV�FRDOLWLRQ�LV�

FRPSRVHG�RI�WZR�FULWHULRQ�VXEVHWV���
C�xSy�� �^gj �G�VXFK�WKDW�gj�x����gj�y��t�qj`��
C�yQx��  � ^gj �G� VXFK� WKDW� � gj�y�� � �pj� d� gj�x�� � �� � gj�y�� � �qj`� �Q GHQRWHV� µZHDN�
SUHIHUHQFH¶���
pj DQG�qj �GHQRWH�WKH�SUHIHUHQFH�DQG�LQGLIIHUHQFH�WKUHVKROGV�IRU�FULWHULRQ�j���pj tqj �t����

x D�x,y��LV�WKH�SUHGLFDWH�DERXW�WKH�VWUHQJWK�RI�WKH�GLVFRUGDQFH�FRDOLWLRQ�C�yPx�� �^j��G�
VXFK�WKDW�gM�y����gM�x��tpj�`�P GHQRWHV�µVWULFW�SUHIHUHQFH¶��

x �� DQG� a� DUH� WKH� ORJLFDO� FRQQHFWLYHV� IRU� IX]]\� FRQMXQFWLRQ� DQG� IX]]\� QHJDWLRQ��
UHVSHFWLYHO\��

/HW�c�x�y��GHQRWH�WKH�WUXWK�GHJUHH�RI�SUHGLFDWH�C�x�y���8VLQJ�WKH�µSURGXFW¶�RSHUDWRU�IRU�
FRQMXQFWLRQ��LQ�(/(&75(�,,,�WKH�GHJUHH�RI�FUHGLELOLW\�RI�xSy LV�FDOFXODWHG�E\��

                                      V�x�y�� ��c�x�y���Nd�x�y�������������������������������������������������������
ZKHUH�Nd�x�y��GHQRWHV�WKH�WUXWK�GHJUHH�RI�WKH�QRQ�GLVFRUGDQFH�SUHGLFDWH��
7KH�FRQFRUGDQFH�LQGH[�c�x�y��LV�GHILQHG�DV�IROORZV��
                                         c�x�y��� �¦G kjcj�x�y����������������������������������������������������������
ZKHUH��
kj LV�WKH�ZHLJKW�RI�WKH�j�WK�FULWHULRQ��k� + k� + ... + kN = ���
cj�x�y�� LV� WKH�PDUJLQDO� �SDUWLDO�� FRQFRUGDQFH� LQGH[� IRU� WKH� j�WK� FULWHULRQ��7KLV� LQGH[� LV�

FDOFXODWHG�E\��
��������������������������������������������������������������������LI�j��C�yPx�����
cj�x�y�� ��������gj�x����gj�y����pj����pj – qj������� LI�j��C�yQx����                                            ����
��� � ���������������������������������������������LI�j��C�xSy��
�
7KH�SDUWLDO�GLVFRUGDQFH�LV�PHDVXUHG�LQ�FRPSDULVRQ�ZLWK�D�YHWR�WKUHVKROG�vM��ZKLFK�LV�WKH�

PD[LPXP�GLIIHUHQFH�gM�y) - gM�x� FRPSDWLEOH�ZLWK�V�x,y��!����)ROORZLQJ�0RXVVHDX�DQG�'LDV�
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LQ�>��@��ZH�VKDOO�XVH�D�VLPSOLILFDWLRQ�RI�WKH�RULJLQDO�IRUPXODWLRQ�RI�WKH�GLVFRUGDQFH�LQGLFHV�
LQ�WKH�(/(&75(�,,,�PHWKRG�JLYHQ�E\�                                            �

                                      Nd�x,y�� �min >��± dj�x,y� @�                                                     ��� 
                                                       j� C�yPx� �����
 
������������������������������������������
����������������������������������������������������������������������LII����M�t�vM���
��������������������dj�x,y�� ����������M���uM����vM�±�uM�����LII��uM�����M���vM�������������������������������������������������
�
����������������������������������������������������������������������LII���M���uM����������������������������������������������������
ZKHUH��M� �gM�y) - gM�x��DQG�uM�LV�D�GLVFRUGDQFH��SUH�YHWR��WKUHVKROG��VHH�)LJXUH�����
V�x�y�� LV� FDOFXODWHG� E\� FRPELQLQJ� (TXDWLRQV� �±��ZLWK� (TXDWLRQ� ��� 6R�� WKH� IROORZLQJ�

SDUDPHWHUV�PXVW�EH�VSHFLILHG��
L� WKH�YHFWRU�RI�ZHLJKWV��
LL� WKH�YHFWRU�RI�LQGLIIHUHQFH�WKUHVKROGV��
LLL� WKH�YHFWRU�RI�SUHIHUHQFH�WKUHVKROGV��
LY� WKH�YHFWRU�RI�YHWR�WKUHVKROGV��
Y� WKH� YHFWRU� RI� GLVFRUGDQFH� WKUHVKROGV� �RQO\� ZKHQ� WKH� VLPSOLILFDWLRQ�

VXJJHVWHG�LQ�>��@�LV�XVHG���
$GGLWLRQDOO\��LI�D�FULVS�RXWUDQNLQJ�UHODWLRQ�LV�EXLOW�RQ�A, WKHQ�D�FXWWLQJ�OHYHO�O*�VKRXOG�

EH�VSHFLILHG����
�
4.2 Constraints in Problem 3 
$V�ZH�VWDWHG�DERYH��WKH�DM�PD\�UHYHDO�VXEMHFWLYH�LQIRUPDWLRQ�DERXW�FULWHULRQ�LPSRUWDQFH�
DQG�SDUDPHWHU�YDOXH�UDQJHV��7KH�SDUDPHWHU�VHWWOHPHQW�VKRXOG�FRUUHVSRQG�ZLWK�VXFK�EHOLHIV��
2WKHUZLVH��WKH�DM�ZRXOG�IHHO�GLVDSSRLQWHG�ZLWK�D�GHFLVLRQ�WKDW�FRQWUDGLFWV�KLV�KHU�IHHOLQJV��
7KH�PRVW�REYLRXV�VLWXDWLRQ�FRQFHUQV� µZHLJKWV¶��2IWHQ�� WKH�DM�KDV�D�FOHDU� LGHD�DERXW� WKH�
LPSRUWDQFH�RI�FULWHULD��WKRXJK�LV�GRXEWIXO�UHJDUGLQJ�ZHLJKW�YDOXHV��7KH�VROXWLRQ�PXVW�DJUHH�
ZLWK�WKH�RUGHU�RI�LPSRUWDQFH�LQ�WKH�DM¶V�PLQG���

,Q�>�@��)HUQDQGH]�HW�DO��VWDWHG�WKDW�WKH�DM�VKRXOG�EH�DEOH�WR�FUHDWH�WKH�IROORZLQJ�ELQDU\�
UHODWLRQV�RQ�G��

SI �^�gm�gj����G[G�VXFK�WKDW�µFULWHULD�gm�DQG�gj�KDYH�DSSUR[LPDWHO\�HTXDO�LPSRUWDQFH¶`��
LI �^�gm�gj����G[G�VXFK�WKDW�µFULWHULRQ�gm�LV�VOLJKWO\�PRUH�LPSRUWDQW�WKDQ�FULWHULRQ�gj¶`��
MI �^�gm�gj����G[G�VXFK�WKDW�µFULWHULRQ�gm�LV�FOHDUO\�PRUH�LPSRUWDQW�WKDQ�FULWHULRQ�gj¶`���
MI��LI�DQG�SI�VKRXOG�KROG��
D����,I��gmMIgj�WKHQ�kP�±�kM�t�E�
E����,I��gmLIgj�WKHQ���E�!��kP�±�kM�t�E�������������������������������������������������������������������������������������������������������������������������������������������������������������������������������
F����,I��JP6,JM�WKHQ��~kP�±�kM�~��E���
�
ZKHUH E LV� D� WKUHVKROG� SDUDPHWHU� IRU� VWULFW� RXWUDQNLQJ� WKDW� LV� SURSRVHG� WR� EH� VHWWOHG�

ZLWKLQ�WKH�LQWHUYDO�>����n�����n@��FI��>�@���
,Q�RUGHU�WR�REWDLQ�D�SUHIHUHQFH�FRQVLVWHQW�PRGHO��WKH�DM�PD\�LPSRVH�RWKHU�FRQVWUDLQWV��
      For j=�,…n                                                                                                            �����
0d qj min d qj d qj max 
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pj min d�pj d pj max  �qj max � pj min � 
uj min d uj d uj max  �pj max � uj min � 
vj min d vj d vj max  �uj max � vj min ��
,I�QHFHVVDU\��WKH�DM PD\�LPSRVH�FRQVWUDLQWV�VSHFLI\LQJ�FHUWDLQ�LQWHU�FULWHULD�DV\PPHWU\�

FRQGLWLRQV��)RU�LQVWDQFH��vj  d vl d vi ��� ql d qj   RU pl d�pj �  �
,I�WKH�DM�IHOW�WKDW�WKH�GLVFRUGDQFH�WKUHVKROG�u�VKRXOG�EH�QHDU�WR�WKH�PLGGOH�SRLQW�RI�WKH�

LQWHUYDO�>p, v@��WKH�FRQVWUDLQWV��
¨�vj + pj�/� – ui ¨d H �vj- pj�������������H �����������i=�,…n���������������������������������������������������
FRXOG�EH�DGGHG��
7KH� DM� LV� QRW� REOLJHG� WR� LPSRVH� WKH� DERYH� IXOO� VHW� RI� FRQVWUDLQWV�� VRPH� FDQ� EH�

UHPRYHG��DQG�VRPH��DGGHG��7KH�DOJRULWKP�VKRXOG�EH�DEOH�WR�KDQGOH�WKH�FRQVWUDLQWV�UHTXLUHG�
E\�WKH�DM LQ�RUGHU�WR�ILQG�DFFHSWDEOH�VROXWLRQV�DFFRUGLQJ�WR�$VVXPSWLRQ�����
�
4.3 Description of the evolutionary approach for inferring the model 
parameters 
:H��XVH�WKH�1RQ�GRPLQDWHG�6RUWLQJ�*HQHWLF�$OJRULWKP�,,��NSGA-II���FI��>�@���NSGA-II�LV�
RQH� RI� WKH� PRVW� HIILFLHQW� DSSURDFKHV� LQ� WKH� OLWHUDWXUH� RQ� HYROXWLRQDU\� PXOWL�REMHFWLYH�
RSWLPL]DWLRQ��FI��>�@���7KLV�PHWKRG�UDQNV�HYHU\�PHPEHU�RI�D�K’�VL]H�SRSXODWLRQ�DFFRUGLQJ�
WR� LQGLYLGXDO� QRQ�GRPLQDWLRQ� OHYHOV�� DSSOLHV� HYROXWLRQDU\� RSHUDWRUV� WR� EXLOG� DQ� RIIVSULQJ�
SRSXODWLRQ��DQG�FRPELQHV�SDUHQW�DQG�RIIVSULQJ�SRSXODWLRQV�LQ�D�QHZ�SRRO�RI��K’�VL]H��7KLV�
FRPELQHG�SRSXODWLRQ�LV�VRUWHG�LQWR�QRQ�GRPLQDWHG�FODVVHV��7KH�QH[W�K’�VL]H�SRSXODWLRQ�LV�
REWDLQHG�E\�VHOHFWLQJ�WKH�EHVW�LQGLYLGXDOV�RI�WKH�SDUHQW�RIIVSULQJ�FRPELQHG�SRRO��,Q�RUGHU�WR�
NHHS�GLYHUVLW\��D�FURZGLQJ�GLVWDQFH��D�GHQVLW\�HVWLPDWRU��LV�DVVRFLDWHG�WR�HYHU\�LQGLYLGXDO���

)RU�WKH�VHOHFWLRQ�RI�µSDUHQWV¶��NSGA-II�XVHV�D�VSHFLDO�NLQG�RI�ELQDU\�WRXUQDPHQW��FDOOHG�
µFURZGHG� WRXUQDPHQW� VHOHFWLRQ� RSHUDWRU¶�� ,W� ZRUNV� DV� IROORZV�� OHW� i, j� EH� WZR� UDQGRPO\�
VHOHFWHG� VROXWLRQV� IURP� WKH� SDUHQW� SRSXODWLRQ�� 6ROXWLRQ� i ZLQV� WKH� WRXUQDPHQW� RYHU� j�
ZKHQHYHU�RQH�RI�WKH�IROORZLQJ�FRQGLWLRQV�LV�WUXH��

�� LI�VROXWLRQ�i�KDV�D�EHWWHU�UDQN�WKDQ�j��
�� LI� WKH\�KDYH� WKH�VDPH�UDQN�EXW�VROXWLRQ� i�KDV�D�EHWWHU�FURZGLQJ�GLVWDQFH�

WKDQ�j �WKDW�LV��WKH�FURZGLQJ�GLVWDQFH�DVVRFLDWHG�ZLWK�i�LV�JUHDWHU�WKDQ�WKH�DVVRFLDWHG�WR�
j���

3RLQW���DVVXUHV�WKH�ZLQQHU�OLHV�RQ�D�EHWWHU�QRQ�GRPLQDWHG�IURQW��3RLQW���VROYHV�SRVVLEOH�
WLHV� EHWZHHQ� VROXWLRQV�� EHLQJ� RQ� WKH� VDPH� IURQW�� E\� GHFLGLQJ� DFFRUGLQJ� WR� FURZGLQJ�
GLVWDQFHV��,Q�WKLV�FDVH��WKH�ZLQQHU�UHVLGHV�LQ�D�OHVV�FURZGHG�UHJLRQ��

7KH�SVHXGRFRGH�RI�NSGA-II�LV�JLYHQ�EHORZ��FI��>�@���
����� Generate random population (size K’) 
      Evaluate objective values 
      Generate non-dominated fronts 
      Assign to these fronts rank based on Pareto dominance 
      Keep the best front (rank) in the population memory 
      Generate offspring population 
              Binary tournament selection 
              Crossover and mutation 
For i = 1 to number of generations 
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     With parent and offspring population 
             Generate non-dominated fronts 
             Assign to these fronts rank based on Pareto dominance 
             Loop (inside) by adding solutions to next generation 
             Starting from the best front until K’ individuals found 
             Calculate crowding distance between points on each front 
       Update the population memory 
       Select points (elitist) on the better front (with better rank) 
       and which are outside a crowding distance 
       Form next generation 
              Binary tournament selection 
              Crossover and mutation 
              Increment generation index 
End of loop   
,QGLYLGXDOV�DUH�UHSUHVHQWHG�E\�D�VWULQJ�FRPSRVHG�RI��n�����SRVLWLRQV�DV�VKRZQ�LQ�)LJXUH�

���
:H�XVH�RQH�SRLQW�FURVVRYHU��H�J��>��@����n+��SRVVLEOH�FURVVRYHU�SRLQWV�DUH�GHILQHG�RQ�

WKH� LQGLYLGXDO� �VHH�)LJXUH�����*LYHQ� WZR�SDUHQWV� WKH� VSHFLILF� FURVVRYHU�SRLQW� LV� UDQGRPO\�
JHQHUDWHG��7KLV�FURVVRYHU�RSHUDWRU�NHHSV�IHDVLELOLW\�ZLWK�UHVSHFW�WR�FRQVWUDLQWV������������

:H� XVH� XQLIRUP� PXWDWLRQ� �H�J�� >��@��� 7KH� RSHUDWRU� IRU� PXWDWLRQ� LV� LPSOHPHQWHG� DV�
IROORZV��

3LFN�D�UDQGRP�LQWHJHU�QXPEHU�L��>����n��@�
,,� ,I�L ��>�� n@��DVVLJQ�j=L��WKHQ�D�UDQGRP�UHDO�QXPEHU�a ��> qjmin� qjmax @�LV�

JHQHUDWHG��5HSODFH�qj�ZLWK�a��
,,,� �,I�L � >n+���n@���DVVLJQ�j = �n –L ����WKHQ�D�UDQGRP�UHDO�QXPEHU�a ��> 

pjmin� pjmax�@�LV�JHQHUDWHG��5HSODFH�pj�ZLWK�a��7R�HQIRUFH�UHVWULFWLRQ������D�UDQGRP�UHDO�
QXPEHU�b � B=^x���VXFK�WKDW�¨�vj + pj��2 – x ¨d�H �vj- pj�`�LV�JHQHUDWHG��5HSODFH�uj�
ZLWK��b��

,9� ,I�L ��>�n+���n@��DVVLJQ�j ��n-L ����WKHQ�D�UDQGRP�UHDO�QXPEHU�b � B�LV�
JHQHUDWHG��LQWHUYDO�B LV�GHILQHG�DV�LQ�,,��5HSODFH�uj�ZLWK��b��

9� ,I�L � >�n+���n@�� DVVLJQ� j= �n-L���� WKHQ� D� UDQGRP� UHDO� QXPEHU�a��� > 
vjmin; vjmax @�LV�JHQHUDWHG��5HSODFH�vj�ZLWK�a��7R�HQIRUFH�UHVWULFWLRQ������D�UDQGRP�UHDO�
QXPEHU�b � ^x�����VXFK�WKDW�¨�vj + pj��2 – x ¨d�H �vj� pj�`LV�JHQHUDWHG��UHSODFH���uj ZLWK�
b��

9,� ,I��L = �n+����n�UHDO�QXPEHUV�kj � �������DUH�UDQGRPO\�JHQHUDWHG��:H�XVH�
WKH� DSSURDFK� SURSRVHG� LQ� >�@�� n��� XQLIRUP� UDQGRP� QXPEHUV� DUH� JHQHUDWHG� LQ� �������
IXUWKHU��WKHVH�DUH�UDQNHG�0� a� � a�«�an�1 ����DQG�WKH�ZHLJKWV�DUH�FDOFXODWHG�DV�kL� �ai 
– ai-���7KXV�� WKH� QRUPDOL]DWLRQ� FRQGLWLRQ� �k� + k�� �� ���� � kn = ��� LV� VDWLVILHG� DQG� WKH�
UDQGRP�ZHLJKWV�DUH�XQLIRUPO\�GLVWULEXWHG��7KLV�SDUWLFXODU�PXWDWLRQ�LV�FRQVLGHUHG�YDOLG�
RQO\� LI� WKH� FRQVWUDLQWV� JLYHQ� E\� ���� KROG�� 2WKHUZLVH�� WKH� UDQGRP� JHQHUDWLRQ� LV�
UHSHDWHG��

9,,� ,I� L = �n���� WKHQ� D� UDQGRP� UHDO� QXPEHU� a� �� >OPLQ�� �@� �OPLQt����� LV�
JHQHUDWHG��5HSODFH�O ZLWK�a��
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1RWH� WKDW� WKH� DERYH� GHILQHG� PXWDWLRQ� RSHUDWRU� DOVR� NHHSV� IHDVLELOLW\� ZLWK� UHVSHFW� WR�
FRQVWUDLQWV� ��� ���� ���� 7KH� LQLWLDO� SRSXODWLRQ� LV� JHQHUDWHG� IURP� D� IHDVLEOH� LQGLYLGXDO� E\�
UHLWHUDWLYH�PXWDWLRQV���

,Q�D�ZLGH�UDQJH��WKH�DOJRULWKP�SHUIRUPDQFH�ZDV�QRW�YHU\�VHQVLWLYH�WR�WKH�VHWWOHPHQW�RI�
LWV�SDUDPHWHUV��1R�UHPDUNDEOH�GLIIHUHQFHV�ZHUH�IRXQG�ZLWK�SRSXODWLRQ�VL]H�K’� �����������
FURVVRYHU�SUREDELOLW\�pc  ����������PXWDWLRQ�SUREDELOLW\�pm� �����������7KH�UHVXOWV�REWDLQHG�
XVLQJ������JHQHUDWLRQV�ZHUH�EHWWHU�WKDQ�WKRVH�ZLWK�����DQG�����JHQHUDWLRQV��

�)LQDOO\��WKH�SDUDPHWHUV�RI�WKH�HYROXWLRQDU\�VHDUFK�ZHUH�VHW�WR��Number of generations= 
������Population size ������Crossover probability ������Mutation probability= ������
�
4.4. Final formalization and discussion 
$V�ZH�VKDOO�VKRZ�WKURXJK�VRPH�H[DPSOHV��WKH�DERYH�HYROXWLRQDU\�PHWKRGRORJ\�LV�DEOH�WR�
ILQG� D� JRRG� FRPSURPLVH� VROXWLRQ� �nP�� nQ�� nI�� nԴ�� WR� 3UREOHP� �� LQ� LWV� REMHFWLYH� VSDFH��
6RPHWLPHV�� DQ� DEXQGDQW� UHIHUHQFH� LQIRUPDWLRQ� LV� DYDLODEOH� �IRU� LQVWDQFH��ZKHQ� WKHUH� DUH�
PDQ\�VWDWHPHQWV�aԴb��IURP�IRUPHU�GHFLVLRQV�PDGH�E\�WKH�DM�RU�DFFHSWHG�E\�KLP�KHU���%XW�
LQ� RWKHU� VLWXDWLRQV�� WKH� DYDLODEOH� UHIHUHQFH� LQIRUPDWLRQ� FRXOG� EH� VFDUFH� DQG� WKH� FRJQLWLYH�
HIIRUW�IURP�WKH�DM�VKRXOG�EH�NHSW�DV�VPDOO�DV�SRVVLEOH��,Q�FDVH�RI�VPDOO�VL]H�UHIHUHQFH�VHWV�
3UREOHP���LV� LOO�GHWHUPLQHG��DQG�WKH�FRPSURPLVH��nP��nQ��nI��nԴ���XVXDOO\�FRUUHVSRQGV�WR�
PDQ\�GLIIHUHQW�SRLQWV�LQ�WKH�SDUDPHWHU�VSDFH��/HW�XV�GHQRWH�E\�^P`�WKH�VHW�RI�SRLQWV�LQ�WKH�
SDUDPHWHU�VSDFH�ZKLFK�DUH�WKH�SUH�LPDJH�RI��nP��nQ��nI��nԴ���(DFK�SDUDPHWHU�VHWWOHPHQW�PL�
LV� FRPSDWLEOH� ZLWK� WKH� SUHIHUHQFH� LQIRUPDWLRQ� FRQWDLQHG� LQ� WKH� UHIHUHQFH� VHW� XQGHU�
FRQVWUDLQWV� �±���� +RZHYHU�� WKLV� GRHV� QRW�PHDQ� WKDW� VXFK� FRPSDWLEOH� VROXWLRQ� VKRXOG� EH�
DFFHSWHG�E\�WKH�DM�DV�WKH�FRUUHFW�SDUDPHWHU�VHWWOHPHQW��7KH�DM SUREDEO\�KDV�RWKHU�EHOLHIV�
DQG� IHHOLQJV�� QRW� FRQWDLQHG� LQ� �±����ZKLFK� VKRXOG� EH� VDWLVILHG� �WKLV�ZLOO� EH� GLVFXVVHG� LQ�
GHWDLO�EHORZ���,W�LV�WKXV�QHFHVVDU\�WR�FKRRVH�DQ�HOHPHQW�PEHVW��^P`�DV�WKH�ILQDO�VROXWLRQ�RI�
WKH�SDUDPHWHU�LQIHUHQFH�SUREOHP��7KH�DM�PD\�GHFLGH�EHWZHHQ�WZR�SURFHGXUHV���
L� WR�VHOHFW�D�SDUWLFXODU�PL�^P`�DFFRUGLQJ�WR�WKH�DM¶V�RZQ�MXGJPHQW��RU�
LL� WR�XVH�WKH�LQIRUPDWLRQ�SURYLGHG�E\�WKHLU�GLVWULEXWLRQ�LQ�RUGHU�WR�VHOHFW�D�PRUH�DFFHSWDEOH�

VHWWLQJ���
/HW�XV�GLVFXVV�LL��WKRURXJKO\��7KHUH�DUH�WZR�UDQGRP�IDFWRUV�WKDW�H[SODLQ�WKH�GHYLDWLRQ�RI�

PL�IURP�PRUH�DFFHSWDEOH�FHQWUDO�SRLQWV���
�� 7KH�UHIHUHQFH�VHW� LV�D�SRSXODWLRQ�VDPSOH��GLIIHUHQW�UHIHUHQFH�VHWV� OHDG�WR�

GLIIHUHQW�RSWLPDO�SDUDPHWHU� VHWWOHPHQWV��DOWKRXJK� WKH�V\VWHP�RI�DM¶V�SUHIHUHQFHV� LV�
XQLTXH��

�� (YHQ�XQGHU�WKH�VDPH�UHIHUHQFH�VHW��WKH�UDQGRP�QDWXUH�RI�WKH�HYROXWLRQDU\�
DOJRULWKP�SURGXFHV�GLIIHUHQW�VROXWLRQV���

7KXV�� P� FDQ� EH� FRQVLGHUHG� D� UDQGRP� YHFWRU�� 7KHUH� LV� D� PXOWLYDULDWH� SUREDELOLW\�
GLVWULEXWLRQ�IXQFWLRQ�<�PP��P�� WKDW�GHVFULEHV� WKH�UDQGRP�EHKDYLRU�RI�P��EHLQJ�PP�LWV�
PHDQ�SRLQW��/HW�PQHDU�EH�WKH�QHDUHVW�P�WR�PP��PQHDU�PD\�EH�FRQVLGHUHG�WKH�PRVW�FHQWUDO�
SRLQW�RI�<��PP��P���DQG�IURP�WKLV�YLHZ��LWV�PRVW�UHSUHVHQWDWLYH�SRLQW��PQHDU�PD\�FRLQFLGH�
ZLWK�PP�ZKHQ�WKLV�LV�FDSDEOH�RI�UHVWRULQJ�WKH�UHIHUHQFH�LQIRUPDWLRQ���

$V�D�ILQDO�IRUPDOL]DWLRQ��ZLWK�VFDUFH�SUHIHUHQFH� LQIRUPDWLRQ�ZH�SURSRVH�WKH�IROORZLQJ�
VWHSV��
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�� 7KH�DM�SURYLGHV�WKH�SUHIHUHQFH�LQIRUPDWLRQ��
�� 7KH�DM�HVWDEOLVKHV�FRQVWUDLQWV��±����
�� 3HUIRUP� PDQ\� UXQV� RI� WKH� HYROXWLRQDU\� DOJRULWKP� DQG� REWDLQ� D� JRRG�

FKDUDFWHUL]DWLRQ�RI�^P`��/HW�XV�GHQRWH�E\�^P`VDPSOH� WKLV� VHW� DQG�PP� LWV�PHDQ�SRLQW�
�PP�LV�DQ�HVWLPDWRU�RI�PP���

�� 3URYLVLRQDO� DVVLJQPHQW�RI�PEHVW��&KHFN� LI�PP�EHORQJV� WR�^P`� �PP� LV�
DEOH� WR� UHVWRUH� WKH� SUHIHUHQFH� LQIRUPDWLRQ� IURP� ZKLFK� ^P`� ZDV� GHULYHG��� ,Q� WKH�
DIILUPDWLYH�FDVH��DVVLJQ�PP�WR�PEHVW��2WKHUZLVH��ILQG�PQHDU�LQ�^P`VDPSOH��WKH�QHDUHVW�
P�WR�PP���DQG�DVVLJQ�LW�WR�PEHVW��

�� &KHFN�LI�WKH�WHPSRUDU\�PEHVW�DJUHHV�ZLWK�WKH�ZKROH�V\VWHP�RI�SUHIHUHQFHV�
DQG� EHOLHIV� IURP� WKH� DM�� ,I� SRVVLEOH�� FKHFN� LWV� DELOLW\� WR� UHVWRUH� VRPH� DGGLWLRQDO�
SUHIHUHQFH� LQIRUPDWLRQ� QRW� FRQWDLQHG� LQ� WKH� UHIHUHQFH� VHW� IURP� ZKLFK� ^P`� ZDV�
GHULYHG��,I�WKHVH�FRQGLWLRQV�DUH�VDWLVIDFWRULO\�KHOG��WKH�FXUUHQW�PEHVW�FDQ�EH�DFFHSWHG�DV�
WKH�ILQDO�VROXWLRQ�RI�WKH�LQIHUHQFH�SUREOHP��

$OWHUQDWLYHO\��WKH�DM�PD\���
� LQ����VHSDUDWH�T LQ�GLIIHUHQW�VXEVHWV�� WKXV�REWDLQLQJ�VHYHUDO�FDQGLGDWHV�WR�

EH�PEHVW�DV�LQ�����ZKLFK�ZLOO�EH�MXGJHG�DFFRUGLQJ�WR�WKH�DERYH�FRQGLWLRQV��ILIWK�VWHS���
RU�

� LQ����VHOHFW�DQRWKHU�HOHPHQW�IURP�^P`VDPSOH��RU�
� �PRGLI\�DGG� VRPH� FRQVWUDLQWV� WKXV� LQFOXGLQJ� DGGLWLRQDO� LQIRUPDWLRQ� DQG�

UHSHDW�IURP�WKH�WKLUG�VWHS��RU�
� XVH� ^P`VDPSOH� DV� � VWDUWLQJ� EDVLV� IRU� IXUWKHU� UHILQHPHQW� LQ� DQ� LQWHUDFWLYH�

DM�DQDO\VW�GHFLVLRQ�VXSSRUW�SURFHGXUH�DV�ZDV�SURSRVHG�LQ�>�@��
,Q�FDVH�RI�DEXQGDQW�UHIHUHQFH�LQIRUPDWLRQ��WKH�SURFHGXUH�LV�UHGXFHG�WR��
�¶��7KH�DM�SURYLGHV�WKH�SUHIHUHQFH�LQIRUPDWLRQ��
�¶��7KH�DM�HVWDEOLVKHV�FRQVWUDLQWV��±����
�¶��7KH�EHVW�FRPSURPLVH��nP��nQ��nI��nԴ��DQG�LWV�SUH�PDS�PEHVW�DUH�GHWHUPLQHG��PEHVW�

VKRXOG�DJUHH�ZLWK� WKH�ZKROH� V\VWHP�RI�SUHIHUHQFHV�DQG�EHOLHIV� IURP� WKH�DM�� ,I�SRVVLEOH��
FKHFN� LWV� DELOLW\� WR� UHVWRUH� VRPH� DGGLWLRQDO� SUHIHUHQFH� LQIRUPDWLRQ� QRW� FRQWDLQHG� LQ� WKH�
UHIHUHQFH�VHW�IURP�ZKLFK��nP��nQ��nI��nԴ���ZDV�GHULYHG��,I�WKHVH�FRQGLWLRQV�DUH�VDWLVIDFWRULO\�
KHOG���PEHVW�FDQ�EH�DFFHSWHG�DV�WKH�ILQDO�VROXWLRQ�RI�WKH�LQIHUHQFH�SUREOHP��

�
5. Handling reinforced preference on the credibility of outranking 
,Q�(/(&75(�,,,��WKH�RXWUDQNLQJ�GHJUHH�RI�FUHGLELOLW\�GRHV�QRW�LQFOXGH�HIIHFWV�RI�UHLQIRUFHG�
SUHIHUHQFH��7R� LOOXVWUDWH� WKLV� LVVXH�DQG� LWV� UROH� LQ�RXU�SURSRVDO��FRQVLGHU� � WZR�DFWLRQV�x��y�
GHVFULEHG�E\� WKUHH� FULWHULD� RI� VLPLODU� LPSRUWDQFH� WDNLQJ� WKHLU� YDOXHV� LQ� WKH� LQWHUYDO� >����@�
�LQFUHDVLQJ� SUHIHUHQFHV��� x ��������� y ��������� /HW� XV� VXSSRVH� WKH� IROORZLQJ� SDUDPHWHU�
VHWWOHPHQW��ZHLJKWV�k�=k�=k� ������YHWR�WKUHVKROGV�v1=v2=v3 ���VWULFW�SUHIHUHQFH�WKUHVKROGV�
p� p� p� ��� � $FFRUGLQJ� WR� WKH� PRGHO� RI� (TXDWLRQV� ����� V�x�y� � ����� V�y�x� � ��� VR� not 
xS�O�y ZLWK�Ot� �����+RZHYHU�� WKH�DM�PD\� IHHO� D� YHU\� LPSRUWDQW� GLIIHUHQFH� LQ� WKH� WKLUG�
FULWHULRQ��DQG�KHQFH�x�PD\�EH�SUHIHUUHG��,Q�VXFK�D�FDVH�xԴy  ��xS�O�y LV�IDOVH�LQ�YHU\�ZLGH�
UDQJH� RI� UHDVRQDEOH� SDUDPHWHU� VHWWOHPHQWV�� +HQFH�� LQ� WKH� IUDPHZRUN� RI� DQ� LQGLUHFW�
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(/(&75(�,,,�SDUDPHWHU�VHWWOHPHQW��VXFK�LQFRQVLVWHQFLHV�GR�QRW�FRPH�IURP�DQ�LQDGHTXDWH�
SDUDPHWHU�VHWWOHPHQW���

,Q� >��@��5R\� DQG�6ORZLQVNL�SURSRVHG� D�ZD\�RI�KDQGOLQJ� UHLQIRUFHG�SUHIHUHQFH� HIIHFWV�
IRU�FDOFXODWLQJ�c�x�y���$V�LQ�WKH�(/(&75(�,,,��HDFK�FULWHULRQ�KDV�DQ�LPSRUWDQFH�FRHIILFLHQW�
kj� �D� µZHLJKW¶�� WKDW� FRQWULEXWHV� WR� c�x�y�� ZKHQHYHU� gj �� C�xSy�� �� C�yQx��� 5R\� DQG�
6ORZLQVNL� �>��@�� JLYH� WR� VRPH� FULWHULD� gj WKH� SRVVLELOLW\� RI� LQFUHDVLQJ� WKHLU� UHODWLYH�
LPSRUWDQFH� ZKHQ� WKH� GLIIHUHQFH� gM�x�� ±� gM�y�� H[FHHGV� D� YDOXH� rpj FDOOHG� UHLQIRUFHG�
SUHIHUHQFH�WKUHVKROG��:KHQ�WKLV�WKUHVKROG�LV�FURVVHG��WKH�YDOXH�kj� XVHG�WR�PRGHO�WKH�UHODWLYH�
LPSRUWDQFH�RI�gj�LQ�c�x�y���LV�UHSODFHG�ZLWK�wjkj���ZKHUH�wj!��LV�FDOOHG�UHLQIRUFHPHQW�IDFWRU��
/HW� C�xRPy�� GHQRWH� WKH� VHW� RI� FULWHULD� IRU� ZKLFK� gM�x�� �� gM�y�� !� rpj �� 7KHQ�� 5R\� DQG�
6ORZLQVNL��>��@��SURSRVH�FDOFXODWLQJ�c�x�y��DV��
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7KH�GHJUHH�RI�FUHGLELOLW\�RI�RXWUDQNLQJ�LV�FDOFXODWHG�DV�LQ�(/(&75(�,,,��EXW�UHSODFLQJ�
����ZLWK�������

7KH�SDUDPHWHUV�WR�EH�LQIHUUHG�DUH��
L� WKH�YHFWRU�RI�RULJLQDO�LPSRUWDQFH�FRHIILFLHQWV�kj ��
LL� WKH�YHFWRU�RI�UHLQIRUFHPHQW�IDFWRUV�wj;�
LLL� WKH�YHFWRU�RI�UHLQIRUFHG�SUHIHUHQFH�WKUHVKROGV�rpj��
LY� WKH�YHFWRU�RI�LQGLIIHUHQFH�WKUHVKROGV��
Y� WKH�YHFWRU�RI�SUHIHUHQFH�WKUHVKROGV��
YL� WKH�YHFWRU�RI�YHWR�WKUHVKROGV��
YLL� �WKH�YHFWRU�RI�SUH�YHWR�WKUHVKROGV���
YLLL� WKH�FXWWLQJ�OHYHO�O���

7KH�PDWKHPDWLFDO�SUREOHP�LV�VWLOO�����ZLWK�FRQVWUDLQWV���±����DQG�FRQVWUDLQWV�RQ�rpj DQG�
wj��wj�PXVW�EH�JUHDWHU�WKDQ����rpj PXVW�EH�JUHDWHU�WKDQ�pj�DQG�VKRXOG�EH�JUHDWHU�WKDQ�uj��6R��LQ�
DGGLWLRQ�WR��±���ZH�FRQVLGHU�WKH�IROORZLQJ�FRQVWUDLQWV��

For j=�...n                                                                                                                     �����
uj�d�rpj d rpjmax�
����wj d�wjmax 
�

5.1. Description of the evolutionary approach for inferring the model 
parameters 
7KH�HYROXWLRQDU\�DOJRULWKP�DQG�IXUWKHU�H[SORUDWLRQ�LV�DV�GHWDLOHG�LQ�VXEVHFWLRQV�����DQG������
+DQGOLQJ�UHLQIRUFHG�SUHIHUHQFHV��WKH�LQGLYLGXDOV�DUH�UHSUHVHQWHG�E\�D�VWULQJ�FRPSRVHG�RI��n�
����SRVLWLRQV�DV�VKRZQ�LQ�)LJXUH����

$JDLQ�ZH�XVH�RQH�SRLQW� FURVVRYHU���n+��SRVVLEOH�FURVVRYHU�SRLQWV� DUH�GHILQHG�RQ� WKH�
LQGLYLGXDO� �VHH� )LJXUH� ���� *LYHQ� WZR� SDUHQWV� WKH� VSHFLILF� FURVVRYHU� SRLQW� LV� UDQGRPO\�
JHQHUDWHG��
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$V�LQ�6HFWLRQ���WKH�RSHUDWRU�IRU�PXWDWLRQ�LV�LPSOHPHQWHG�DV�IROORZV��
3LFN�D�UDQGRP�LQWHJHU�QXPEHU�L� >�� �n��@�

,� ,I�L ��>�� n@��WKHQ�D�UDQGRP�UHDO�QXPEHU�a ��> qLmin; qLmax @�LV�JHQHUDWHG��
5HSODFH�qL�ZLWK�a��

,,� ,I�L ��>n����n@��DVVLJQ�j= �n-L����WKHQ�D�UDQGRP�UHDO�QXPEHU�a ��> pjmin; 
pjmax @� LV� JHQHUDWHG�� 5HSODFH� pj� ZLWK� a�� 7R� HQIRUFH� UHVWULFWLRQ� ����� D� UDQGRP� UHDO�
QXPEHU�b � B ^x���VXFK�WKDW�¨�vj � pj����± x ¨d H �vj- pj�`�LV�JHQHUDWHG��5HSODFH�uj��
ZLWK��b��

,,,� ,I�L � >�n����n@��DVVLJQ�j  �n-L����WKHQ�D�UDQGRP�UHDO�QXPEHU�b � B�LV�
JHQHUDWHG��LQWHUYDO�B LV�GHILQHG�DV�LQ�,,��5HSODFH�uj��ZLWK��b��

,9� ,I�L �� >�n����n@�� DVVLJQ� j ��n-L+��� � WKHQ� D� UDQGRP� UHDO� QXPEHU�a��� > 
vjmin; vjmax @�LV�JHQHUDWHG��5HSODFH�vj�ZLWK�a��7R�HQIRUFH�UHVWULFWLRQ������D�UDQGRP�UHDO�
QXPEHU�b � ^x��� �� VXFK� WKDW�¨�vj + pj�/2 – x ¨d H �vj- pj�`LV�JHQHUDWHG�� UHSODFH�uj�
ZLWK�b��

9� ,I� L �� >�n����n@�� DVVLJQ� j=�n-L���� WKHQ� D� UDQGRP� UHDO� QXPEHU� a��� >�
rpjmin; rpjmax�@�DQG�a t uj LV�JHQHUDWHG���

9,� ,I�L ��>�n����n@�� �DVVLJQ� j= �n-L ���� WKHQ�D�UDQGRP�UHDO�QXPEHU�a���> 
wjmin; wjmax @�LV�JHQHUDWHG��

9,,� ,I�L = �n���  n� UHDO�QXPEHUV�kj � �������DUH� UDQGRPO\�JHQHUDWHG��$V� LQ�
VXEVHFWLRQ�����ZH�XVH� WKH�DSSURDFK�SURSRVHG� LQ� >�@��n���XQLIRUP�UDQGRP�QXPEHUV�
DUH� JHQHUDWHG� LQ� ������� IXUWKHU�� WKHVH� DUH� UDQNHG� 0� a� � a�«�an-� ���� DQG� WKH�
ZHLJKWV�DUH�FDOFXODWHG�DV�kL� �ai – ai-���7KLV�SDUWLFXODU�PXWDWLRQ�LV�FRQVLGHUHG�YDOLG�
RQO\� LI� WKH� FRQVWUDLQWV� JLYHQ� E\� ���� KROG�� 2WKHUZLVH�� WKH� UDQGRP� JHQHUDWLRQ� LV�
UHSHDWHG��

9,,,� ,I� L = �n+��� WKHQ� D� UDQGRP� UHDO� QXPEHU� a� �� >OPLQ�� �@� �OPLQt����� LV�
JHQHUDWHG��5HSODFH�O ZLWK�a��

1RWH�WKDW�WKH�DERYH�GHILQHG�JHQHWLF�RSHUDWRUV�NHHS�IHDVLELOLW\�ZLWK�UHVSHFW�WR�FRQVWUDLQWV�
���������������7KH� LQLWLDO�SRSXODWLRQ� LV�JHQHUDWHG� IURP�D� IHDVLEOH� LQGLYLGXDO�E\� UHLWHUDWLYH�
PXWDWLRQV���

,Q� D� ZLGH� UDQJH�� WKH� DOJRULWKP� SHUIRUPDQFH� ZDV� QRW� YHU\� VHQVLWLYH� WR� WKH� SDUDPHWHU�
VHWWOHPHQW��)LQDOO\��WKH�SDUDPHWHUV�RI�WKH�HYROXWLRQDU\�VHDUFK�ZHUH�VHWWOHG�DV�LQ�VXEVHFWLRQ�
������
�
6. Some illustrative examples 
6.1. First example: Inferring the ELECTRE III model parameters 
6RPHWLPHV� WKH� DM� FDQ� XVH� LQIRUPDWLRQ� IURP� SDVW� GHFLVLRQV�� EDVHG� XSRQ� SHUVRQDO�
H[SHULHQFHV�RU�DQ\�RWKHU�DJHQW¶V��7KH�DM�PD\�QRW�EH�LQTXLUHG�WR�SURYLGH�QHZ�SUHIHUHQWLDO�
LQIRUPDWLRQ� VLQFH� D� VHW� RI� UHIHUHQFH� SDLUV�� ZLWK� KLJK� HQRXJK� FDUGLQDOLW\�� LV� DYDLODEOH��
1HYHUWKHOHVV�� ZKHQ� SULRU� LQIRUPDWLRQ� LV� QRW� DYDLODEOH� WKH�DM� PXVW� SURYLGH� SUHIHUHQWLDO�
LQIRUPDWLRQ� LQ� RUGHU� WR� FRPSRVH� D� VHW� RI� UHIHUHQFH� SDLUV�� 7R� EH� SUDFWLFDO� D� PHWKRG� IRU�
LQIHUULQJ�SDUDPHWHUV�PXVW�EH�FDSDEOH�RI�GHULYLQJ�JRRG�UHVXOWV�IURP�D�PRGHUDWH�VL]H�VHW�RI�
UHIHUHQFH�SDLUV��VR�WKH�DM¶V�HIIRUWV�FDQ�EH�H[HUWHG�ZLWKLQ�PDQDJHDEOH�OLPLWV��7KH�FDSDFLW\�
RI�WKH�SURSRVHG�PHWKRG�LQ�UHJDUG�WR�WKLV�LVVXH�LV�H[DPLQHG�EHORZ����
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/HW�XV�FRQVLGHU�WKH�XQLYHUVH�U�FRPSRVHG�RI�REMHFWV��F�� F���F���F�������ZLWK�Fi WDNLQJ�
UHDO�YDOXHV�LQ�>����@�DQG�WKH�V\PPHWULF�PXOWL�FULWHULD�IXQFWLRQDO�PRGHO���

V  ������ F��� F��� F��� F�����F�� F���F���F����������������������������������������������������������������������
)XQFWLRQ�V� WDNHV� RQ� YDOXHV� IURP� >��� �@� �LQFUHDVLQJ� SUHIHUHQFH��� ,Q� RUGHU� WR� EXLOG� WKH�

UHIHUHQFH� VHW� DQG� WKH� SUHIHUHQFH� LQIRUPDWLRQ� RQ� WKLV� VHW�� WKH� GHFLVLRQ� SROLF\� ZLOO� EH�
VLPXODWHG�E\��

��x�y���T  xԴy ��V�x��t�V�y����������������������������������������������������������������������������������������
ZKHUH������VLPXODWHV�FHUWDLQ�SUHIHUHQFH�WKUHVKROG��
1RWH� WKDW� WKH�PRGHO�V� LV� V\PPHWULF�� DQG� WKH� GLIIHUHQFHV� � «V���������� ±�V���������°� ��

«V���������� ±�V���������°�� «V���������� ±�V���������°� OLH�ZLWKLQ� WKH� WKUHVKROG�������7KDW� LV��
LPSURYHPHQWV�LQ�WKUHH�FULWHULD�DUH�FRPSHQVDWHG�E\�D�GHJUDGDWLRQ�RI�WKUHH�XQLWV�LQ�D�VLQJOH�
FULWHULRQ��  7KLV� VXJJHVWV� WKDW� vj PD\� QRW� EH� YHU\� GLIIHUHQW� IURP� ��� 6R�� ZH� DFFHSW� WKH�
FRQVWUDLQWV���

~kP�±�kM�~���������m ��������j ! m�����IURP����
 For j ��«�    �����������������������������������IURP����                                                             �����
�� qj d�����
����d pj d����   
����d uj d����   
����d vj d��  �
¨�vj + pj����± ui ¨d������vj� pj���������IURP�����������������������������������������������������������������������������
+HUH��ZH� VLPXODWH� FDVHV� LQ�ZKLFK� GHFLVLRQV� DUH�PDGH� IRU� D� OLPLWHG� VHW� RI� DFWLRQV� IRU�

ZKLFK� WKH�DM� FDQ� HDVLO\� H[SUHVV�SUHIHUHQWLDO� MXGJPHQWV��7KXV��RQO\� VPDOO�VL]H� UHIHUHQFH�
VHWV� DUH� FRQVLGHUHG�� /HW� XV� VXSSRVH� WKDW� WKH� DM LV� FDSDEOH� RI� UHYHDOLQJ� SUHIHUHQFH�
MXGJPHQWV��VLPXODWHG�E\�(TXDWLRQ�����RQ�D�VPDOO�VHW�D FRPSRVHG�RI�HLJKW�DFWLRQV��,Q�WRWDO��
���MXGJPHQWV�VXFK�DV�xԴy�RU�not xԴy�FDQ�EH�PDGH�IURP�WKH�HOHPHQWV�LQ�D��

:H�DWWHPSW�WR�PLQLPL]H�WKH�FRJQLWLYH�HIIRUW�IURP�WKH�DM�PDNLQJ�PRUH�HIIHFWLYH�WKH�XVH�
RI�KLV�KHU�SUHIHUHQFH�LQIRUPDWLRQ��,I�ZH�WDNH�VXEVHWV�RI�VL[�REMHFWV��WKH�RULJLQDO����HOHPHQWV�
VHW� LV� SDUWLWLRQHG� LQWR� WZHQW\� HLJKW� ���HOHPHQW� VXEVHWV��ZKLFK� DUH� FRPSRVHG� RI� WKH� VDPH�
RULJLQDO�SUHIHUHQFH�LQIRUPDWLRQ��7KXV��ZLWKRXW�DGGLWLRQDO�FRJQLWLYH�HIIRUW�IURP�WKH�DM��ZH�
FDQ�PXOWLSO\�WKH�QXPEHU�RI�H[SHULPHQWV��PDNLQJ�WKH�HYROXWLRQDU\�VHDUFK�PRUH�H[KDXVWLYH��
DQG�UHGXFLQJ�WKH�LQIOXHQFH�RI�WKH�UDQGRP�FKDUDFWHU�RI�WKH�RULJLQDO�VHW�RI�HLJKW�REMHFWV��

7KH�IROORZLQJ�H[SHULPHQW�ZDV�UHSHDWHG�WKUHH�WLPHV��
%DVLF�H[SHULPHQW��

�� HLJKW�DFWLRQV�DUH�UDQGRPO\�JHQHUDWHG��
�� WKHVH� DFWLRQV� DUH� VHSDUDWHG� LQ� JURXSV� FRPSRVHG� RI� VL[� DFWLRQV�� ��� VXFK�

JURXSV�DUH�IRUPHG�����MXGJPHQWV�xԴy�RU�not xԴy��DUH�DVVRFLDWHG�WR�HDFK�JURXS��
�� IRU� HDFK� ���MXGJPHQW� JURXS�� WKH� DOJRULWKP� RI� VXEVHFWLRQ� ���� LV� DSSOLHG�

ZLWK����UHSOLFDWLRQV��
�� IRU�HDFK����MXGJPHQWV�JURXS�WKH�PRVW�FHQWUDO�SRLQW�RI�WKH�REWDLQHG�3DUHWR�

VHW�LV�IRXQG��WKLV�LV�D�SRWHQWLDO��PEHVW��
�� WKH�PRVW�FHQWUDO�SRLQW�RI��WKH�ZKROH�GLVWULEXWLRQ�^P`VDPSOH��LV�FDOFXODWHG��

)RU�HDFK�H[SHULPHQW�WZR�SDUWLFXODU�SRLQWV�DUH�FRQVLGHUHG��L��PEHVW����� WKH�PRVW�FHQWUDO���
SRLQW�RI�WKH�ZKROH�GLVWULEXWLRQ��VWHS���RI�VXEVHFWLRQ�������LL��PEHVW�����WKH�VROXWLRQ�RI�VWHS���
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ZKLFK� LV� PRVW� FRPSDWLEOH� ZLWK� WKH� PRGHO� V\PPHWULF� IRUP�� � 7KH� UHVXOWV� RI� WKH� ILUVW�
H[SHULPHQW� DUH� VKRZQ� LQ� 7DEOH� ��� ,Q� WKLV� WDEOH� WKH� PRVW� V\PPHWULF� VROXWLRQ� WDNHQ� DV�
PEHVW���� FRUUHVSRQGV� WR� URZ� ��WK�� ,I� D� ILFWLWLRXV� GHFLVLRQ�PDNHU�ZHUH� UHSUHVHQWHG� E\� WKH�
PRGHO�EDVHG�RQ�V��KH�VKH�PLJKW�IHHO�VOLJKWO\�PRUH�FRPIRUWDEOH�DFFHSWLQJ�PEHVW�����,Q�7DEOH�
�� VWDQGDUG� GHYLDWLRQV� FDOFXODWHG� RQ� WKH� QRQ�GRPLQDWHG� VHW� LQ� WKH� SDUDPHWHU� VSDFH� DUH�
SURYLGHG��

PEHVW����DJUHHV�EHWWHU�ZLWK� WKH�ZKROH�V\VWHP�RI�SUHIHUHQFHV�DQG�EHOLHIV�IURP�WKH�DM��
EXW�PEHVW����PD\�EH� MXGJHG�DV�PRUH� UHSUHVHQWDWLYH�RI� WKH�ZKROH�GLVWULEXWLRQ�RI�VROXWLRQV��
/HW�XV�FKHFN�WKHLU�DELOLW\�WR�UHVWRUH�VRPH�DGGLWLRQDO�SUHIHUHQFH�LQIRUPDWLRQ�QRW�FRQWDLQHG�LQ�
WKH�RULJLQDO� UHIHUHQFH�VHW� �VWHS����VXEVHFWLRQ�������/HW� f��EH� WKH�QXPEHU�RI� LQFRQVLVWHQFLHV�
ZLWK�x�S�O�y���xԴy���/HW�f��EH�WKH�QXPEHU�RI�LQFRQVLVWHQFLHV�ZLWK�xԴy���xS�O�y��$VVXPH�
D�VDPSOH�VHW�C��7KH�VHW�C� LV�D�VDPSOH�IURP�WKH�XQLYHUVH��:H�ZRUNHG�ZLWK�C��C’ DQG C’’��
HDFK�FRPSRVHG�RI�����UDQGRP�DFWLRQV�DQG������SDLUV��x�y���&RQVLGHULQJ�C�WKH�UHVXOWV�ZHUH��

)RU�PEHVW�����f�  ��� f�  ������IRU�PEHVW�����f�  ����f�  ����� �
'XH�WR�WKH�HIIHFWV�RI�LQWHQVLW\�RI�SUHIHUHQFHV�DQG�LQFRPSDUDELOLW\��ZH�KDYH�PDQ\�WLPHV�

V�x��!�V�y���������DQG��KRZHYHU��not xS�O�y�VWLOO�KROGV��+HQFH��f��LV�LQFUHDVHG��7KLV�GRHV�QRW�
PHDQ�DQ�LQDSSURSULDWH�SDUDPHWHU�VHWWOHPHQW��UDWKHU��WKLV�PHDQV�WKDW��(/(&75(�,,,�PRGHOV�
FDQQRW�ILW�YHU\�ZHOO�SUHIHUHQFH�IXQFWLRQ�PRGHOV�VXFK�DV�V���7KH�UHVXOWV�IRU�C’�DQG�C’’ DUH�
VKRZQ�LQ�7DEOH����%RWK�SHUIRUPDQFHV�DUH�VLPLODU� PEHVW����LV�VOLJKWO\��LQ�FORVHU�DJUHHPHQW�
ZLWK�WKH�V\PPHWU\�RI�IXQFWLRQ�V� 

5HVXOWV�RI�WKH�VHFRQG�DQG�WKLUG�H[SHULPHQWV�DUH�SRLQWHG�RXW�LQ�7DEOH����
1RWH�WKDW�WKH�UHVXOWV�IRU�PEHVW����ZHUH�YHU\�VLPLODU�LQ�WKUHH�GLIIHUHQW�H[SHULPHQWV��

�
6.2 Second example: Inferring reinforced preference model parameters 
+HUH��WKH�SUHIHUHQFH�LQIRUPDWLRQ�FRPHV�IURP�WKH�VDPH�PRGHO�RI�(TXDWLRQV����DQG�����EXW�
WKH� RXWUDQNLQJ� PRGHO� KDQGOHV� UHLQIRUFHG� SUHIHUHQFH� RQ� WKH� FRQFRUGDQFH� GHJUHH� DV� ZDV�
GHVFULEHG�LQ�6HFWLRQ����

7DNLQJ������DV�EDVH�WKH�IROORZLQJ�FRQVWUDLQWV�ZHUH�LPSRVHG��
~kP�±�kM�~���������m ��������j ! m�����������������������������������������������������������������������������������
For j ��«������������������������������������������������������������������������������������������������������������������������
�� qj d���� 
����d pj d�������
����d uj d����   
����d vj d�����
��d wj ���
����d rpj d�����
¨�vj + pj����±�ui ¨d ��� �vj� pj�������������������������������������������������������������������������������
7KH�IROORZLQJ�H[SHULPHQW�ZDV�SHUIRUPHG�WZLFH��$V�LQ�VXEVHFWLRQ�����HLJKW�DFWLRQV�DUH�

JHQHUDWHG�DW�UDQGRP���7KHVH�HLJKW�DFWLRQV�DUH�GLYLGHG�LQWR�JURXSV�FRPSRVHG�RI�VL[�DFWLRQV��
VR����VXFK�JURXSV�DUH�IRUPHG��DQG����MXGJPHQWV�xԴy�RU��not xԴy��DUH�DVVRFLDWHG�ZLWK�HDFK�
JURXS�� )RU� HYHU\� ���MXGJPHQW� JURXS�� D� FHQWUDO� SRLQW� PEHVW LV� REWDLQHG� IRU� HDFK� JURXS�
GLVWULEXWLRQ�� )LQDOO\�� WKH� PRVW� FHQWUDO� SRLQW� IRU� WKH� ZKROH� GLVWULEXWLRQ� LV� VHOHFWHG�� � /LNH�
EHIRUH��PEHVW���� GHQRWHV� WKH�PRVW� FHQWUDO� SRLQW� RI� WKH�ZKROH� GLVWULEXWLRQ� �VWHS� �� RI� ������
EHVLGHV�� PEHVW���� LV� WKH� VROXWLRQ� RI� VWHS� �� ZKLFK� LV� PRVW� FRPSDWLEOH� ZLWK� WKH� PRGHO�

Evolutionary multi-objective optimization for inferring ... 177



�

V\PPHWULF� IRUP�� 1HYHUWKHOHVV�� PEHVW���� DOVR� VDWLVILHV� V\PPHWU\� FRQVLGHUDWLRQV�� 6RPH�
UHVXOWV� RI� WKH� ILUVW� H[SHULPHQW� DUH� SURYLGHG� LQ�7DEOH� ��� ,Q� WKLV� WDEOH� WKH�PRVW� V\PPHWULF�
VROXWLRQ�WDNHQ�DV�PEHVW����FRUUHVSRQGV�WR�WKH�ILUVW�URZ��7KH�PRVW�FHQWUDO�SRLQW�RI�WKH�ZKROH�
GLVWULEXWLRQ�RI�QRQ�GRPLQDWHG�SRLQWV�LV�VKRZQ�LQ�WKH�ODVW�URZ��

$V�LQ������WKH�DSSURSULDWHQHVV�RI�S�O��LV�PHDVXUHG�E\�WKH�IXOILOPHQW�RI�xӥ y ��xS(O)y��
/LNH�EHIRUH��ZH�VKDOO�FRQVLGHU�D�VDPSOH�VHW�C DQG��IXQFWLRQV��f����f����7KH�HOHPHQWV�LQ�C�DUH�
VDPSOHG�IURP�WKH�XQLYHUVH��:H�ZRUN�ZLWK�C��C’ DQG C’’ ��HDFK�FRPSRVHG�RI�����UDQGRP�
DFWLRQV�DQG������SDLUV��x�y���&RQVLGHULQJ�C��WKH�UHVXOWV�DUH��IRU�PEHVW�����f� �����f� �������
)RU�PEHVW�����f� �����f� �������

'XH�WR�LQFRPSDUDELOLW\��ZH�KDYH�PDQ\�WLPHV�9�x��!�9�y����������VWLOO��not xS�O�y�KROGV���
7KH� FRPSDULVRQ� XVLQJ� RWKHU� UDQGRP� VHWV� LV� JLYHQ� LQ� 7DEOH� ��� 5HVXOWV� RI� WKH� VHFRQG�

H[SHULPHQW�DUH�SUHVHQWHG�LQ�7DEOH�����
Partial conclusions: 
x 7KH�UHVXOWV�IRU�PEHVW����DUH�YHU\�UREXVW��2QO\�QHJOLJLEOH�FKDQJHV�FDQ�EH�SHUFHLYHG�LQ�

GLIIHUHQW� VROXWLRQV�� &RPSDULQJ� UHVXOWV� RI� ([DPSOHV� �� DQG� ��� DOWKRXJK� FRPLQJ� IURP�
GLIIHUHQW�RXWUDQNLQJ�PRGHOV��WKH�FRPPRQ�FRPSRQHQWV�RI�PEHVW������q��p��u, v��k��O*��
DUH�DOPRVW�LGHQWLFDO��

x 5HJDUGLQJ� WKH� DSSURSULDWHQHVV� PHDVXUHV f��� f�� WKHUH� DUH� QR� VLJQLILFDQW� GLIIHUHQFHV�
EHWZHHQ�PEHVW���� DQG�PEHVW����� WKH� ILUVW�PD\� EH� LQ�PRUH� DJUHHPHQW�ZLWK� V\PPHWU\�
FRQVLGHUDWLRQV��

x 5HJDUGLQJ�f��WKH�PRGHO�RI�6HFWLRQ���VHHPV�WR�SHUIRUP��EHWWHU�WKDQ�(/(&75(�,,,��
�

6.3 The preference information comes from an outranking model 
6.3.1 A four criteria problem 
$V�EHIRUH�� WKH�XQLYHUVH�U� LV� FRPSRVHG�RI�REMHFWV� �g�� g���g�, g�������ZLWK�gi WDNLQJ� UHDO�
YDOXHV�LQ��>����@��6XSSRVH�WKDW�V�x�y��LV�FDOFXODWHG�DFFRUGLQJ�WR�WKH�PRGHO�RI�6HFWLRQ����ZLWK�
WKH�IROORZLQJ�SDUDPHWHUV��

q ����������������������
p ����������������������
u ����������������������������������������������������������������������������������������������������������������������
v ����������������������

      rp ������������������������
w ����������������������
k ��������������������������

)RU�HYHU\��x�y��UuU�ZH�DVVXPH�WKDW�µx�LV�DW�OHDVW�DV�JRRG�DV�y¶��xӥ y��LI��DQG�RQO\�LI��
V�x�y�t� ������ 7KH� H[SHULPHQW� LV� VLPLODU� WR� H[DPSOHV� LQ� ���� DQG� ����� (LJKW� DFWLRQV� DUH�
UDQGRPO\�JHQHUDWHG�DQG�VHSDUDWHG�LQWR����GLIIHUHQW�JURXSV��)RU�HDFK�JURXS�WKH�DOJRULWKP�RI�
VXEVHFWLRQ�����LV�DSSOLHG�ZLWK����UHSOLFDWLRQV�XQGHU�FRQVWUDLQWV��������DQG�D�PEHVW�FDQGLGDWH�
LV�IRXQG��/LNH�EHIRUH�PEHVW����DQG�PEHVW����DUH�GHWHUPLQHG��5HVXOWV�RI�WKH�ILUVW�H[SHULPHQW�
DUH� VKRZQ� LQ� 7DEOH� ��� ,Q� WKLV� WDEOH� WKH� PRVW� V\PPHWULF� VROXWLRQ� WDNHQ� DV� PEHVW����
FRUUHVSRQGV�WR�WKH�IRXUWK��URZ��7KH�PRVW�FHQWUDO�SRLQW��PEHVW������LV�SRLQWHG�RXW�LQ�WKH�ODVW�
URZ�� $Q� RSWLPDO� LGHDO� VROXWLRQ� ���������� ZDV� IRXQG� LQ� WKH� REMHFWLYH� VSDFH�� WR� ZKLFK�
FRUUHVSRQG�PDQ\�VROXWLRQV�LQ�WKH�SDUDPHWHU�VSDFH��6RPH�VWDQGDUG�GHYLDWLRQV�DUH�SURYLGHG�
LQ�7DEOH����
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7KH�UHVXOWV�RI�PRGHO�HYDOXDWLRQ�RQ� WKUHH�VHWV�� HDFK�FRPSRVHG�RI�����UDQGRP�DFWLRQV��
DUH�VKRZQ�LQ�7DEOH�����

7KH�DERYH�H[SHULPHQW�ZDV�UHSOLFDWHG�IURP�RWKHU�HLJKW�UDQGRP�HOHPHQWV��6RPH�UHVXOWV�
DUH�JLYHQ�LQ�7DEOH�����

)URP�WKLV�H[DPSOH�ZH�FDQ�FRQFOXGH�WKDW���
�� 7KH� WUXH� YDOXHV� RI� PRGHO� SDUDPHWHUV� ZHUH� FORVHO\� DSSURDFKHG�� (YHQ�

EHLQJ� VOLJKWO\� GLIIHUHQW� IURP� WKH� WUXH� YDOXHV�� WKH� LQIHUUHG� PRGHO� DFKLHYHG� DQ�
RXWVWDQGLQJ�UHIOHFWLRQ�RI�WKH�VLPXODWHG�SUHIHUHQFHV��

�� �PEHVW����VHHPV�WR�EH�UREXVW�DQG�VOLJKWO\�RXWSHUIRUPLQJ PEHVW������
�

6.3.2  A ten criteria problem 
7KLV�H[SHULPHQW�JHQHUDOL]HV�������LQ�RUGHU�WR�WHVW�UREXVWQHVV�ZLWK�UHVSHFW�WR�WKH�QXPEHU�RI�
FULWHULD��1RZ��WKH�XQLYHUVH�U�LV�FRPSRVHG�RI�REMHFWV��g�� g��«, g���������ZLWK�gi WDNLQJ�UHDO�
YDOXHV� LQ� � >��� �@�� V�x�y�� LV� FDOFXODWHG� DFFRUGLQJ� WR� WKH� PRGHO� RI� 6HFWLRQ� ��� ZLWK� WHQ�
GLPHQVLRQDO��SDUDPHWHU�YHFWRUV�JLYHQ�E\�������

q ������������«�������
p ������������«�������
u ������������«��������������������������������������������������������������������������������������������������������
v ������������«�������

      rp ������������«��������
w ������������«�������
k �������������«��������

7KH�VHW�RI�FRQVWUDLQWV�LV�JLYHQ�E\��
~kP�±�kM�~���������m ���«���j ! m������������������������������������������������������������������������������������
For j ��«������������������������������������������������������������������������������������������������������������������������
�� qj d���� 
����d pj d�������
����d uj d����   
����d vj d�����
��d wj ���
����d rpj d�����
¨�vj + pj����±�ui ¨d ��� �vj� pj�������������������������������������������������������������������������������
�
6RPH� UHVXOWV� DUH� JLYHQ� LQ� 7DEOH� ���� 7KH� PRVW� FHQWUDO� SRLQW� PEHVW���� � DQG� WKH� PRVW�

V\PPHWULF�SRLQW�PEHVW�����DUH�VKRZQ�LQ�7DEOH�����6WDWLVWLF�YDULDELOLW\�FDOFXODWHG�RQ�WKH�QRQ�
GRPLQDWHG� SRLQWV� JLYHV� VLPLODU� UHVXOWV� WR� WKH� SUHYLRXV� H[DPSOH�� 7KH� UHVXOWV� RI� PRGHO�
HYDOXDWLRQ� RQ� WKUHH� UDQGRP� VHWV� DUH� SUHVHQWHG� LQ� 7DEOH� ���� 1R� VLJQLILFDQW� GLIIHUHQFHV�
EHWZHHQ�PEHVW�����DQG�PEHVW�����DUH�IRXQG��
�
6.4 The preference information comes from a real DM 
/HW�XV�FRQVLGHU� WKH�R&D�SURMHFW�HYDOXDWLRQ�SUREOHP�DQDO\]HG� LQ�>�@�� ,Q�VXFK�H[DPSOH����
SURMHFWV� IURP� D� VHW� B� ZHUH� HYDOXDWHG� E\� D� UHDO� GHFLVLRQ�PDNHU� RQ� IRXU� FULWHULD�� WKH�
DVVLJQPHQWV�DUH�VKRZQ�LQ�7DEOH�������
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7KH�g�FULWHULD�ZHUH�DVVXPHG�IXQFWLRQV�ZLWK�GRPDLQ�>����@��DOWKRXJK�RQO\�LQWHJHU�YDOXHV�
ZHUH�FRQVLGHUHG��7KH�DM VWDWHG�WKDW��L��IXOO�V\PPHWU\�VKRXOG�H[LVW�LQ�WKH�FULWHULRQ�VHW��LL��
WKHUH�LV�D�RQH�GLPHQVLRQDO�VWULFW�SUHIHUHQFH�ZKHQ�¨JM�x����JM�y�¨ ��LLL��WKHUH�LV�QR�HIIHFW�RI�
LQWHQVLW\�RI�SUHIHUHQFH�ZKHQ�¨JM�x����JM�y�¨d���LY��WKHUH�DUH�UHPDUNDEOH�HIIHFWV�RI�LQWHQVLW\�RI�
SUHIHUHQFHV�ZKHQ�¨JM�x����JM�y�¨|���Y�� WKH�GLVFRUGDQFH� WKUHVKROG�ui VKRXOG�QRW�EH�IDU� IURP�
WKH�PLGGOH� SRLQW� EHWZHHQ� VWULFW� SUHIHUHQFH� DQG� YHWR� WKUHVKROGV�� ,Q� FRQVHTXHQFH�� WKH�DM�
LPSRVHG�WKH�IROORZLQJ�FRQVWUDLQWV��

~kP�±�kM�~���������m ��������j ! m�������������������������������������������������������������������������������������
For j ��«�������������������������������������������������������������������������������������������������������������������������
�� qj ����� 
����d pj d�����
����d uj �����   
����d vj d�����
��d wj ���
����d rpj d�����
¨�vj + pj����±�ui ¨d ��� �vj� pj�����������������������������������������������������������
$�VXEVHW�D�FRPSRVHG�RI����SURMHFWV�ZDV�UDQGRPO\�FKRVHQ�IURP�WKH�RULJLQDO�VHW�B��7KH�

UHIHUHQFH�VHW�T�ZDV�IRUPHG�E\�DOO��WKH�SDLUV��a�b���DuD��az�b���:H�FRQVLGHU���
�ab���µWKH�DVVLJQPHQW�RI�REMHFW�a�LV�DW�OHDVW�DV�JRRG�DV�WKH�DVVLJQPHQW�RI�b¶�������������
$IWHU����UXQV�RI�WKH�HYROXWLRQDU\�DOJRULWKP�GHVFULEHG�LQ�VXEVHFWLRQ������ZH�REWDLQHG���

QRQ�GRPLQDWHG�VROXWLRQV�LQ�WKH�REMHFWLYH�VSDFH��ZKLFK�FRUUHVSRQG�WR�����GLIIHUHQW�SRLQWV�LQ�
WKH�SDUDPHWHU�VSDFH��6HYHUDO�UHSUHVHQWDWLYH�VROXWLRQV�DUH�JLYHQ�LQ�7DEOH�����+LJK�YDOXHV�RI�
WKH�IRXUWK�REMHFWLYH�DUH�FRQVHTXHQFH�RI�LQFRPSDUDELOLW\��ZKLFK�LV�QRW�WDNHQ�LQWR�DFFRXQW�E\�
WKH�HTXLYDOHQFH�������5HJDUGLQJ�WKH�YDOXHV�RI�WKH�PRVW�LPSRUWDQW�REMHFWLYHV�DQG�V\PPHWU\�
FRQVLGHUDWLRQV��ZH�FKRVH�DV�PEHVW��WKH�VROXWLRQ�VKRZQ�LQ�WKH�ILUVW�URZ�RI�7DEOH�����

/HW�XV�FKHFN�WKH�DSSURSULDWHQHVV�RI�S�O��ZLWK�WKH�VHOHFWHG�VROXWLRQ�E\�XVLQJ�WKH�DERYH�
IXQFWLRQV�f��DQG�f����/HW�XV�FRQVLGHU�WKH�DGGLWLRQDO�SUHIHUHQFH�LQIRUPDWLRQ�FRQWDLQHG�LQ�WKH�
VHW�RI�SDLUV�C �^�x�y����BuB��x�RU�y�EHORQJLQJ�WR��B�D���DQG xzy�`WKDW�ZDV�QRW�LQFOXGHG�LQ�
WKH�UHIHUHQFH�VHW�T��:H�REWDLQHG�f�� ���DQG�f� �����EHLQJ�card C �������&RPSDUHG�ZLWK�WKH�
REMHFWLYH�YDOXHV�RI�7DEOH�����WKH�FKRVHQ�PEHVW��VHHPV�WR�EH�D�JRRG�UHVXOW��
 
7. Concluding remarks 
6HYHUDO�FRQGLWLRQV�SUHFHGH�DQ�DSSURSULDWH�VHWWOHPHQW�RI�RXWUDQNLQJ�PRGHO�SDUDPHWHUV��
L� 7R�EH�D�VHWWOHPHQW�WKDW�PLQLPL]HV�HUURU�RU�LQFRQVLVWHQF\�PHDVXUHV�ZKHQ�SUHGLFWLRQV�RI�

WKH�PRGHO� DUH�FRPSDUHG�ZLWK� WKH� UHDO�GHFLVLRQ�SROLF\�� WKDW� LV�� WKH� VHWWOHPHQW� VKRXOG�
KDYH�WKH�FDSDFLW\�WR�UHVWRUH�WKH�UHIHUHQFH�LQIRUPDWLRQ��

LL� 7R� VDWLVI\� WKH� DM’s DGGLWLRQDO� LQIRUPDWLRQ� DERXW� FULWHULRQ� LPSRUWDQFH�� V\PPHWU\��
DV\PPHWU\� DQG� DFFHSWDEOH� SDUDPHWHU� UDQJHV�� WKDW� LV�� WKH� LQIHUUHG� YDOXHV� DQG� WKHLU�
UHODWLRQVKLS�VKRXOG�EH�PHDQLQJIXO�IRU�WKH�DM��

LLL� 7R� SHUIRUP� ZHOO� ZKHQ� WKH� LQIHUUHG� PRGHO� LV� FRPSDUHG� ZLWK� SUHIHUHQFH� VWDWHPHQWV�
ZKLFK� DUH� QRW� FRQWDLQHG� LQ� WKH� UHIHUHQFH� VHW�� 7KDW� LV�� LW� VKRXOG� KDYH� � FDSDFLW\� IRU�
H[SODLQLQJ�QHZ�GHFLVLRQV��

,Q� WKLV� SDSHU�� SRLQW� L�� KDV� EHHQ� DSSURDFKHG� WKURXJK� HYROXWLRQDU\� PXOWL�REMHFWLYH�
RSWLPL]DWLRQ�RI�VHYHUDO�LQFRQVLVWHQF\�PHDVXUHV��7KLV�\LHOGV�WKH�IROORZLQJ�DGYDQWDJHV��
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� &RPSDUHG� ZLWK� VLQJOH�REMHFWLYH� RSWLPL]DWLRQ�� D� PXOWL�REMHFWLYH� DSSURDFK� LV� PRUH�
IOH[LEOH�EHFDXVH�LW�DOORZV�SUHIHUHQFHV�RQ�GLIIHUHQW�REMHFWLYHV�WR�EH�SURSHUO\�PRGHOOHG��
7KH�GLIIHUHQW�LQFRQVLVWHQF\�PHDVXUHV GR�QRW�KDYH�WKH�VDPH�LPSRUWDQFH�DQG�VKRXOG�QRW�
EH�LQWHJUDWHG�LQWR�D�VLQJOH�REMHFWLYH��)RU�LQVWDQFH��LQFRQVLVWHQFLHV�UHJDUGLQJ�P�O��VHHP�
WR�EH�PRUH�UHOHYDQW�WKDQ�RWKHU�W\SHV��

� (YROXWLRQDU\�RSWLPL]DWLRQ�DOJRULWKPV�DOORZ�DQ�HDV\�KDQGOLQJ�RI�FRQVWUDLQWV��SRLQW�LL���
� (YROXWLRQDU\�PHWKRGV� DUH�PRUH� UREXVW�ZLWK� UHVSHFW� WR� DQ� LQFUHPHQW� RI� WKH�PRGHO¶V�

FRPSOH[LW\�� 7KH\� FDQ� KDQGOH�PRUH� FRPSOH[�PRGHOV�� VWURQJ� QRQ�OLQHDULW\� DQG�PDQ\�
SDUDPHWHUV�� � )RU� LQVWDQFH�� WKH� SDUDPHWHU� VHWWLQJ� E\� LQGLUHFW� SURFHGXUHV� EDVHG� RQ�
PDWKHPDWLFDO� SURJUDPPLQJ� ZRXOG� KDUGO\� ZRUN� ZLWK� WKH� PRGHO� RI� 6HFWLRQ� ��� HYHQ�
FRQVLGHULQJ�D�IHZ�FULWHULD���

� (YROXWLRQDU\�PXOWL�REMHFWLYH�RSWLPL]DWLRQ�WHFKQLTXHV�DOORZ�D�GHHS�H[SORUDWLRQ�RI�WKH�
VHW� RI� VDWLVIDFWRU\� VROXWLRQV�� WKLV� LV� DQ� LPSRUWDQW� LVVXH�� EHFDXVH� DV� VKRZQ� E\� WKH�
H[DPSOHV��WKHUH�FRXOG�EH�PDQ\�GLIIHUHQW�VROXWLRQV�LQ�WKH�SDUDPHWHU�VSDFH�WKDW�VDWLVI\�
WKH�DERYH�&RQGLWLRQ�L���DQG�WKH�DM�DQDO\VW�VKRXOG�KDYH�D�ZLGH�UHSUHVHQWDWLRQ�RI�WKLV�
VHW�LQ�RUGHU�WR�VHOHFW�WKH�PRVW�DSSURSULDWH�VROXWLRQ��

7KLV�SURSRVDO�LV�DEOH�WR�REWDLQ�WKH�ZKROH�VHW�RI�(/(&75(�,,,�PRGHO¶V�SDUDPHWHUV��LQ�D�
FRPSDWLEOH� ZD\� ZLWK� WKH� DM¶V� VXEMHFWLYH� LQIRUPDWLRQ� DERXW� FULWHULRQ� LPSRUWDQFH� DQG�
SDUDPHWHU� YDOXH� UDQJHV�� � %H\RQG� (/(&75(� ,,,�� WKLV� SDSHU� VKRZV� WKH� XVH� RI� WKH�
HYROXWLRQDU\�PHWKRGRORJ\�FRPELQHG�ZLWK�WKH�(/(&75(�PRGHO�ZLWK�UHLQIRUFHG�SUHIHUHQFH��
7KLV� LV� WKH� PRVW� FRPSOH[� RXWUDQNLQJ� PRGHO�� VR� D� JRRG� SHUIRUPDQFH� RQ� LW� PD\� EH� D�
VXIILFLHQW�DUJXPHQW�WR�VXSSRUW�WKH�JHQHUDO�DSSOLFDELOLW\�RI�WKH�PHWKRG��%HVLGHV��WKHUH�LV�QR�
SUHFHGHQW� RI� WKH� DSSOLFDWLRQ� RI� SUHIHUHQFH�GLVDJJUHJDWLRQ� DQDO\VLV� WR� RXWUDQNLQJ� PRGHOV�
ZLWK�UHLQIRUFHG�SUHIHUHQFH�HIIHFWV��

7KH�PDQQHU�LQ�ZKLFK�WKH�SUHIHUHQFH�LQIRUPDWLRQ�LV�REWDLQHG�IURP�WKH�DM�LV�RSHUDWLRQDO��
+HUH��ZH�SUHVHQWHG�D�PHWKRG�ZKLFK�XVHV�MXGJPHQWDO�LQIRUPDWLRQ�DERXW�RQO\�D�IHZ�REMHFWV�
DQG� WKHLU� FRPSDULVRQV�� 7KH� ZD\� LQ� ZKLFK� WKH� MXGJPHQWV� DUH� UHTXLUHG� LV� WKH� PRVW�
SHUPLVVLYH��7R�NQRZ��JLYHQ�WZR�SURSRVLWLRQV�µx LV�DW�OHDVW�DV�JRRG�DV�y¶�DQG�µx�LV�QRW�DW�OHDVW�
DV�JRRG�DV�y¶��WKH�DM�VKRXOG�VHOHFW�WKH�RQH�ZLWK�UHVSHFW�WR�KH�VKH�LV�VXIILFLHQWO\�FRQILGHQW�
DERXW��7KLV�SDSHU�JLYHV�HYLGHQFH�WKDW�VXFK�VPDOO�VL]H�DQG�HDV\�RI�KDQGOLQJ�LQIRUPDWLRQ�LV�
HQRXJK�WR�REWDLQ�VDWLVIDFWRU\�UHVXOWV��

7KH� NSGA-II� DOJRULWKP� SHUIRUPHG� YHU\� ZHOO� LQ� VRPH� H[DPSOHV� ZLWK� IRXU� DQG� WHQ�
FULWHULD�� LGHQWLI\LQJ� SDUDPHWHU� VHWWOHPHQWV� VDWLVI\LQJ� � &RQGLWLRQV� L��� LL�� DQG� LLL��� ,Q� WKH�
H[DPSOHV�RI�VXEVHFWLRQ�����WKH�UHVXOWV�DJUHH�ZLWK�WKH�WUXH�SDUDPHWHU�YDOXHV�RI�WKH�V�PRGHO�
ZLWKLQ�D�UDQJH�MXVWLILHG�E\�VWDWLVWLF�YDULDELOLW\��7KH�SURSRVDO�VHHPV�WR�EH�UREXVW� LQ�D�ZLGH�
UDQJH� RI� FULWHULD�� 7KH� DERYH� DGYDQWDJHV� RI� HYROXWLRQDU\� PHWKRGV� ZHUH� WHVWHG� LQ� VHYHUDO�
H[DPSOHV��7KH�DOJRULWKP�SHUIRUPHG�YHU\�ZHOO�ZKHQ�WKH�RXWUDQNLQJ�PRGHO�ZDV�HQKDQFHG�WR�
FRQVLGHULQJ�UHLQIRUFHG�SUHIHUHQFH��

,Q�D�GHFLVLRQ�VXSSRUW�IUDPHZRUN��IURP�WKH�FROOHFWLRQ�RI�SRVVLEOH�SDUDPHWHU�VHWWOHPHQWV��
WKH�FRXSOHG�DM-GHFLVLRQ�DQDO\VW�VKRXOG�VHOHFW�WKH�ILQDO�VROXWLRQ�RI�WKH�SDUDPHWHU�LQIHUHQFH�
SUREOHP��7KLV�VHOHFWLRQ�VKRXOG�EH�PDGH�DIWHU�FRQVLGHULQJ�WKH�IROORZLQJ�FULWHULD��

,� UHSUHVHQWDWLYHQHVV� RI� WKH� SDUWLFXODU� VROXWLRQ� LQ� UHJDUG� WR� WKH� ZKROH�
GLVWULEXWLRQ�RI�SDUDPHWHU�VHWWOHPHQWV��

,,� DELOLW\� RI� UHVWRULQJ� DGGLWLRQDO� SUHIHUHQFH� LQIRUPDWLRQ�� ZKLFK� ZDV� QRW�
LQFOXGHG�LQ�WKH�UHIHUHQFH�VHW��
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,,,� DJUHHPHQW� ZLWK� DGGLWLRQDO� DM� LQIRUPDWLRQ� DERXW� FULWHULRQ� LPSRUWDQFH��
V\PPHWU\��DV\PPHWU\��DQG�DFFHSWDEOH�SDUDPHWHU�UDQJHV��

([SHULPHQWDO�HYLGHQFH�SURYLGHG�E\�WKLV�UHVHDUFK�VXJJHVWV�WKDW����
x &RQYHQLHQW�UHVXOWV�FDQ�EH�REWDLQHG�ZKHQ�FRQVLGHULQJ�VPDOO�VL]H�UHIHUHQFH�

VHWV�ZKRVH� FRQVWUXFWLRQ� UHTXLUHV�PLQRU� HIIRUW� E\� WKH�DM�� 7KH� GLIIHUHQW� VHWWOHPHQWV�
WKDW� DULVH� LQ� WKH� HYROXWLRQDU\� VHDUFK�� LQ� DOO� WKH� H[DPLQHG� FDVHV�� FRQWDLQ� HOHPHQWV�
VDWLVI\LQJ�FULWHULD�,��,,��DQG�,,,��7KLV�FRQFOXVLRQ�PDNHV�WKH�SURSRVDO�SUDFWLFDO��

x :KHQ� WKH� UHIHUHQFH� VHW� LV� VPDOO�� FULWHULRQ� ,� RIWHQ� FRQWUDGLFWV� ,,� DQG� ,,,��
$OWKRXJK� WKH�PRVW� FHQWUDO� SRLQW� RI� WKH�ZKROH� GLVWULEXWLRQ� RI� QRQ�GRPLQDWHG� SRLQWV�
PD\�EH�FRQVLGHUHG�DV�VDWLVIDFWRU\�� WKH�HYROXWLRQDU\�H[SORUDWLRQ�SURYLGHG�VRPH�RWKHU�
VROXWLRQV�ZKLFK�PD\�VOLJKWO\�RXWSHUIRUP�VXFK�D�FHQWUDO�SRLQW��
�
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Table 3. Comparison using other random sets (example of 6.1) 
�
�
�
�
�
�
�
�
�
�
�
�

Table 4. Other results from the example of 6.1 
 

�

p EHVW��� p EHVW��� p EHVW��� p EHVW���
k ��������������������������������������������������������������������������������������������������������������������������������������������������������

q �������������������������������������������������������������������������������������������������������������������������������������������������������
p ������������������������� ������������������������� ������������������������� �������������������������
u ��������������������������������������������������������������������������������������������������������������������������������������������������������
v ������������������������� ������������������������� ������������������������� �������������������������

O� ����� ����� ����� �����

�n P  ��n Q  ��n I  ��n Դ � ���������� �n P  , n Q  , n I  , n Դ�� ���������

Second experiment Third experiment

Sample set p best* f1 f2
&
 � �� ����

&
 � �� ����

&� � �� ����

&� � �� ����
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Table 6.�Comparison using other random sets (Example of 6.2)�
�
�
�
�
�
�
�
�
�
�
�
�

Table 7. Other results from the example of 6.2 
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Sample set p best* f1 f2
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&
 � � �
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Table 10. Comparison using random sets (Example of 6.3.1) 
�
�
�
�
�
�
�
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Table 11. Other results from the example of 6.3.1 
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p EHVW��� p EHVW���
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q ������������������������� ���������������������������������������������������
p ������������������������� �������������������������
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v ������������������������� �������������������������
O� ����� �����

�Q3���Q4���Q,���QԴ��� ����������

Second experiment
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Table 12. Some potencial Pbest* from the example of 6.3.2 
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v >�����������������������������������������������������������@��

O� �����

k >�����������������������������������������������������������@��
w >�����������������������������������������������������������@��
rp >�����������������������������������������������������������@��
q >�����������������������������������������������������������@��
p >�����������������������������������������������������������@��
u >�����������������������������������������������������������@��
v >�����������������������������������������������������������@��

O� �����
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Table 13. Final solutions from the example of 6.3.2 
�

�
�

Table 14. Comparison using random sets (Example of 6.3.2) 
�
 
 
�
�
�
�
�
�
�
�
�
�
                                    Table 15. Reference assignments (example of 6.4) 
�� &�� &�� &�� &�� *OREDO�,PSDFW� � �� &�� &�� &�� &�� *OREDO�,PSDFW�
�� �� �� �� �� ([FHSWLRQDO� ��� �� �� �� �� 9HU\�+LJK�
�� �� �� �� �� ([FHSWLRQDO� ��� �� �� �� �� +LJK�
�� �� �� �� �� 9HU\�+LJK� ��� �� �� �� �� 9HU\�+LJK�
�� �� �� �� �� +LJK� ��� �� �� �� �� %HORZ�$YHUDJH�
�� �� �� �� �� $ERYH� $YHUDJH�

RU�+LJK�
��� �� �� �� �� $YHUDJH�

�� �� �� �� �� $ERYH�$YHUDJH� ��� �� �� �� �� 9HU\�+LJK�
�� �� �� �� �� $YHUDJH� ��� �� �� �� �� 9HU\�+LJK�
�� �� �� �� �� /RZ� RU� %HORZ�

$YHUDJH�
��� �� �� �� �� +LJK�

�� �� �� �� �� 9HU\�/RZ� ��� �� �� �� �� $ERYH�$YHUDJH�
��� �� �� �� �� +LJK� ��� �� �� �� �� 9HU\�+LJK�
��� �� �� �� �� +LJK� ��� �� �� �� �� +LJK�
��� �� �� �� �� 9HU\�+LJK� ��� �� �� �� �� +LJK�

p EHVW��� p EHVW���
k ������������������������������������������������������������� �������������������������������������������������������������
w ������������������������������������������������������������� �������������������������������������������������������������
rp ��������������������������������������������������������������� �������������������������������������������������������������
q ������������������������������������������������������������� �������������������������������������������������������������
p ������������������������������������������������������������� �������������������������������������������������������������
u ������������������������������������������������������������� �������������������������������������������������������������
v ������������������������������������������������������������� �������������������������������������������������������������
O� ����� �����

�QP ���QQ ���QI ���QԴ ��� ����������

Sample set p best* f1 f2
&
 � �� ���

&
 � �� ���

&� � �� ���

&� � �� ���

&� � �� ���

&� � �� ���
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��� �� �� �� �� +LJK� ��� �� �� �� �� +LJK�
��� �� �� �� �� 9HU\�+LJK� ��� �� �� �� �� $YHUDJH�
��� �� �� �� �� 9HU\�+LJK� ��� �� �� �� �� +LJK�
��� �� �� �� �� 9HU\�+LJK� ��� �� �� �� �� 9HU\�+LJK�
��� �� �� �� �� +LJK� ��� �� �� �� �� +LJK�
��� �� �� �� �� 9HU\�+LJK� ��� �� �� �� �� 9HU\�+LJK�
��� �� �� �� �� 9HU\�+LJK� ��� �� �� �� �� +LJK�
��� �� �� �� �� 9HU\�+LJK� ��� �� �� �� �� $ERYH� $YHUDJH�

RU�+LJK�
��� �� �� �� �� 9HU\�+LJK� ��� �� �� �� �� +LJK�
��� �� �� �� �� 9HU\�+LJK� ��� �� �� �� �� ([FHSWLRQDO�
��� �� �� �� �� 9HU\�+LJK� ��� �� �� �� �� +LJK�
��� �� �� �� �� $YHUDJH� ��� �� �� �� �� 9HU\�+LJK�
��� �� �� �� �� $YHUDJH� ��� �� �� �� �� 9HU\�+LJK�
��� �� �� �� �� +LJK� ��� �� �� �� �� 9HU\�+LJK�
��� �� �� �� �� $YHUDJH� ��� �� �� �� �� 9HU\�+LJK�
��� �� �� �� �� $YHUDJH� ��� �� �� �� �� 9HU\�+LJK�
��� �� �� �� �� ([FHSWLRQDO� ��� �� �� �� �� $YHUDJH�
��� �� �� �� �� ([FHSWLRQDO� ��� �� �� �� �� 9HU\�+LJK�
��� �� �� �� �� ([FHSWLRQDO� ��� �� �� �� �� 9HU\�+LJK�
��� �� �� �� �� +LJK� ��� �� �� �� �� +LJK�
��� �� �� �� �� 9HU\�+LJK� ��� �� �� �� �� 9HU\�+LJK�
��� �� �� �� �� $YHUDJH� ��� �� �� �� �� +LJK�
��� �� �� �� �� $YHUDJH� ��� �� �� �� �� +LJK�
��� �� �� �� �� +LJK� ��� �� �� �� �� +LJK�
��� �� �� �� �� $ERYH�$YHUDJH� ��� �� �� �� �� +LJK�
��� �� �� �� �� 9HU\�/RZ� ��� �� �� �� �� +LJK�
��� �� �� �� �� +LJK� ��� �� �� �� �� $ERYH� $YHUDJH�

RU�+LJK�
��� �� �� �� �� /RZ� ��� �� �� �� �� 9HU\�+LJK�
��� �� �� �� �� %HORZ�$YHUDJH� �
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