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RECONSTRUCTION OF DYNAMICS OF SO 2 CONCENTRATION 
IN TROPOSPHERE BASED  

ON RESULTS OF DIRECT MEASUREMENTS 

REKONSTRUKCJA DYNAMIKI ST ĘŻENIA SO2 W TROPOSFERZE  
NA PODSTAWIE WYNIKÓW BEZPO ŚREDNICH POMIARÓW 

Abstract:  A method for the reconstruction of the dynamics of processes with discrete time, developed in our 
previous papers, has been applied for study the dynamics of concentration of sulfur dioxide in lower troposphere. 
For the analysis, recordings of sulfur dioxide concentration from four measurement stations located in Poland (two 
of them has been located in huge cities and two in rarely inhabited regions) were used. We managed to obtain the 
deterministic and stochastic component of this dynamics. In result, we estimate the lifetime of sulfur dioxide in 
troposphere and the increase of sulfur dioxide concentration influenced by anthropogenic sources. 
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Introduction 

Air pollution due to industrial activity of people, is a serious problem for people health 
and environment. The air pollution is a situation, in which substances that occur from 
anthropogenic activities or natural sources are present at concentrations sufficiently high 
above their normal ambient levels. Exceeded levels of concentration causes a measurable 
effect on humans or their environment (animals, vegetation, materials) [1]. These 
substances, which may be present in form of gases, liquids (small droplets) or solids 
(micro-size particles) are usually composed of four main groups of substances. Pollutants 
are simple inorganic gases (sulfur dioxide, nitrogen oxides, ozone etc.), organic substances 
(starting from simple hydrocarbons up to very complex multifunctional macromolecules), 
heavy metals and their compounds (e.g. lead and its oxides, mercury) and the other 
substances such as soot particles. The great importance of air pollutants has been a subject 
of intensive studies for decades, especially in contests of their influence of human health  
[2-4]. Other explorations are dedicated to processes of neutralization of harmful 
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components as well as to limitations of their emissions [1]. Finally, knowledge about 
natural transformations of these substances in atmosphere may be useful for estimation 
their lifetime. For last purpose, the direct measurements of concentrations of considered 
substances are necessary. However, to find the optimal method for limitation of the 
negative influence of these substances, the knowledge about their physical and chemical 
transformations is needed. There are many experimental works investigating various paths 
of chemical reactions. Knowledge about kinetics of reactions cannot be gathered directly 
from measurements, while they are influenced not only by emissions and by reactions 
taking place in atmosphere but also by some stochastic or nearly stochastic processes,  
e.g. air circulation (winds) or humidity changes. 

Thus in the paper, we propose the analysis of recorded concentrations of pollutant 
gases by stochastic approach. Proposed method extracts deterministic part of the signal and 
its additive noisy component [5]. Deterministic part is an internal mechanism, which 
mainly governs the observed process and can be a quantitative descriptor of its origin.  
The noise component is responsible for external (but even natural) perturbations, which 
have impact on resultant fluctuations of analyzed phenomenon. These two elements are 
reconstructed directly from time series in form of polynomial functions and build discrete 
model of time evolution of the process.  

In present work, this method is applied to sulfur dioxide (SO2) concentration dynamics. 
The choice of SO2 arises from the fact, that this gas is one of most important anthropogenic 
gaseous pollution. On the other hand, there are a reach database of measurements of its 
concentration - both in big cities as well as outside of them. Concentration of SO2 in 
various regions and its dynamics has been a subject of interests of many investigators in the 
last years [6-8]. 

Global emission of sulfur dioxide is estimated as equal to 64.2 Tg of sulfur per year [9] 
what makes SO2 the main sulfur-containing compound of pollutant gases. The largest part 
of this emission is caused by fossil fuel combustions and by industry sources (56.3 Tg of 
sulfur per year). Another anthropogenic source of SO2 is biomass burning (ca. 1.3 Tg of 
sulfur per year). Sulfur dioxide is also present in in volcanic gases. In summary, the highest 
concentration of SO2 and the highest emission is observed in big cities and huge industrial 
regions. 

Gaseous sulfur compounds emitted from mentioned sources undergoes a few physical 
or chemical transformations which are responsible for decrease of its concentration. Sulfur 
dioxide reacts under tropospheric conditions via both gas- and aqueous-phase processes [1]. 
For gas phase processes, the most important reaction is a process with hydroxyl radicals, 
which are common byproducts of various atmospheric reactions [10]: 

2 2
SO OH HOSO+ ⋅ → ⋅  

2
HOSO ⋅  transforms further to sulfur trioxide SO3 and sulfuric acid H2SO4.  

Aqueous-phase processes usually start with dissolution of SO2 in water and its dissociation. 
Dissolved SO2, bisulfite and sulfite ions may then undergo reactions in liquid phase with 
ozone [11, 12], hydrogen peroxide [13] and organic peroxides [14, 15]. There is also 
possible oxidation of SO2 with oxygen, catalyzed by ferrum or manganium ions [16]. 

The main physical process leading to decrease of SO2 concentration is a dry deposition 
[17]. 

Most of these reactions are of first order, thus we expect, that the dynamics of SO2 
concentration in atmosphere is given by: 



Reconstruction of dynamics of SO2 concentration in troposphere based on results of direct measurements 

 

61

 ( ) ( ) ( ) ( )x t t x t kx t t E t g x t ξ+ ∆ = − ∆ + ∆ +     (1) 

where x(t) denotes the concentration of SO2 in time t, E is a measure of mean emission of 
SO2 in the vicinity of measurement station (the precise definition: hourly increase of SO2 
concentration in air, caused by SO2 sources), k denotes the total rate of decay of SO2 and Δt 
is time period between two successive measurements (in our case it is an hour). Last term in 
eq. (1) represents the stochastic term, which influence on the concentration of SO2 by 
atmospheric circulation (natural phenomena), short-period changes of emission level etc. 
We expect that this stochastic term is a product of a function g, which may depend on SO2 
concentration  x(t). Stochastic variable ξ has a distribution with zero mean and unit 
variance. 

The main goal of this paper is to describe the kinetics of sulfur dioxide decay basing on 
denoising algorithm. Especially, the lifetime of SO2 in atmosphere will be found and 
compared with experimental results obtained by means of direct laboratory measurement. 
Also there will be estimated the growth of SO2 concentration caused by point emissions. 

The paper is organized as follows: First, the method will be shortly described. Then, 
there will be presented results for time series from four measuring stations. Finally, we give 
an interpretation of obtained results and present the suggestions of further research. 

Method description 

The method of the extraction of the system dynamics from stochastic time series has 
been presented in our previous paper [5]. Here, we limit introduction to short description of 
this method. 

We assume, that the equation describing iterative evolution of the one-dimensional 
discrete system with noise is given by: 

 ( ) ( )1n n n nx f x g x ξ+ = +   (2) 

To simplify the notation for analytical and numerical procedure of the method, we 
replace the eq. (2) by: 

 ( ) ( )'x f x g x ξ= +  (3) 

where f(x) is a deterministic part and g(x) is a stochastic part of the dynamics. The ξ 
denotes the noise term. The noise is uncorrelated with the mean equals to zero and standard 
deviation equals one, respectively. The functions f(x) and g(x) are determined from the 
formulas: 

 ( ) ( )' ' | 'f x x q x x dx
+∞

−∞

=   (4) 

and  

 ( ) ( )
'

2 2' ' | ( )g x x q x x dx f x
+∞

−∞

= −  (5) 

where q(x'|x) is the conditional probability density, which is computed directly from time 
series by construction of histograms with the equal width bins size. The width of every bin 
is equal to the precision of measurement of concentration of the SO2 (given in [μg/m3]), 



Jakub M. Gac and Monika Petelczyc 

 

62 

which in our case is Δ = 0.1. The procedure of obtaining of eq. (4) and (5) has been 
presented in details in [5]. Next, we search for all the pairs {xk,xk+1} for which xk = x and 
xk+1 = x’. The number of these pairs is given by Nj. The Ni is the number of the points xk = x 
in the time series. Thus, the conditional probability density is computed from: 

 ( )' | j

i

N
q x x

N
=

⋅ ∆
 (6) 

Finally, the integrals in eq. (4) and eq. (5) may be computed numerically. In present 
paper a trapeze rule is employed. 

Data 

Time series of SO2 concentrations recorded hourly are available in open-source 
database of Chief Inspectorate of Environmental Protection in Poland [18]. We focused on 
signals from four stations of 264 situated in Poland. For comparison of the processes of 
emission and of production of SO2 in different areas, we selected four stations, which codes 
are given below:  
- MzGranicaKPN - located in Granica village, near the boundary of Kampinos National 

Park - the greatest forest complex in central Poland,  
- PdBorsukowiz - located in Borsukowizna in Podlaskie region, which is known as 

“green lungs of Poland”, 
- MzWarWokalna - located in Warszawa (the biggest city in Poland) in Ursynow 

district, with high population density and high vehicular traffic, 
- LdLodzCzerni - located in Lodz (the third biggest city in Poland), near its center, close 

to a few highways. 
-  

 
Fig. 1. Concentrations of SO2 from first two month of the year 2015 from measurement station 

MzGranicaKPN (background) and MzWarWokalna (urban) 
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Note, that two first stations are located in areas with relatively low population density 
and far from any industrial centers (further they are called “background stations”) while the 
next two are located near the centers of large cities (“urban stations”). Such selection and 
limitation of stations was also caused by three additional reasons: 1) for analysis we chose, 
the data with maximum 15 % missed measurements in year (which provides the adequate 
length of time series for the method) 2) the precision of measurement is 0.1, which was 
underlined in method description (requirement for unification of all datasets) 3) necessity to 
perform the analysis of concentration recordings from the same station from few years (for 
averaging and verification of repeatability of the results). As example we present 
concentrations of SO2 from first two months of the year 2015 from MzGranicaKPN and 
MzWarWokalna in Figure 1.  

Results 

Figure 2a,b presents function f and g from reconstruction of dynamics of SO2 
concentration in measurement station MzGranicaKPN (year 2015). While the g function 
fluctuates, f function may be approximated by a linear function with good accuracy.  
The similar linear trend is observed for all the considered data sets. 

Figure 2c presents a histogram of noise terms, computed from eq. (2) as: 

 
( )

( )
1n n

n
n

x f x

g x
ξ + −

=  (7) 

This distribution is slightly similar to a Gaussian one. However, some statistical tests 
we have done show that this is not normal distribution in fact. Problem of real type of noise 
distribution will be a subject of forthcoming investigations. 

In Figure 3, we show the original time series of SO2 concentration during first ten days 
of year 2015 and artificial series reconstructed from experimental SO2 dynamics, basing on 
eq. (2) with noise terms obtained from (7). The agreement between these two series is quite 
satisfactory. The differences appear usually for extremal (minimal or maximal) values of 
concentration for which the accuracy of determination of functions f and g is the lowest. 

Let us now analyze in details the deterministic function f extracted from time series. 
By comparison (2) and (1), we express f function in form: 

 ( ) ( )1f x k t x E t= − ∆ + ∆  (8) 

where k and E should be both greater than zero, according to their interpretation given in 
Introduction. The form of eq. (8) justifies the linear form of function f which may be given 
in simply form f(x) = ax + b where a = 1 – k. 

The slope a and intercept b have been determined by the least square method. We 
assess the quality of fit by determination coefficient R2. In all performed fits, the R2 exceeds 
0.96. To find the quality of fitting of linear function we have checked the autocorrelation of 
residuals by means of Durbin-Watson statistic [19]. For all the time series we have 
computed the value of d defined as: 
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where ei denotes the residuum i-th bin and n is a number of bins. For all the time series 
analyzed we obtained the value of d between 1.1 and 1.4. It is known that there is no 
statistical evidence that the residuals are positively autocorrelated when d is above 1.2 for  
N = 20 and 1.29 for N = 25 (at significance level 0.05) [19]. According that we may 
conclude that in most cases the residuals have not been positively autocorrelated. However, 
there was some cases when test is not conclusive.  

 
a) b) 

  
c) 

 
Fig. 2. Deterministic a) f(x) and stochastic b) g(x) part of reconstructed dynamics of SO2 concentration in 

MzGranicaKPN station (year 2015). c) Histogram of noise terms ξ obtained from reconstruction 
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Fig. 3. Results of measurement and reconstruction of SO2 concentration time series at the begin of year 

2015 (MzGranicaKPN measurement station) 

Note, that according to our previous observations [5], we limited the range of fit to 
points, in which number of counts (Ni) in bin of histogram constructed for conditional 
probability density function was larger than 100 (see eq. (6)). The results are presented in 
Table 1.  

 
Table 1 

Slope a and intercept b coefficients for deterministic part of eq. (2) defined as f(x) = ax + b for different 
measurement stations and different years 

Measurement 
station MzGranicaKPN PdBorsukowiz MzWarWokalna LdLodzCzerni  

pop slope 
a 

intercept 
b 

slope 
a 

intercept 
b 

slope 
a 

intercept 
b 

slope 
a 

intercept 
b Year 

2011 0.972 0.194 1.006 0.025 0.933 0.270 1.012 0.330 
2012 0.961 0.304 0.937 0.113 0.930 0.541 0.975 0.481 
2013 0.983 0.162 0.930 0.126 0.973 0.321 1.025 0.194 
2014 0.998 0.136 0.919 0.141 0.914 0.544 0.975 0.423 
2015 1.014 0.136 0.973 0.06 0.901 0.543 1.023 0.271 
Mean 0.986 0.186 0.953 0.093 0.930 0.444 1.002 0.340 

Standard 
deviation 

0.021 0.070 0.036 0.049 0.027 0.137 0.025 0.115 

 
We can recognize that for all the measuring series slope a is close to 1. For most of 

series (15 from 20) its value is slightly less than one. Also, the five-year mean values for 
three stations are less than one, thus we could estimate the decay rate for these stations. For 
one station (LdLodzCzerni) a value of slope is slightly greater than one, however the 
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difference is much less than its standard deviations. Table 2 presents the values of decay 
rates and lifetimes for remained three stations. 

 
Table 2 

Decay rates and lifetimes of SO2 for three measurement stations 

Measurement 
station 

MzGranicaKPN PdBorsukowiz MzWarWokalna 

Decay rate k 0.014 ±0.021 h–1  0.047 ±0.036 h–1 0.070 ±0.027 h–1 
Lifetime τ 71 ±107 h 21 ±16 h  14 ±5 h 

 
Basing on these values we may estimate the mean lifetime as between 0 and 180 h that 

means less than a week. It is consistent with results of direct measuring of kinetics of SO2 
decay, according to which, SO2 lifetime has been found in range from one day (scavenging 
of SO2 by dry deposition) to one week (reaction with the OH radical at typical atmospheric 
levels of OH) [1]. Standard deviations in Table 2 indicate, that there is no distinct 
difference between the lifetime of SO2 in urban and background conditions. The second 
coefficient of deterministic component may be interpreted as mean emission of SO2. There 
is a significant difference between two first and two last measurement stations. As we may 
see in Figure 4, emission of SO2 in urban stations is estimated approximately two and a half 
times greater than in background stations.  

 

 
Fig. 4. Estimated emission of SO2 for four measuring stations 

To confirm the differences between the background and urban environment we have 
used Welch’s t-test, which is suitable to test the hypothesis that two data sets have equal 
means [20]. According to that test we have computed the statistic t by means of formula: 

 1 2

2 2
1 2

1 2

X X
t

s s

n n

−
=

+

 (10) 
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where iX , si and ni denotes the i-th sample mean, population variance and sample size, 

respectively (the last one was equal to 5 for all the samples while we analyzed 
concentration series from five successive years). According to Welch’s t-test procedure, 
this value has at-Student distribution with number of degrees of freedom equal to: 

 

( ) ( )

22 2
1 2

1 2

4 4
1 2

2 2

1 21 2
1 1

s s

n n

s s

n n n n

ν

 
+ 

 =
+

− −

 (11) 

This result is in agreement with expectations, according to which, emission of SO2 in 
great industrial centers should be greater than that observed outside of these centers. By use 
of this test, we have found that at significance level 0.05 mean values of estimated emission 
of SO2 between background and urban stations differ. This difference has been found for 
every pair of background and urban station. Moreover, the mean values between two 
background stations (MzGranicaKPN and PdBorsukowiz) also differ. However, the 
hypothesis that the mean values for two urban stations are equal is not rejected at the same 
significance level. 

Conclusions 

In this paper, we applied the stochastic approach for experimental time series of SO2 
concentration. This method was used for reconstruction of the time series to separate the 
deterministic and stochastic factors influencing the dynamics of SO2 measurement series. 
The dynamics of SO2 concentration after removal the noise term (which may arise from 
such random factors as fluctuation of wind or air moisture) has been described as a sum of 
positive mean source term and first order decay. In many studies [1] it has been shown that 
SO2 in troposphere undergoes many reactions which usually have form of first order decay. 
The lifetime of SO2 has been estimated for few days, which is also consistent with 
experimental results on SO2 reactions in troposphere. Moreover, it has been found that there 
is not significant difference between lifetime of SO2 in huge industrial regions and outside 
of them. 

Our analysis have shown significant difference between emission levels measured in 
stations located in big cities and outside of them. The emission near urban stations has been 
estimated as a few time greater than that in the vicinity of background ones. 

We conclude, that the proposed method is not a universal tool for investigations of 
dynamics of pollutants in atmosphere. However, the interpretation of dynamics components 
can be directly related to mechanisms of reactions, which dominate in observed changes of 
concentrations. The length of the data is the method limitation. In our previous works, we 
have estimated the minimum length of time series for 10000 points. It means, that e.g. for 
concentration measured in every hour the minimal time period for analysis is one year. In 
result, we are not able to study the seasonal changes of the dynamics of SO2 concentration. 
From stochastic analysis, we obtain the dynamics of the system averaged over the whole 
year. 

However the method of stochastic dynamics reconstruction is not limited to analysis of 
SO2 concentration. It is a promising tool, which can be applied for other ingredients of 
troposphere. The investigations in this subject are now in progress.  
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