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SUMMARY

A theoretical model of the pressure drop across a fi-
brous cigarette filter is derived, The pressure drop is
expressed as a function of the filter dimensions, the
fiber tow characteristics, the filter weight, the fluid flow
rate, and a filter fiber factor. The fiber factor is affected
by the distribution of the fibers within the filter, the
relative orientations of the fibers, and their cross-sec-
tional shapes. The model allows one to accurately cal-
culate the influences of these variables on the filter
pressure drop. Additionally, it can be used to predict
capability curves and select an optimum cellulose ace-
tate tow for a given filter pressure drop.

ZUSAMMENFASSUNG

Zur Berechnung des Zugwiderstandes in cinem aus Fa-
sern bestchenden Zigarettenfilter wird ein theorerisches
Modell abgeleitet. Der Druckabfall wird in Abhingig-
keit von der Grofle des Filters, von den Eigenschaften
des Faserkabels, dem Gewicht des Filters, der Durch-
flufligeschwindigkeit und von einem Faser-Faktor dar-
gestellt. Der Faser-Faktor wird bestimmt von der Ver-
teilung der Fasern im Filterkabel, von der Orientierung
der Fasern im Verhiltnis zum Rauchstrom und von
deren Querschnittsform. Mit Hilfe des Modells kann
genau berechnet werden, in welchem Mafle der Zug-
widerstand eines Filters durch die einzelnen Variablen
beeinflufft wird. Dardiber hinaus laflt sich mit ihm die
Wirksamkeit eines Filters an Hand von Kurven im vor-
aus bestimmen und ein fir einen bestimmten Zug-
widerstand optimales Celluloseacetatkabel wihlen,
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RESUME

On utilise un modéle théorique pour le calcul de la
résistance au tirage dans un bout-filtre en méche d’acé-
tate, La résistance au tirage est exprimée en fonction de
la dimension du bout-filtre, des propriétés de la méche,
du poids du filtre, du débit gazeux et d’un facteur ca-
ractérisant les fibres. Ce dernier dépend de la réparti-
tion des fibres dans le filtre, de leur orientation par rap-
port au courant de fumée ainsi que de leur section
transversale. Au moyen de cette formule, on peut cal-
culer exactement l'influence respective des différentes
variables sur la résistance au tirage d’un bout-filtre, De
plus, elle permet aussi de déterminer A I'avance les
courbes d’efficacité d*un bout-filtre ainsi que de choisir
la méche d’acétate de cellulose optimale correspondant
A une résistance au tirage donnée.

INTRODUCTION

The selection of an appropriate cellulose acetate tow
for fabricating cigarette filters is prescribed by the
pressure drop and efficiency properties required for a
product. However, since filtration efficiency and pres-
sure drop are strongly coupled parameters (1), tow se-
lection is primarily a matter of determining the opti-
mum item for a required pressure drop. This choice can
be made by comparing the capability curves of a variety
of tows and selecting the one with the greatest manu-
facturing and economic benefits, Capability curves
show the range of weights and corresponding pressure
drops of filters made from specific tow items, The ob-
jective of this study is to provide a2 model for predict-
ing such curves thereby facilitating the selection of the
optimum cellulose acetate tow.
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THE PRESSURE DROP EQUATION

The pressure drop across a filter is dependent on the
geometry and structure of the filter and the flow field
of the fluid passing through it. There are a number of
well documented filter pressure-drop equations in the
literature (2 — 5). Of these, the LANGMUIR equation (2)
proved most suitable for this study. This equation was
derived on the assumption that the filter is composed
of cylindrical fibers oriented parallel to the direction of
‘fluid flow. Furthermore, LANGMUIR assumed the flow
to be laminar and the fibers uniformly distributed
throughout the filter. Because of its importance to this
work and the relative obscurity of the original publica-
tion, a derivation of the LANGMUIR equation is included
in the Appendix. The equation may be written:

4npuBLQoad o
AP = R 1
A A, (1]

where (in the centimeter-gram-second (C.G.S.) system):

AP is the filter pressure drop (dyn/cm?),

g is the fluid viscosity (g/(cm+s)),

Q s the fluid flow rate (cm¥/s),

L; is the length of the filter fibers (cm),

a  is the fraction of the filter occupied by solids,
Ay s the face area of the filter (cm?),

A; is the cross-sectional area of a filter fiber (cm?),

B is a factor related to the shape, orientation, and
distribution of the filter fibers.

The term & is called the hydrodynamic factor, and is a
function of the filter’s occupied volume, o:
3\

<1>-=(—lna+2a—%2—-2- . [2]

This relationship can be simplified over the range of o
encountered in cigarette filters, Figure 1 shows that for
0.07 5 o S 0.20 (which corresponds to filter porosities
between 0.80 and 0.93), the relationship between ® and
o may be written:

d = 1000 . (3]

This approximation introduces less than a three percent
deviation from equation 2 in this range.

The LANGMUIR equation may be transformed into one
containing more familiar terms through the following
relationships:

a=m/(oAsLy) 4
L=mL/D , (5]
Ar=d/(@Ly) , ]
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Figure1.

The hydrodynamic factor (¥) as a function of the filter frac-
tion occupled by sollds (o) [curved line]; the straight line is the
approximation © = 10.0 a (equation 3). ’
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where (in the C.G.S. system):

m is the mass of tow in the filter (g),

@ s the density of the tow (g/cm?),

Ly is the filter length (cm),

D is the denier of the tow (g/ 900,000 cm),

d s the denier of the individual fibers (g/900,000 cm),

L, is the characteristic length with which denier is
defined (900,000 cm).

Using equations 3 through 6, the pressure-drop expres-
sion may be rewritten as:

_40npl3BQm 0

AP
eA;12dD
or, in terms of filter circumference, Cy, as:
2 3
AP=2560:r‘|LLdBQm 8]

eCiL2dD

KerrH (6) and RasmusseN (7) have developed pressure-
drop models for cellulose acetate filters which are simi-
lar to each other, but substantially different from equa-
tion 8. Their models are based on linear combinations



Figure 2.

The dependence of filter pressure drop (AP) on the fluid flow
rate (Q). The filter tow designations are d/(D - 107%); the filter
dimensions are L = 2.50 cm and C. = 2.43 cm.
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of perpendicular and parallel flow fields. Their treat-
ments require a knowledge of an “agglomeration fac-
tor” which accounts for non-uniformity in the distribu-
tion of the fibers throughout the filter.

Equation 8 relates the pressure drop of a fibrous filter
to its dimensions (Cg, Lg), the tow characteristics (, d,
D), the tow mass (m), the fluid flow rate (Q), and the
filter fiber factor, B. Therefore, if we know B, the pres-
sure drop of any tow item can be calculated as a func-
tion of flow rate and mass for a given set of filter di-
mensions. In theory, the B term is a function of the
fiber orientation, the fiber distribution, and the cross-
sectional shape of the fibers, This term should be inde-
pendent of the other terms in equation 8 with the ex-
ception of m. We anticipate a dependence on m because
if the tow mass is varied in a filter of fixed dimensions,
the relative fiber orientations will be altered. The valid-
ity of the form of equation 8 (or equation 7) can be
tested at this point for cases in which B is a constant.

The pressure-drop equation predicts a linear relation-
ship between AP and the fluid flow rate when all of the
other variables are held fixed. Figure 2 illustrates such
behavior for a variety of cellulose acetate filters. Thus,
this linear dependence is demonstrated for flow rates
below 50 cm?/s.*

* In all cases where pmsMMp values are reported, the filter samples were
encased in a sheath which prevented air flow through the wrapper.

In order to examine the effect of filter length on pres-
sure drop, the density of the filter rod, gp, must be
considered. Equation 7 predicts AP to vary linearly
with m*/(L3A}). This factor is equal to @} L. There-
fore, the pressure drop should vary linearly with filter
length, as is commonly observed. '
The pressure-drop equation shows AP to be inversely
proportional to the filter tow circumference raised to
the sixth power. C; is the filter circumference corrected
for the thickness of the filter wrapper. We have found,
in examining the effects of plug wrap thickness on filter
performance, that graphs of log AP vs. log Cy, yield a
straight line with a slope of —6. Others (8) report a val-
ue of —5.6 for this exponent.

Finally, equation 8 predicts that, at a constant mass, the
filter pressure drop is inversely proportional to the
fiber denier and the total denier. The only data of this
nature at our disposal are for two tow items: a 2.5/
48,000/Y tow and a 3.3/44,000/Y tow. Filters with a
10.0 cm length and a 2.47 ¢m circumference were fabri-
cated at a mass of 0.675 g. The ratio of the pressure
drops of these filters was found to be 1.18 while the in-
verse ratio of their products D-d is 1.21. The small dis-
crepancy can probably be ascribed to differences in the
B values for the filters (cf. Figure 3).

At this point, the role of the filter fiber factor B needs
to be determined. LANGMUIR, in his original report,
showed that B is affected by the distribution of the
fibers within the filter, the relative orientations of the
fibers, and their cross-sectional shapes. These effects
are addressed in the following sections.

a. The Fiber Distribution

A major problem in formulating a theoretically based
model of filter pressure drop lies in expressing the ef--
fects of the fiber distribution. Consider this in light of
equation 8. If a conventional tow filter is altered by
forming a continuous channel through it along its major
axis, the filter pressure drop is reduced. However, all of
the factors on the right-hand side of equation 8 are un-
changed by this alteration except B. -

Another illustration of the influence of the fiber dis-
tribution is shown in Figure 3. These capability curves
display experimental measurements of AP, at a flow
rate of 17.5 cm®/s, as a function of tow mass. The fil-
ters were constructed using the Hauni AF-1/KDF-2
process at a filter-making velocity of 67 cm/s. The fil-

“ters were made at different tow contents and at a varie-

ty of bloom or tow-bulking conditions. Obviously, at a
given filter mass, the pressure drop can vary signifi-
cantly. This variation is reflected in the fiber factor
which achieves its maximum value at a given mass.
when the fibers are most uniformly distributed
throughout the filter. Thus B is a function of filter tow
bloom. The optimum region for producing filters is
where the ratio of AP to m is the greatest.

In formulating the pressure-drop model, we make the
assumption that the fiber distributions are near opti-
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Figure 3.

Experimental capabllity results for filters fabricated from two
different tow items. Notice the range of pressure drop (AP) for
a given mass (m). The filter dimensions are L. = 10.0 cm and
C¢ = 2.43 cm. The solid lines are from equations 10 and 11.
The masses are those of the tow only, i.e. without plasticizer o
plug wrap. . :
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mum, i.e. the value of B for any filter is close to its
maximum. The assignment of an optimum value is
based on analyzing many sets of experimental data.
Keep in mind, however, that discrepancies between
theoretical predictions and experimental measurements
may arise when the bloom is less than optimum. The
method of determining the best value of B is described
in the following section.

b. The Orientation of Filter Fibers

There is a considerable variation in the length of tow
band which can be incorporated into a filter of fixed
dimensions. This characteristic is reflected in a tow’s
capability range. At the low end of this range, the
length of tow band is about 10% greater than the filter
length. At the high end, the tow length can exceed the
filter length by as much as 100% (9). Due to this varia-
tion, it is anticipated that the relative contribution of
perpendicular fiber orientations will increase as L; in-
creases. Therefore, B is expected to be a function of the
amount of tow in a given filter.

To test this hypothesis, we examined capability data for
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forty different tow items. These data were made avail-
able to us by the Filter Products Research Laboratory
of the Eastman Kodak Company. They evaluated the
minimum, maximum, and midrange pressure drops (at
Q = 17.5 cm®/s) and unplasticized tow weights of fil-
ters 120 cm in length and 2.47 cm in circumference
(the actual tow circumference, corrected for plug wrap
thickness, was 2.44 cm). The fiber deniers ranged from
2.1 to 5.0 and the tow deniers ranged from 31,000 to
60,000. All of the tows were Y-shaped in cross section.
The filters were manufactured at 67 cm/s with the
Hauni AF-1/KDF-2 process with a transport jet. Rep-
licate capability determinations were performed on as
many as 146 different bales of a given tow item.

The values of B and L; were calculated for each data set
using equations 8 and 5, respectively. Graphs of B vs.
Lp/L; demonstrated a linear tendency for each tow
item. The linear coefficients varied from sample to sam-
ple, but showed no obvious correlations with fiber
denier or total denier. Weighted averaging of the linear
coefficients from each tow’s data set resulted in the re-
lationship:

B = 0315+ 0765 Ly /L; . 191

The weighting was predicated on the number of replica-
tions for each tow.

It is interesting to note that in the limit of L; equal to
L, the value of B is 1.08. LaneMuir showed that B
should equal 1.00 in this limit for well distributed cy-
lindrical fibers (2). ’

Substituting equation 5 into equation 9 gives:

B = 0315 + 0765 E2 . [10]
m I"d

Using equations 8 and 10, the minimum, midpoint, and
maximum pressure drops were calculated from the
corresponding Filter Products Research Laboratory
tow mass data. It was observed that the calculated pres-
sure drops of the small-fiber filters were slightly higher
than the experimental values. Conversely, for the
higher fiber deniers, the calculated values were some-
what lower. Maximum correspondence between predic-
tion and experiment was obtained by correcting the B
factors with a multiplier:

B - (0.315 + 0765 % (0560 + 0241 d%) . [11]
'd

This equation shows that the fiber orientation is a
function of both its length in the filter (equation 9) and
its cross-sectional width, i.e. the fiber diameter is pro-
portional to the square root of its denier (equation 6).
The three-point pressure drops for the filters described
in the Filter Products Research Laboratory data set
were calculated using equations 8, 10 and 11. The aver-
age of the differences between computed and measured



Figure 4.

Experimental and predicted capabllity data for 3.3/44,000 tow.
The experimental points reflect the + o ranges, where o is the
standard deviation (from Table 1).
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values was found to be less than the average experi-
mental standard deviation reported for the pressure-
drop data. Figures 4, 5 and 6 illustrate the agreement of
the predictions with experiment.

At this point we would like to emphasize that we be-
lieve equations 7 and 8 to be perfectly general for
fibrous filters. The only empiricism is introduced in at-
tempting to resolve B into its component effects, as in
equations 9 and 11. It would not be surprising to find
that these latter equations are sensitive to the type of
processing performed to bloom the tow and fabricate
the filters. However, within the confines of a particular
process, i.e. Hauni AF-1/KDF-2, we have found equa-
tions 10 and 11 to be excellent predictors. As stated
earlier, it is difficult and probably not very useful to
quantify the relationship between B and bloom.
Instead, we have chosen the coefficients in equations 9
and 11 to reflect the averages found in what are
considered to be well bloomed tows.

Also, we have not considered any fiber shapes other
than the Y cross section. The analysis of a limited num-
ber of filters made with X and I-shaped fiber cross sec-
tions suggests that they behave substantially the same
as the Y fibers. This means that equations 10 and 11
should be adequate for such fibers. However, fibers
with circular cross sections have the same functional
form but different coefficients for these equations. Un-
fortunately, we have insufficient data to quantify a rela-
tionship with filters composed of circular cross-section
fibers. '

A final aspect of calculating capability curves involves
selecting their minimum and maximum points. From
analysis of the Filter Products Research Laboratory
data, we found the minimum and maximum amounts of
tow in a particular filter volume to be linearly related
to the total denier of the tow. Figure 7 illustrates this

Figure 5.

Experimental and predicted capabiiity data for tow items.
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Figure 6.

Experimental and predicted capability data for three tow
items.
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relationship. This analysis was performed by calculating
the fraction of the filter occupied by solids (equation 4)
for the minimum points of each of the forty tow items.-
The linear equation relating this parameter to tow den-
ier is: ' '
- D
o, = 0.0250 + ————6.41 10

[12]
This best-fit line is included in the figure. A similar
analysis was performed for the maximum points with
the result:

D

- 0.0450 + ———
Oomee 6.41 - 10°

(13]
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Figure 7.

The relationship between the fraction of solids (o) and the
tow deniers (D) of forty tow ltems. The experimental points rep-
resent the minimum amounts (o, and maximum amounts
(0mex) Of tow which could be incorporated into filters of 12.0'cm
lengths and 2.44 cm inside circumferences.
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The a,,, values do not demonstrate the same degree of

linearity as a;,. We attribute this to the subjective na-
ture of determining the end point. The coefficients in
equation 13 were found by forcing the slope to agree
with that in equation 11, and calculating the best-fit in-
tercept. The predicted lines in Figures 4 through 6 were
found using equations 12 and 13 to determine the limit-
ing values of a. The a,;, and a,,, values were substi-
tuted into equation 4 to find m_;, and m,,..

SELECTING FILTER TOWS

In this section several applications of the filter pres-
sure-drop model are illustrated. The first example dem-
onstrates the construction of capability curves. The sec-
ond develops a scheme for generating a list of potential
tow items for achieving a target filter pressure drop.
Also included is a discussion of range-extension effects

on tow selection based on a recently introduced tow

processing modification.
Consider the determination of the capability curve for
a 3.0/50,000/Y tow in a 10.0 cm filter with a finished

circumference of 2.47 cm. The tow circumference is ob-

tained by correcting the finished circumference for the
filter-wrap thickness:

Cp=Chi—2mt , 4]
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where C§ is the finished filter circumference and t is
the wrapper thickness. Allowing t to equal
41:107 cm for this example gives a C; value of
2.44 cm. '
Equations 12 and 13 yield 0.103 and 0.123 for a,,;, and
... These values correspond to capability mass limits
of 0.644g to 0.769 g (from equation 4, using @ =
1.32 g/ cm? for cellulose acetate). We elect to describe
the capability curve with five points. The additional
tow masses are selected within the range of my;, to
m,,.,. The values of B are computed from equation 11.
Lastly, equation 8 is used to calculate the pressure
drops. For this particular example, equation 8 can be
reduced to:

AP = 155-10° Bm® (dyn/em?) , [15]
where the factors of equation 8 are: Q = 17.5 cm?®/s,
pe=183-10"*g/(cm~*s), Ly = 900,000 cm, o = 1.32
g/em’, Cp = 244 cm, Ly = 100cm, d = 3.00, D =
50,000. To convert the pressure drop from units of
dyn/cm? to cm w.g., the conversion factor 1.02 - 1073
[em w.g./ (dyn/cm?)] is employed, i.e.

AP = 158 B m’ (cmwg) . [16]

The results are summarized in Table 1.

Another application of the pressure-drop model is the
prediction of specific tow items which will achieve a
target pressure drop. As an illustration, consider an ex-
ample in which the AP target is 12.5 cm w.g. (for Q =
17.5 cm?®/s) at a filter length of 2.50 cm and a 2.44 cm
unwrapped tow circumference. At this point we make
the decision to constrain the tow items to those which
will achieve this pressure drop at the center of their
capability range. Explicitly, this constraint is manifested
in the expression chosen for the o factor. Comparison

of equations 12 and 13 shows the midrange equation to
be:

D
= 00350 + —P . [
Ooid 6.41-10° 7]

Table 1.
Factor B and pressure drop (AP) values as a function of the
tow mass (m).

Pressure drop (AP)
Tow mass (m) B (equation 16)
tion. 11
(0) (equation 1) (emw.g)
0.644 0.953 40.2
0.675 0.924 449
0.705 0.897 49.7
. 0735 0.873 54.7
0.769 0.848 61.0




The selection of the intercept for such an expression is
an important consideration in terms of filter firmness.
Filters constructed from a tow at the high end of its
capability range will be firmer than those made at lower
capability points. Therefore, for a particularly low mass
selection it is judicious to choose an intercept value
closer to that of equation 13. Range extension leads to
larger intercepts than the 0.0450 value of equation 13.
This point will be addressed in a following section.

The procedure for generating a list of tow items which
will have a pressure drop of 12.5 em w.g. at mid-capa-
bility range is as follows. An initial filter mass is chosen
and used to obtain o from equation 4. Alternatively,
one might assume an initial a value and use it to obtain
the requisite m value from equation 4. With the a val-
ue, equation 17 is solved for D. For this example, we
choose m equal to 0.175 g. This corresponds to an a of
0.112. From equation 17, it is found that D is equal to
49,400. Substituting D and m into equation 10 yields
0.914 for B. Since equations 8 and 11 are both functions
of the fiber denier, d, we have chosen an iterative tech-
nique for evaluating this factor. Initially, we use equa-
tion 10 for B and solve equation 8 for d. Equation 8 is
solved using the target AP value of 1.23 - 10* dyn/cm?
(12.5 cm w.g.). This results in a fiber denier of 3.00. At
this point, equation 11 is evaluated (rather than equa-
tion 10) with d equal to 3.00. The new value of B is
used in equation 8 to determine a refined value of d.
The refined d is substituted into equation 11, and equa-
tions 8 and 11 are solved repeatedly until the current
fiber denier satisfies both. In this example, d converged
to a value of 2.91 after three iterations. Thus the model
predicts a 2.9/49,400/Y cellulose acetate tow will
achieve a filter pressure drop of 12.5 cm w.g. at a tow
mass of 0.175 g. Additional candidates are found by
varying m and repeating this process. Table 2 was gen-
erated in this manner.

If this filter is to be produced at a mass of 0.145 g, it is
worthwhile to examine tow items which will achieve
the target pressure drop higher in their capability
ranges. An a value of 0.093 corresponds to a filter po-
rosity of almost 91%, therefore the filter might be in-

sufficiently firm. The firmness could be enhanced by

reformulating equation 17 with a larger intercept, for
example:

a=00420 + —2 [18]
641 - 10°

Repeating the tow selection scheme with equation 18
rather than equation 17 yields the tow item 2.0/33,000/
Y. Thus, in addition to a 1.9/37,000/Y, a 2.0/33,000/Y
tow is capable of achieving target AP at a filter tow
mass of 0.145 g. It is predicted that the latter will be
somewhat firmer.

RANGE EXTENSION

The Celanese Corporation has introduced modifica-
tions to the cigarette filter fabrication process which
can lead to substantial increases in the capability ranges
of cellulose acetate tows (9). The obvious effect of this
on our filter pressure-drop scheme involves the assign-
ment of the intercept in the o,,, expression. Equa-
tion 13 was found by evaluating the capability ranges of
conventionally processed filters. We have also examined
the capability ranges of filters made with the Celanese
modifications. A 3.0/35,000/Y tow was fabricated into
filters 10.0 cm in length and with circumferences of
2.46 cm (2.43 cm tow circumference). Additionally, a
2.0/30,000/Y tow was used in 10.8 cm length filters
with 2.47 cm circumferences (2.44 cm tow circumference).
Both sets of filters were manufactured at 67 cm/s with
the Hauni AF-1/KDF-2 process with a transport jet
and the Celanese modifications. The experimental re-
sults and the calculated capability curves are illustrated
in Figure 8. The solid portions of the curves were eval-
uated using equations 12 and 13. The dashed portions
were calculated by increasing the intercept of equa-
tion 13 from 0.0450 to 0.0550. These results suggest
that the pressure-drop model yields valid predictions in
the extended portion of the capability ranges as well as
in the conventional range.

Table 2.
The calculation of potentlal tow items.
Tow mass (m) Fraction Tow denier (D) B Individual fiber Potential tow item
of solids (a) denier (d)
(9) (equation 4) (equation 17) (equation 10) (equations 8 & 11)
0.130 0.083 31,000 0.821 1.50 1.5/31,000/Y
0.145 0.093 37,100 0.859 1.90 1.9/37,000/Y
0.160 0.103 43,300 0.890 2.36 2.4/43,000/Y
0.175 0.112 49,400 0.914 2.91 2.9/49,000/Y
0.190 0.122 55,600 0.937 3.53 3.5/56,000/Y
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Figure 8.

Experimental and predicted capability data for two cellulose
acetate tows. The solid curves represent the conventional capa-
bility range predictions and the dashed portions the extended
range.
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CONCLUSIONS

A model has been developed which relates the pressure
drop of a fibrous filter to all of the physical and pro-
cessing variables which are known to affect it. The
form of this relationship is:

_ 2560 7 p 13 B Q m’

AP
‘ eCGiLEDd

(8]

The physical parameters influencing the filter pressure
drop include its dimensions (Cg, Lg), the filter fibers (g,
D, d), and the fluid flowing through'it (g, Q). The pro-
cessing variables are the mass of the fibers (m), and
their spatial distribution and orientations (B).

Fibers made of materials other than cellulose acetate, or
cellulose acetate fibers with an added plasticizer, may
be considered by using the appropriate value of o. For
all of the results reported in this paper, the filter masses
are those of samples equilibrated at 60% relative hu-
midity and 21 °C. These unplasticized samples con-
tained about six percent water, but the effect of this on
© may be considered negligible.

The influences of fluids other than air can be accounted
for through p. The effect of the fluid temperature can
be evaluated from the temperature dependence of the

viscosity (b ~ /T).

The third-order mass dependence of the filter pressure .

drop is reflected in the curvature observed in the upper
regions of capability graphs. This increased slope is re-
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sponsible for the increased pressure-drop variability
commonly observed in the higher ranges.

The reciprocal sixth power relationship between pres-
sure drop and filter circumference illustrates the im-
portance of careful circumference control. Relatively
small variations in circumference can result in signifi-
cant changes in pressure drop.

The value of the filter fiber factor, B, is a function of
the fiber shape, the fiber distribution throughout the
filter, and the fiber orientations. We considered only
fibers with Y-shaped cross sections, and we assumed
their perimeters to be equal to the circumference of a
cylinder with an equivalent face area (see Appendix).
This approximation should introduce no error as long
as the fiber perimeter is proportional to the square root
of its area, A; For example, the perimeter of a
Y-shaped cellulose acetate fiber is better approximated
as 1.6 /4 m A; than {4 © A, However, this scaling’
factor of 1.6 is implicitly included in the fiber param-
eter B as we have developed it.

A major advantage of being able to predict filter pres-
sure drops is the selection of the optimum filter materi-
al. In making such a selection, one must balance materi-
als cost with processability and product quality. The
ability to generate a list of items which will achieve a
pressure-drop target should greatly facilitate this selec-
tion.
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Appendix

DERIVATION OF THE LANGMUIR EQUATION (2, 10)

\. The Filter Model

The model of the filter bed used in this derivation consists of a series of cylindrical fibers uniformly distributed throughout the bed and
oriented parallel to the direction of fluid flow. The fluid flow is considered in a cylindrical volume element around each fiber. The radius
of this volume element is taken to be one half of the inter-fiber distance.

=[]

[_

Il. The Fluid Velocity

The differential equation for the momentum balance of viscous flow in a cylindrical annulus can be written:

d AP
a (r M) = -I:' ro, : (1Al

where r is the distance from the center of the fiber to any point between the fiber and the surrounding cylinder. The factor n,, repre-
sents the shear stress on the flowing fluid in the z direction (direction of flow) along the radial distance. This can be written:

dv,
- —= . 2A
N [ [2A]

where y is the viscosity of the fiuid, and V, Is its velocity through the annulus.
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Integration of equation 1A;

f < - %’frdr oA

gives:
AP
-2 r4
Me = 5 L [4A]
or:
AP |
N 2L r+ T ) [5A]

where | is an integration constant. This constant can be evaluated from the boundary condition that the velocity is the greatest when r
is equal to the radius of the outer cylinder, r_, that is dV,/dr = 0 and therefore n,, = 0. Under this condition:

AP .
| o= e — g2
T | [6A]
Substituting this expression into equation 5A gives:
AP [r2—12
S ( - ) : [7A]
Using equation 2A, this becomes
av, AP P2—r .
dr 2 ( r ’ [BA]

and integrating:

AP 2 — 2 '
fdv,-—m ( - )dr [9A]

gives:

AP ([
V= — (%= .
A Tl (2 R Inr+l) [10A]

This integration constant, |, can be evaluated from the boundary condition that the fluid flow is viscous, i.e. at the surface of the fiber, r,,
the flqid velocity is zero. Under this condition: :

l=— 2+ InE . [11A]

Substituting this expression into equation 10A yields:
Vz-_AE_. .r'z____rz +r§|n r [12A]
2pl |\ 2 f
or:
v,-——AP—(E"z—rg Inr,—-g+r';’ Inr) [12°A]
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. The Average Fluid Velocity

The average fluid velocity can be found through:

2t 1, 2 T, ’
<V,> -I f V, r dr d© f f rdrd® . [13A]
0 0

Because of the cylindrical symmetry of this model, V, is independent of the cylindrical coordinate ®, and equation 13A may be rewrit-
ten:

Ie

rc
<Vz> —f V,rdr f rdr . [14A]
i

Fe

The integral in the denominétor is equal to;

frdr—ﬂ . [15A]
2
fy
The remaining integral can be written as:
rc i rc rc rc
AP (12 AP AP 2
dr= —— {—~ — 12 | rdr — —— rfdr + —2 rinrdr 16A
f"‘” 2uu(2 °"")f au L, 2uLff Al
r I T 2 :
which is equal to:
"fc
V,rdr--—A—P—— Ez'——r§ Inr ) _ 4P (rg—r?)_i_APrﬁ (ﬁ Inr,,.—Ezg—-L'2 Inr,+f> , [17A}
2ul \2 2 4Apil\ 4 2ul \2 4 2 4
r

f

which, on rearrangement, gives:
2 2 4
J Vrdr=2P% [—-In (f'—) + (’-’) — 05 (’—') — 1.5] . [18A]
8u I, re re

Using the notation:

"
-t 19A
o = [19A]
equation 18A can be written:
rc
V,rdr = APt (—lhoa +a—05a2—15) , [20A]
8pLa .

and equation 15A becomes:

ref1—a .
frdr--z'-( " ) [21A]
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Substituting equations 20A and 21A into equation 14A gives:

AP

<v,>-——— (—tha+a—o.5a2—1.5)

4pLlia(l—a

IV. The Volumetric Flow Rate

The volumetric flow rate can be found from:

a=nwz—m {u)

Comparing this expression with equations 14A and 15A gives:

Te

Q-2nfvzrdr

(]

Therefore, the flow rate can be found directly from equation 20A:

5 AP 1}
Q= 2n Lol (—lha + a— 0502 — 1.5)
V. The Langmuir Pressure-Drop Equation
Rearranging equation 25A gives:
2
AP = 4ulo2Qd ,
wrf

where @, the hydrodynamic factor, is:
®=(—ina+ a—05ac®— 15"

Equation 26A represents the pressure drop across a single cylinder. For a collection of n; cylinders in parallel:

AP, = AP/n,
Substituting equation 26A into this expression yields
2
AP, = 4ul;o2Qd
mner
or, using equation 18A:
AP, = 48L0QQ
n w2 e

The total cross-sectional area of the filter is equal to n, 7t r2, thus equation 30A may be written:

~4nploQ®

AR

This is the LANGMUIR pressure drop equation.
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