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SUMMARY

Tominimizetheeffect of permeability variationsof tipping
and plug wrap paper on the degree of filter ventilation and
consequently on the smoke yields, a mathematical model
for the flow through a layered structure of perforated
tipping paper and porous plug wrap paper wasderived. The
output of the model was compared to experimental dataand
avery good agreement was found.

A statistical investigation reveal ed that measured permeabi-
lity values of tipping and plug wrap papers are normally
distributed. Furthermore, it was shown that the statistical
distribution of thetotal permeability of thelayered structure
cannot be distinguished from a normal distribution at
reasonable levels of statistical significance.

Based on these investigations and on the mathematical
model, expressions for the expected value and the coeffi-
cient of variation of thetotal permeability were derived. It
was shown that in spite of the non-linear model the differ-
ence between the exact expected total permeability and a
simpleestimate cal cul ated from the expected permeabilities
of tipping and plug wrap is sufficiently small, such that for
all practical purposes this estimate can be used.

The coefficient of variation of thetotal permeability wasthen
minimized. The solution of this optimisation problem
delivered practically applicable design rulesfor the permea
bilities of tipping and plug wrap papers. It was shown that
theminimal coefficient of variation of thetotal permeability
islower than the coefficient of variation of the permeability
of tipping and plug wrap paper. Typicaly an optimal design
can be achieved by choosing the tipping paper permeability
between 10% and 50% higher than the total permeability. A
smple example demonstrated the usefulness of this ap-
proach. [Beitr. Tabakforsch. Int. 21 (2005) 358-367]
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ZUSAMMENFASSUNG

Das Ziel dieser Untersuchungen ist es, den Einfluss von
Schwankungen in der Permeabilitdt von Tipping- und
Filterhill papieren auf den Filterventilationsgrad und damit
auch auf die Abrauchwerte zu minimieren. Dazu wurdeein
mathematisches Model abgeleitet, das die Strdmung durch
eine Schichtstruktur bestehend aus einem perforierten Tip-
pingpapier und einem natlrlich pordsen Filterhlllpapier
beschreibt. Die Vorhersagen dieses Modells wurden mit
Messwerten verglichen, und eine sehr gute Ubereinstim-
mung festgestellt.

In elner stati stischen Untersuchung wurde festgestellt, dass
die Permeabilitéten von Tipping- und Filterhiillpapierenim
algemeinen normalverteilt sind. Ebenso konnte gezeigt
werden, dass auch die Wahrscheinlichkeitsverteilung der
Gesamtpermeabilitét der Schichtstruktur auf einem sta-
tistisch sinnvollen Signifikanzniveau nicht von einer
Normalverteilung unterschieden werden kann.

Aufbauend auf diesen Untersuchungen wurden Ausdriicke
fur den Erwartungswert und den Variationskoeffizienten
der Gesamtpermeahilitét abgeleitet. Es zeigte sich, dass
trotz des nichtlinearen Modells der Unterschied zwischen
dem Erwartungswert der Gesamtpermeabilitdt und einem
Schétzwert, berechnet aus den Erwartungswerten der Per-
meabilitét von Tipping und Filterhdllpapier, so gering ist,
dass er in allen praktischen Anwendungsfélen vernach-
l&ssigt werden darf.

Danach wurde der Variationskoeffizient der Gesamtper-
meabilitat minimiert. Das Ergebnis dieses Optimierungs-
problemsist eine praktisch sehr gut anwendbare Richtlinie
zur Bestimmung der Permeabilitéten von Tipping- und
FilterhUllpapier. Es konnte gezeigt werden, dass der mini-
maleV ariationskoeffizient sogar niedriger ist alsdieVaria-
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tionskoeffizienten von Tipping- und Filterhtllpapier. In
einem typischen optimalen Design liegt der Wert fur die
Permeabilitét des Tippingpapiers etwa 10% bis 50% Uber
der Gesamtpermeabilitédt. Die N{tzlichkeit dieses Ansatzes
wurde an einem einfachen Beispiel demonstriert. [Beitr.
Tabakforsch. Int. 21 (2005) 358-367]

RESUME

Afin de minimiser I"influence des variations de la perméa-
bilité du papier a cigarette et du papier de gainage du filtre
sur le degré de ventilation du filtre ainsi que sur les rende-
ments delafumée, un modéle mathématique a été dével op-
pé décrivant le flux traversant un papier a cigarette perforé
et un papier de gainage poreux. Lesrésultats de ce modéle
sont en bon accord avec les valeurs mesurées.
Uneanalyse stati stique montre unedistribution normaledes
valeursde perméabilité du papier acigarette et du papier de
gainage. Cela permet de supposer que la distribution de la
perméabilité totale du modéle mathématique ne peut pas
étre distinguée d'une distribution normale a un niveau
significatif.

Sur la base de ces recherches et du modéle mathématique,
des expressions pour lavaleur attendue et du coefficient de
variation de la perméabilité total e ont été déduites. Malgré
un modéle non-linéaire, la différence entre la perméabilité
totaleattendueet laval eur estimative, résultant desperméa-
bilités attendues du papier a cigarette et du papier de
gainage est s minime qu’ elle peut étre négligée.

Le coefficient de variation de la perméabilité a donc été
minimisé. Lerésultat deceproblémed’ optimisation permet
une application assez pratique pour déterminer les perméa-
bilités du papier acigarette et du papier de gainage. Il aété
démontré que le coefficient de variation normal est infé-
rieur au coefficient de variation du papier a cigarette et du
papier de gainage.

En choisissant la perméabilité du papier a cigarette entre
10% et 50% supérieure a la perméabilité totale, une dési-
gnation optimal e est obtenue. Un exemplesimpledémontre
I"avantage de cette méthode. [Beitr. Tabakforsch. Int. 21
(2005) 358-367]

INTRODUCTION

Toachieve certain smokeyieldsmany cigarettedesignsuse
afilter ventilation systemwhich comprisesapre-perforated
tipping paper and a porous plug wrap paper. During the
cigarette design thetipping paper permeability and the plug
wrap paper permeability need to be determined in order to
get the desired degree of filter ventilation. There exist,
however, infinitely many tipping and plug wrap paper
combinations which yield the same filter ventilation and
this degree of freedom can be used to pursue additional
design goals.

In the present study, design rules will be derived from a
mathematical model such that, in addition to getting the
desired degree of filter ventilation, the coefficient of varia-
tion of thetotal permeability of thetipping/plug wrap com-
bination is minimized. Thiswill minimize the influence of
permeability variations of tipping and plug wrap paper on

the degree of filter ventilation and consequently reduce the
variation in smoke yields.

In order to determine the necessary total permesability of the
tipping/plug wrap combination, several mathematical models
and computational schemes can be used, such as the ones
described in (1-4), but for this study the total permeability
will beassumed asgiven. Thetipping paper permeability and
the plug wrap paper permeability can then be calculated from
the total permeability according to a model proposed in (5).
In (5) the layered structure is modelled as two flow resistors
with a linear pressure drop-flow relation switched in series.
Our modd will incorporate non-linear pressure drop-flow
relations in the form of a power-law as proposed in (6) and
also discussed in (7). The calculation of variances and of the
coefficient of variation will be similar to (8).

First we will derive a mathematical model to calculate the
total permeability of the layered structure from the permea-
bilities of tipping and plug wrap paper. The output of this
model will be compared to measured data. After some con-
siderations regarding the assumption of normally distrib-
uted measured values, the coefficient of variation of the
total permeability will be minimized, resulting in practi-
cally applicable design rules.

A MODEL FOR A LAYERED STRUCTURE

In accordance with (6) and (7) the air flow through artifi-
cially perforated or naturally porous paper can be described
by a power-law,

V = kAAp" 1

where 7 denotes the volumetric flow, Ap the pressure
difference, k the paper permeability and Aisthe air perme-
able area. The exponent n depends on the contributions of
frictional and inertial forcesto thetotal flow resistance (7).
A more physically motivated model is given by
Ap = A(k,V +k,V*), but both modelsfit experimental data
very well (6). With respect to the complexity of the follow-
ing algebraic computations, however, the power-law [1] has
a definite advantage and will be used in this study.

We assume an isothermal and incompressible flow, such
that the volumetric flow through both layers of the layered
structure will be constant. The standardization of the
temperature of equipment and samples used for air perme-
ability measurements, asrequired in International Standard
(1S0O) 2965 (9), and the small contribution of friction forces
to the heating of the gas flow justify the assumption of an
isothermal flow. The assumption of incompressibility will
introduce relative errorsin the volumetric flow of approxi-
mately 1% (the ratio of pressure drop to air pressure), but
thiserror can be eliminated during calibration and does not
show up in the measured air permeability values. For a
combination of tipping (TP) and plug wrap paper (PW) we
then have

V= krp Arp AP;;P (2]
and
V= kpy APWAPP;;J (3]

with the total pressure difference

Ap = Apr +Appw~ [4]
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Unfortunately, in case nyp # Ny NO pressure drop-flow
relation in the form of the power-law [1] can be derived for
the layered structure such that the permeability K is inde-
pendent of the volumetric flow. Therefore, we will in the
following assume that n = n;, = N, Whichis, of course, a
simplification, but especially for el ectro-perforated tipping
paper and naturally porous plug wrap paper the fit to
experimental datais still very good. Typically, for electro-
perforated tipping paper we have n;, € [0.85, 0.95] and for
laser-perforated tipping we have n, € [0.75, 0.9] for
medium and low permeability values. For plug wrap papers
Ney Can be found in the interval [0.6, 0.8], with lower
values applying to highly permeable papers. For most
cigarette designs the pressure drop over the tipping paper
will be much higher than over the plug wrap paper, because
the tipping is the dominating flow resistance. Hence, the
exponent n assigned to the layered structure will match that
of the tipping paper rather closely. This may explain why
a good agreement with experimental data can be found in
spite of the assumption n = n;p = Ny, Almost aways we
will have ny,, < nyp and it may be conjectured that afit of
measured volumetric flows through the layered structure
will deliver an exponent n € [Npy, Nyel -

From Eqgns. [2] to [4] the total flow through the layered
structure can be easily calculated by

- kip Arpkpy Apy Ap™.
((kTP ATP)lln + (kpw APw)lln)n

We assume that A, = A such that the total permeability

ki = Jf(krps kpw) = M [5]
ety

can be assigned to the layered structure.

For a given total permeability and a known tipping paper

permeability the plug wrap paper permeability can be

calculated by

kpw = krp (k%/; kt;i/n - 1)_n (6]

which can simply be proven by back-substituting into Egn.
[5]. Egn.[6] will be needed later on.

While Egn. [5] israther simple, some words are necessary
how the permeability values in Egn. [5] are related to
measurements of the air permeability by the standard
method described in 1SO 2965 (9). L et k., and Ky, ,, be the
permeabilitiesof tipping and plug wrap paper, respectively,
as measured according to (9). Let w be the perforation
width. Asthe total area used in the permeability measure-
ment of aperforated tipping paper is A, = 20 x 10 mm?, but
the air permeable areais only A, = 20 x w mm?* we can
calculatethelocal air permeability asneeded in Eqn. [5] by

kpp = —— krpm-
TP,m
This equation works well for electro-perforated tipping
paper, but for laser-perforated paper, which has a series of
N parallel perforation tracks, we can still use this equation
withw=0.5- N mm, which on the one hand gives agood
agreement with experimental data and on the other hand
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reflectsatypical spacing of 0.5 mm between the perforation
tracks. For the plug wrap paper no such correction is
necessary, because the entire 20 x 10 mm? are air perme-
able. Overall we can cal cul ate thetotal permeability ki, ,as
measured by the method in (9) by

Am
A A kTP, m kPW, m
k. — TP, m TP, m
tot, m A 1 n
m Am " 1/n
A kI'P,m + kPW,m
. [7
kI'P, m kPW, m

Am 1n U n
k + Koy
( ( ATP, " TP, m] PW, m

It has to be noted that the model proposed in Egn. [5]
contains some simplifications. In (10), for example, it was
shown, that the permeability depends on the direction of
the air flow. Thisis not reflected in our model, because it
is completely symmetric with respect to swapping k;» and
kny- Moreimportantly, on acigarette the tipping paper and
the plug wrap paper will be separated by the adhesive
layer. Therefore a larger area of the plug wrap paper
becomes available for the air flow, so that its flow resis-
tance is reduced. From this point of view, the above
assumption A, = Ay, is not justified. In the experimental
permeability measurements described below, however, the
papers were simply stacked upon each other, so that no
adhesive layer exists. Consequently, we assume A = A,

VERIFICATION OF THE MODEL

In the following we will frequently make use of the
CORESTA unit CU = cm®(cm? - min - kPa) as a unit for
the air permeability.

To verify Egn. [5] its predictions were compared to mea-
sured data. Electro-perforated tipping papers with permea-
bilities between 100 and 600 CU and perforation widths of
either 3 or 4 mm were combined with porous plug wrap
papers with permeabilities from 2400 CU up to 24000 CU.
Overall, 35 combinations were measured with aBorgwal dt
A10 according to 1SO 2965, with 30 measurements on
different positions per tipping/plug wrap combination. The
two papers were simply stacked upon each other such that
during the measurement the air flow occurred in the same
direction as it will on a cigarette during puffing. The
permeability was also calculated by Eqgn. [7], withn=0.87
providing the best agreement with measured values. This
value is also within the typical range of exponents for
electro-perforated tipping paper. A linear regression of
measured and cal culated values gives an R? of 0.993 and a
slope of the regression line of 1.0014, which means that
calculated and measured valuesfit exceptionally well. The
comparison for el ectro-perforated tipping paper isshownin
Figure 1.

For laser-perforated tipping paper a permeability range
from 250 to 1400 CU was chosen with 1 to 6 perforation
tracks. Therange of plug wrap paperswas again set to 2400
1024000 CU. The permeability of thelayered structurewas
measured 30 times on different positions for 38 tip-
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Figure 1. A comparison of calculated and measured perme-
ability values of a layered structure of electro-perforated
tipping paper and porous plug wrap paper. Each dot is the
mean value of 30 measurements.

ping/plug wrap combinations. We chose n = 0.83 to
optimise the fit to measured values. A linear regression of
measured and cal culated values gives an R of 0.948 and a
slope of the regression line of 1.0015, as shown in Figure
2. Thisis still agood agreement but not as good as for the
electro-perforated tipping paper. The deviation might be
caused by the assumption that the exponents in Egns. [2]
and [3] areidentical for both papers, or by the variation of
the distance between the individual perforation tracks,
which depends on the number of tracks.

Nonethel essthemodel fitssufficiently well to experimental
datato be used in the following analysis.

STATISTICAL CONSIDERATIONS

Thegoal of thissectionisto determinetypical variances of
measured permeability values of tipping and plug wrap
papers. Additionally, we will check, whether the measured
valuesarenormally distributed. Whileanormal distribution
is not necessary for the following anaysis, it has the
advantage that it can be completely characterized by its
mean value and variance.

To thisend the permeability of an electro-perforated and of
a laser-perforated tipping paper was measured at 1000
different but regularly spaced positions according to SO
2965. By the same method two porous plug wrap papers
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Figure 2. A comparison of calculated and measured perme-
ability values of alayered structure of laser-perforated tipping
paper and porous plug wrap paper. Each dot is the mean value
of 30 measurements.

weremeasured at 2000 positionseach. Theresultsare shown
in Table 1. As can be seen, typica coefficients of variation
for perforated tipping papers are between 3% and 5%, while
for porous plug wrap papers they are between 7% and 10%.
Onmost perforation machines, thetipping paper permesability
is measured on-line, usualy by optical methods. The mea-
sured vaue is used to adjust the power of the perforation
unit, which reduces the variation of the permeability com-
pared to naturally porous paper and explains the observed
differencein the coefficients of variation. Itisasoin agree-
ment with practical experience that the coefficient of varia-
tion is lower for laser-perforated paper than for electro-
perforation, because for the laser-perforation the holes are
regularly spaced and vary lessin size. In general the coeffi-
cients of variation are specific to the process and do not vary
much with the permeability, therefore they will be assumed
as congtant in the following investigation.

Just aswith the permeability, certain corrections need to be
made to account for the difference between the measure-
ment and the real application on the cigarette. For the
tipping paper an area of Ay ;=20 x w mm? is air perme-
able during the measurement, but on a cigarette with a
circumference of approximately 25 mm and 2 mm overlap
an area of Ay, =23 x w mn’ is available for the ventila-
tion air flow. Thisreducesthe coefficient of variation from
itsmeasured value C;,, ,,to itsvalue on the cigarette (nume-
rical valuesfor w=3 mm)

Table 1. Statistical properties of measured permeabilities of electro-perforated and laser-perforated tipping papers (TP) and porous
plug wrap papers (PW). The measured values are normally distributed if the statistic T is less than the critical value.

Number of Mean value Standard Coefficient Statistic (xz) Critical value at 95%
Paper values [CU] deviation [CU] of variation [%] 20 classes (XT7,0.95)
TP electro 1000 186.3 8.69 4.67 18.45 27.59
TP laser 1000 631.6 20.88 331 9.02 27.59
PW A 2000 5657.1 541.3 9.57 17.83 27.59
PW B 2000 11218.3 845.5 7.54 27.51 27.59
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Crp = || " Crpn = 0932+ Cip . 8]
TP

Thesame consideration holdsfor the plug wrap paper, with
Ay m =20 x 10 mm? and A, = Ayp, such that

A m
= ;W’ Cpw,m = 1702 Cpy, [9]
PW

CPW

Egns. [8] and [9] apply under certain rather general condi-
tions and are proven in the Appendix.

Therefore, we have typically C;p € [0.03, 0.05] and C,,, €
[0.12, 0.17]. It has to be noted, of course, that the coeffi-
cient of variation determined by the methods above aso
contains the variation inherent to the measurement equip-
ment and to the experimental procedure.

Whether the measured data are normally distributed was
checked by the y*test (11). The datawere divided into 20
classes and the statistic 2 was cal cul ated and compared to
the critical value. The hypotheses of a normal distribution
cannot berejected, if the statistic issmaller than the critical
value. Theresults are shown in Table 1.

The permeability values of all papers are normally distrib-
uted at the 95% confidence level, although the case with
plug wrap B is rather close. Nonetheless we can safely
assume that the data are normally distributed.

Thetota permeability will not be normally distributedina
strict mathematical sense, because the flow model [5] is
non-linear. To assess the extent of the deviation from
normality, the Kolmogorov-Smirnov-test wasperformed on
the permeability val ues of the 35 el ectro-perforated and the
38 laser-perforated tipping/plug wrap samplesdescribed in
the previous section. In contrast to the y*test the Kolmo-
gorov-Smirnov-test is more appropriate for the small
sample size of 30 values. In all 73 cases the assumption of
anormal distribution could not be rejected at the 95% or
99% confidence level.

MINIMIZATION OF THE VARIANCE

Asthetotal permeability isin good approximation normally
distributed, all we have to do is to calculate its expected
value (mean value) and its variance for given mean values
and variances of the tipping and plug wrap paper perme-
ability. This is our next goa and we will start with the
expected value.

Expected value

Inthefollowing E(K) and K will denote the expected value
of therandom variable K and V(K) will denoteitsvariance.
Thecoefficient of variationisdefinedby C = V(K)/E(K).
Let Ky, Kpy and K, be thetipping permeability, plug wrap
paper permeability and total permeability, respectively.
These random variables are related to each other by Egn.
[5]. The god of this section is to derive an error estimate
for the approximation of the expected total permeability
E(K,y) = E(f (Kpp »Kpyy )) by Ky = f(E (Krp) ,E Ky )).-
We decompose the random variables by K = E(K) + AK
and consequently E(AK) = 0.We obtain
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Ky =K, Kpw)

(I_(TP + TP)(I_(PW + Ay )

((Krp + AKpp)'" + (Kpyy + AKpy )'")"

We assume that AK;, and AK,, are small and expand f in
a Taylor series up to order 2, denoted by f2 where the
derivatives are evaluated at the expected values. The
relative error in the expected value due to this approxima-
tionisbelow 0.03%. A derivation of thislimit can befound
in the Appendix.

- - E
S Krp 1 Kpy) = f(Kpp , Kpyy) + o AKpp
Ko
2
+ of A Koy + 78 f
Ky K rp Koy

AI<’I'P AI(PW

1.3 1 &
+E {AKTZP +E {AK%W
oK OKpw

Then we take the expected value and simplify the expres-
sion by E(AK+p) =0, E(AKG,) =0, and E(AKs AKp,) = 0.
Thelast equality follows from the independence of tipping
and plug wrap permeability. Furthermore we notice that
E(AK%P) = V(AKp) = V(Kp)which likewiseholdsfor the
plug wrap paper permeability.
= e 1 0°%f 1 9%f

E(f2) = f(KTEv Kpw) +58K%pV(KTP)+EaK§W

V(Kpw)

As is no surprise for non-linear functions, the function
evaluated at the expected values of its arguments differs
from the expected function value. The second derivatives
lead to somewhat lengthy expressions which can be
significantly simplified. The complete derivation is found
in the appendix, we will only state the result (Egn. [19]).

pe & 11+
E(h) = Ko~ L
2 n
>1+2/n > 1+2/n
gzKltlo—t_l/ ViKrp) + _I/w—tl/ VKpw )
+1/n n n +l/n
KTP KPW KTP Kf’W

Now we substitute the coefficient of variation
V(Kp) = K2 Chp for the variance, likewise for the plug
wrap paper, and obtain

>1+2/n
z _l1+nm Kot

7y 2 2
E(f)) = Ky 2n i g Cw + Cow)-
P Bpw

The relative error between the approximation of the ex-
pected total permeability E(f, (Kpp, Kpy ))and its esti-
matedvalue K, , = f(E(Kp ), E (Kpy, )) Canbeexpressed as

2N P 52/
E() - Ky __1+n Kot
Ko

C2 +Cx)).
2n i g o)




To give an upper bound on the relative error, we notice by
inequality [20] that K, < K, and K, < K. In typical
cigarette designs we have K, , ~ K, and Ky, > 5K,

Choosingn =1, C;, =0.05and C,,, = 0.17, which isthe
worst case, and setting K, =K., and Koy, = 5K, , we
obtain

E(fz) _Ktot <
Ko

-0.00628 <

Taking the error due to the approximation by the Taylor
seriesinto account we finally get

E(Ktot) _I&tot

Ktot

Therefore, by approximating thetrue expected valuefor the
total permeability with its simple estimate by evaluating
Eqgn. [5] at the expected values for tipping and plug wrap
paper permeability, we make an error which is in magni-
tude usually less than 0.66%.

-0.00658 < < 0.0003.

Coefficient of variation

To calculate the variance of the total permeability, we start
againwith aTaylor seriesexpansion f1 of f, thistimeonly up
to order 1. Therelative errorswill now belarger, but they are
usually still lessthan 0.44%. A detailed derivation of theerror
estimate can be found in the Appendix.

Due to the independence of AK;, and AK,,, the following
rules for variances apply:

V(AKpp + AKLy ) = V(Kpp) + V(AKGy, ) and

V(aAK) = a?V(AK).Hence, taking thevarianceweobtain

V(7)) = ( af] V(AKH,)+( I‘zf) V(MK ).

PW

Wenoticethat V(AK+p) = V(K+p) and we expand the deriva-
tives by Egn. [17].

1

—1n . Sl 2+2/n V(Kp) +K2+2/" V(K w))
(o + Ko

V() =

)2,,2(

Next we replace the variances by their corresponding
coefficients of variation.

=2 =2
K + Koy

Sln i \2n+2
(KTP +KPW)

V() = (B2 cZ, + K2 cly )

Dueto the error estimates for expected value and variance
derived above we may as a good apprOX| mation, set
V(f)=V(Ky) = C2 E*(K,,)=CL KZ, whichalows
for some simplifications.

T2 72
2 1 KoK K2Inc2, + K240
= +K7p caw)
ot Kin | icln 2n+2‘ TP PwW
K& (KR + KE)

note equation[5]
KBN'C2 + KENC3y,
wll n, wlin
(KTp" + Kaw)?

Now we haveexpressed the squared coefficient of variation
as a function of the expected tipping and plug wrap paper
permeability. To minimize the coefficient of variation for
a given total permeability, we have to eliminate the plug
wrap paper permeability according to Eqgn. [6], becausefor
a given total permeability it cannot be chosen independ-
ently of the tipping paper permeability. So we substitute

-n

_ I_{TP 1/
Kvw = Kpp

IZ tot

into Eqn. [11]. After somelengthy but straightforward alge-
braic manipulations, which were carried out with the com-
puter algebra software package MAPLE, we finally obtain
the simple expression

Now we can start to minimizethe coefficient of variation of
the total permeability.

Solution of the minimization problem

We introduce the ratio « of the tipping paper permeability
tothetotal permeability, o = K /K, . ,substitutethisinto

tot
Egn. [12] and solve the minimi zatlon problem

After simple algebraic transformations we get the solution

2 2 7
Crp + Cry

2
CPW

For agiventotal permeability we cantherefore computethe
tipping paper permeability for the minimal coefficient of
variation by

2 2 \7"
Crp + Coy

Crw
and the corresponding plug wrap paper permeability is
given by

C’IZ‘P + lew "

KPW, min = Kot 2
Cr
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Coefficient of Variation
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Figure 3. The coefficient of variation of the permeability of a
layered structure composed of perforated tipping paper and
porous plug wrap paper as afunction of the ratio of the tipping
permeability K, to the total permeability K, ;. The parameter Cp
is the coefficient of variation of the tipping paper permeability.

Theminimal coefficient of variationfor thetotal permeabil-
ity achieved for this tipping/plug wrap combination is

Crp + Coy
Vclz“P + C13W

Toillustrate the results, Figure 3 displays C,,, asafunction
of a withn =1 and C,,, = 0.12 for various values of C;p.
As can be clearly seen, aminimal coefficient of variation
can be achieved if the tipping paper permeability is chosen
between 10% and 50% higher than the desired total perme-
ability. Figure 4 shows the coefficient of variation as a
function of «, thistime with the exponent n as a parameter,
Ci = 005 and C,, = 0.12. While the minimizing «
depends on the exponent, the minimal coefficient of
variation does not depend on it.

C .=

tot,, min

RESULTS

The main results are Eqgns. [7], [10], [12] and [14]-{16].
They will be summarized below, by demonstrating how
they can be used for areal cigarette design.

We assume that from a cigarette model and our design
goals with respect to smoke yields we have determined a
desired total permeability (as measured according to SO
2965) k,; = 150 CU. We want to realize this permeability
with an electro-perforated tipping paper with aw =3 mm
wide perforation zone and an exponent of n = 0.87. The
coefficient of variation for thetipping paper permeability is
known to be about C,, , = 0.05, so by Eqn. [8] weset Cp =
0.05. For the plug wrap paper permeability we have a
coefficient of variation of Cp,, , = 0.07, thus by Eqgn. [9]
Coy = 0.12. Correcting for the perforation width we
determine K, = (10/w)k,,, ,, = 500 CU.Due to the upper

tot, m
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Figure 4. The coefficient of variation of the permeability of a
layered structure composed of perforated tipping paper and
porous plug wrap paper as afunction of theratio of the tipping
permeability K, to the total permeability K, . The parameter
n is the exponent in the non-linear pressure drop-flow relation of
the layered structure.

bound derived from Egn. [10], we may identify the ex-
pected total permeability with the total permeability
calculated from the expected values of tipping and plug
wrap paper permeability. Then we can directly evaluate
Eqgn. [14] and get the permeability of the tipping paper

ko = XK. =Y 57472 CU.
e 0™ 10

The plug wrap paper permeability can be calculated by
Eqgn. [15]

kpw m = Kpy = 2636.5 CU.

By Egn. [16] the minimal coefficient of variation is
Ciot,min = 0.04615, which islower than the coefficient of vari-
aion of the tipping paper permeability! Practically, a plug
wrap paper with 2636.5 CU will not be available, so we
choose ke, , = 2400 CU and correct thetipping paper perme-
ability according to Eqn. [7] and get afinal value of kp =
175.4 CU. For thesevalueswe obtain, by Eqgn. [12], a coeffi-
cient of variation for the total permeability of C, = 0.04620
which isvery close to the minimal coefficient of variation.

DISCUSSION

There are severa pointsto be noted about these equations.
First of al in Egn. [10] we demonstrate that the cal culation
of permeabilities can be done with their expected values,
because the deviation caused by the non-linearity of Egn.
[5] issufficiently small. This greatly simplifies the design.
Furthermore, for practical purposes, the total permeability
can be considered as normally distributed, which means
that its statistical properties are completely determined by
expected value and variance.



From Egn. [16], we learn that the minimal coefficient of
variationisawayslower than the coefficient of variation of
the plug wrap paper permeability and also of the tipping
paper permeability, which is quite asurprising result. It is
beneficial that the minimal coefficient of variation israther
stable with respect to small variations in the expected
values of tipping and plug wrap paper permeability. This
increasesthe practical usefulnessbecause plug wrap papers
are usually not manufactured at arbitrarily chosen perme-
ability values.

Additionally, the minimal coefficient of variation can be
achieved with tipping paper permeabilities which are 10%
to 50% higher than the total permeability. Thisagreeswell
with common cigarette designs and thus an optimal design
will not deviate too much from existing designs.

It isalso interesting to note that the minimal coefficient of
variation does not depend on the chosen total permeability
and on the exponent of the pressure drop-flow relationship.
This also stabilizes the optimality of the design.

As apossible extension of this study the distance between
tipping and plug wrap due to the adhesive layer can be
accounted for, by dropping the assumption A, = A, and
repeating the derivations.

While every effort has been taken to verify the assump-
tions on which the model and its conclusions are based, it
might also be desirable to directly verify the conclusions
by experimental data. However, to detect a reduction of
the coefficient of variation in the order of 0.2%, for
example from 5% to 4.8% at areasonable level of statisti-
cal significance, avery high number (>1500) of measure-
mentsis necessary. Additionally, the variance inherent to
the measurement device and due to the experimental
procedure make this investigation rather difficult. None-
theless, considering the good fit of the model to experi-
mental data and the statistical evidence supporting the
underlying assumptions, it seems reasonable to also trust
the conclusions.
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APPENDIX
Proof of Egns. [8] and [9]

Let v(x) = K(x) - Ap” betheflow velocity at position x through an
air permeable paper of the local random permeability K(x). The
total volumetric flow through the area A is then given by

V = [K(x)-Ap"dA
J

Let K(x) be identically distributed for all x with expected value
E(K) and variance V(K). Furthermore let K(x) be independent, so
that the covariance COV (K(x), K(y)) = 0 for x #y. The mean
permeability K, assigned to the area A is

_ 7
AAp™

1
K, = [K(x)dA.

Itsexpected val ue can be cal cul ated under the above assumptions
from

EK,)=E

1 -1 =
" [K(x)dA] ol [E(K(x))dA) EK)

and its varianceis given by

VKD =TV

1 1 1
" [K(x)dA] T ;{'V(K(x))dA) = ZV(K).

The above two eguations are a standard result in the signal
processing literature and can be found, for example in (12).
Proofs and conditions for the existence of these integrals are
givenin (13).

Hence the coefficients of variation for two areas A, and A, are
related by

‘/ZCAl - TR \/ITZCAZ

E(K)
or

'
N

which proves Eqgns. [8] and [9].
Properties of f

A few properties of the function

- - Xy
z=f&) = (cVn + y Uy

which areneededintheinvestigation arederived below. Notethat
f(x,y) = f(y,x), therefore properties which hold for one variable
will also hold for the other variable by swapping x and y.

First derivative

By applying the standard rules of differentiation, which can be
conveniently done by computer algebra, we obtain

x 1/n

(x Un y lln)n

/. y
ox (x 1n +y1/n)n

[17]
y1+/n

(x 1/n +y1/n)n+1
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Second derivative

The following immediately obvious equation will be needed in
the derivation.

In
(ﬂ]l :xlln+y1/n [18]
z

By computer algebra we get

&f -2 (n(x Un 4 3y 1my=1=ny 1/n-1
dx?

_ n(x 1/n +y1/‘n)—2—nx2/n—1 + (x 1/n +y1/n)—1—nx 1/n-1
_ (x 1n +y1/n)—2—nx2/n—1)

This can be simplified by algebraic manipulations to

82f — _X[(_l_n)(xlln+y1/n)—2—nx2/n—1
ox? n

+ (1 + n)n(xlln +y1/n)—1—nx1—1/n]

1 ;n y1+1/nx 1/n-1 (x 1/n +y1/n)—2—n
Now we can make use of Eqgn. [18] and we get

Ff _ 1+ Ry 1l n-1 ( x}’J (2o

dx? n z
[19]
_ 1+n Zl+2/n
n x2+1/ny1/n

which is the expression used in the derivation.
Upper bound on f
Let x>0,y >0andn>0. Wewant to prove

foy) = —2 _<x [20]

(x 1/n +y lln)n

Obviously, theinequality y» < X + y*" holds as all variables are
positive. Hencey < (x¥" + y¥™" and

¢< 1.
(xl/‘n +y1/n)n

A final multiplication by x proves the desired result.
Error estimate for the expected value

To estimate the relative error in the expected value made by
replacing f with its second order Taylor serieﬁf2 , wenumerically
evaluate the integrals

E(f(Kgp,Kpy)) = f ff(km,kpw)'p(KTp =kp)

P (Kpy = kpw) dkrp dkpy,
and

E(fz(KTP Kpw)) = ffiz(kTP’kPw)'P(KTP = kgp)

"P(Kpy = kpy) dkp dhpy



over the domain [g,Kp + 5+/V(K1p)] % [€,Kpy + 5V (Kpy)]
for a small but positive €. The expression p (X = x) denotes the
probability that the random variable X assumes the value x and
was cal culated from the probability density function of anormal
distribution. Tipping and plug wrap permeabilitieswere assumed
to be independent random variables. Extending the domain of
integration further doesnot noticeably changetheresulting value.
To get an upper bound on the relative error, inspection and plots
of the involved functions f and f, will reveal that within the
parameter values of technical interest the error due to the
approximation is largest for n = 1. Further inspection will show
that the relative error does not depend on the precise values of
K, and K, butonly ontheir ratio K., /K.y, and that theerror
ishigher for higher values of K., / Kpy, . Soto maximizetheerror
within technically relevant limits we set K., /Kpy, = 1/5,
Cpp =0.05, Cpyy =0.17, n=1and e = 0.001. For the numeri-
cal integration the function dblquad(@fun,XnXmax:YminYmad
provided by the numerical software package MATLAB was used.
We obtain for the relative error

E(f(KTP 7KPW )) - E(j.z(KTp ,KPW )) _
E(f(KTp ,pr ))

-0.000280

and therefore assume this value as a reasonabl e estimate of the
maximum relative error.

Error estimate for the variance

To estimate the relative error in the variance due to the approxi-
mation of f by its first-order Taylor series expansion fl we
proceed in the same way as for the expected value. We numeri-
cally evaluate the integrals

V() = ff(E(f) _f)z'p(KTP = kp)

"P(Kpy = kpy )dkyp dkpy,
and
V() = [[ED -7)*p(Krp = k)
P (Kpy = kpy ) dkpp dhpy
over the same domain as above. The considerations concerning

the choice of numerical valuesfor theargumentsalso hold inthis
case and we obtain for the relative error

V(f(KTP ’KPW s V(fl (KTP ’KPW )] _
V(K Kpw))

-0.00441.

Thereforewe assume 0.44% asan upper limit ontherelative error
of the estimated variance.
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