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Abstract: In this paper, the generation method of the medial axis in the arbitrary 

quadrilateral surface is proposed. It can provide a solution for the simplification of 

the complex fillet feature and the generation of the mesh in the model. By using the 

locus method associated with moving Frenet frame, we realize the simple and fast 

algorithm for generating the medial axis. As for the engineering problem, B-rep 3D 

solid models with clear boundary definition are mostly applied; the information of 

vertex, side and surface of the model, which is clearly stored in the model file, can 

be used to simplify the traditional locus method for generating the medial axis, in 

order to reduce the amount of data required by the generation. In this paper, we use 

the clear boundary information in the B-rep model as the condition for generating 

the medial axis and the characteristics of the bisector to eliminate the calculation of 

the branch points, reducing the factors affecting the accuracy of the medial axis. In 

order to ensure the accuracy of the medial axis, the density of the insertion points 

can be used for control. 

Keywords: The medial axis, moving Frenet frame, mesh generation, the model 

feature simplification. 

1. Introduction 

The medial axis is also referred to as the topological skeleton or center line, and is 

usually described as follows: In 2D closed region, there is a disc with variable 

radius. Keep that there are at least two tangent points between the disc and the 
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boundary of the region, and then move the disc. After the path of the disc covers the 

whole region, the locus left by the centre of the disc forms the line said as the 

medial axis which is called the medial axis plane in the 3D model. The medial axis 

has a wide range of applications in each key link of the CAD/CAE system, such as 

model reconstruction [1], model analysis [2], computer vision [3], solid modeling 

and feature extraction in geometric design [4], etc. However, the medial axis is 

limited in some applications, because currently there is no fast and accurate 

algorithm for calculating it, especially in the curve boundary conditions. 

In 1967, B l u m  [5] proposed the concept of the medial axis for the first time; 

it has the advantages of being unique, reversible, symmetrical, topological 

equivalence and so on. The medial axis is greatly affected by the continuity of the 

boundary, and it is difficult to extract the accurate curve boundary. 10 years ago, the 

bisector was introduced. It is a special case for the medial axis. However, this 

method needs pruning operation, increasing the complexity of the process. In recent 

years, T e i x e i r a  [6] and A u g u s t, T a n n e n b a u m  and Z u c k e r  [7] have 

studied the relationship among the curvature, tangent and normal vector of the 

curved boundary and the medial axis, and the differential equation of the curve 

medial axis motion described by the mean curvature is given. Although there are a 

lot of algorithms about the generation of the medial axis, it is not an easy task to 

generate a stable and precise medial axis. 

At present, the algorithms for the generation of the medial axis in the 

CAD/CAE system are generally divided into two categories: Locus method and 

Voronoi diagram [8]. Locus method is making a circle with variable radius tangent 

with at least two boundaries in the region according to the definition of medial axis, 

and the locus left by the circle center is the medial axis. However, the distance from 

each point to the boundary and whether or not this point is the branch one should be 

determined while applying that method; that is, the position with two or more 

tangent points, which increases the amount of data, inevitably affecting the 

efficiency of the calculation. Voronoi diagram is used to discretize the boundary of 

a given region by point set [9]. The vertexes of Voronoi diagram which originate 

from the discrete point set compose the medial axis. However, the algorithm is 

more suitable for the two-dimensional model, and it needs increasing number of  

additional selection conditions to expand it to three-dimensional model. 

In this paper, we propose a simple and fast algorithm for generating the medial 

axis by using the locus method associated with moving the Frenet frame [10]. As 

for the engineering problem, B-rep 3D solid models with clear boundary definition 

are mostly applied [11], and the information of vertex, side and surface of the 

model which is clearly stored in the model file can be used to simplify the 

traditional locus method for generating the medial axis, in order to reduce the 

amount of data required by the generation. We use the clear boundary information 

in the B-rep model as the condition for generating the medial axis and the 

characteristics of the bisector to eliminate the calculation of the branch points in this 

paper, reducing the factors affecting the accuracy of the medial axis; that is, using 

boundary constraints to construct the medial axis. In order to ensure the accuracy of 

the medial axis, the density of the insertion points can be used for control. 
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2. Generation Algorithm of the medial axis 

In this paper, we propose an algorithm for generating the medial axis of arbitrary 

quadrilateral by combining the locus method with moving Frenet frame. The flow 

chart for the Generation Algorithm of the medial axis is shown in Fig. 1. 

Import quadrilateral model

Is P in the 
model?

Convert the model into the form of a side list

Group the corresponding sides

Determine the starting, ending and constraint sides

Input step size δ

Calculate mean vectors

Select starting point P in starting side

Calculate the distance from P to the constraint sides d1 and d2

Adjust its position into the model

d1=d2？

Adjust P’s position to make 
it fall on the medial axis

No

Yes

Update P’s coordinate value

Calculate the next insertion 
point coordinate P*

D<δ?

Adjust the point to make 
it fall on the ending side

Start

End

Yes

No

 

Fig. 1. The flow chart for the Generation Algorithm of the medial axis 

Step 1. The quadrilateral model is transformed into a side-based element, and 

the sides are grouped for storage 

For any quadrilateral model, the surface model is converted into the form of a 

side list, and the sides are divided into two groups according to the principle of 

“side and side are not adjacent”. As shown in Fig. 2, A1 and A2 belong to one group, 

while B1 and B2 are in the other group. 
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e1

e2
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e2

The starting 
side B1

The constraint side A1

The constraint side A2

The ending 
side B2

 

Fig. 2. A schematic diagram of grouping for each side of the quadrilateral 

Step 2. Setting the constraint conditions and calculating the insertion point 

coordinates 

We select the sides from one group as the starting side and the ending one, 

while those from the other group are the constraint sides. We insert the points 

according to the step size δ from the starting side to the ending one until the 

insertion point is close to the ending side. 

The step size δ is the distance between the two insertion points, and it can 

control the number of insertion points. The smaller the step size is, the more the 

insertion points are, and the higher the medial axis precision is generated. We adopt 

one fifth of the shortest side in the model as δ here. As shown in Fig. 3, B1 is set to 

start, and B2 is the ending side. A1 and A2 are constraints. In the direction from the 

starting side to the ending one, we obtain the mean vectors and of the two 

constraints. Calculate by vector combination formula  

(1)      
1 2

e e e ,
  

   

that is, the interpolation direction of the insertion points. 

In the starting side, the point P1 is taken as the starting point. According to the 

interpolation direction and the step size δ, P2(x, y), the coordinate of the next 

insertion point, is calculated by  

(2)                                                 P2.x=P1.x+


e .x*δ, 

P2.y=P1.y+


e .y*δ. 

If the distance d from P2 to the ending side is less than the step size δ, 

indicating that the new insertion point is close to the ending side, a new 

interpolation point is no longer required. In that case, P2 is the ending point. 

Otherwise, continue to insert a new point P*. 

Step 3. Adjusting the position of each insertion point to make it fall within the 

model 

We determine whether or not the insertion point is within the model region. If 

not, the insertion point is adjusted into the model region [12]. 
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Fig. 3. Tracing algorithm of inserting points 

As shown in Fig. 4, when the insertion point P is obtained, d1 and d2 are 

calculated, also the shortest distances from P to the two constraints, as well as q1 

and q2, the points corresponding to the shortest distances. The direction vector, 

1 2 1 21 2
e q q q q


  is obtained by Frenet frame formula. It is determined whether or 

not the position of the insertion point P is within the model region. If not, it will be 

adjusted into the model. Judgment and adjustment methods are as follows. 

According to q1 and q2 corresponding to the shortest distances between the 

point P and the constraints, the distance d = ||q1q2|| is obtained. The relationship 

among d1, d2 and d is compared to the shortest distances from P to the constraints. 

p

q1

q2

d2

d1

e1

d

The constraint side A1

The constraint side A2
 

Fig. 4. Diagram of the algorithm for insertion points 

(a) If d1>d or d2>d, point P is outside the model. If d1>d2,  point P moves in the 

direction of   for a certain distance Δ= |(d1 – d2)|/2； if d1<d2, point P moves in the 

opposite direction of  for a certain distance Δ=|(d1 – d2)|/2. After the insertion point 

P moves into the model, the point coordinates are updated. 

(b) If d1<d and d2<d, it shows that the point P is in the model. Then it is not 

necessary to adjust. 



 165 

Step 4. Adjusting the position of each insertion point to make it fall on the 

medial axis 

Adjusting the position of the insertion point in the model to make it fall on the 

medial axis. 

As shown in Fig. 5, the insertion point is adjusted according to the following 

rules: 

(a) If d1> d2, P moves in the direction for a certain distance Δ; 

(b) If d1< d2, P moves in the opposite direction for a certain distance Δ; 

(c) If d1= d2 (approximately equal), update the coordinate value of P. 

In the paper, the initial value of the moving distance Δ is set to be |(d1 – d2)|/2. 

When the two successive moving directions are inconsistent, the second moving 

distance Δ is reduced to be |(d1 – d2)|/4. By iterative algorithm, repeatedly adjust the 

position of the point until the distances that point P reaches the two constraints are 

equal. The value of moving distance is  |(d1 – d2)|/2n，including the value of n 

is the times of the inconsistency of the two successive moving directions. Adjust 

repeatedly the position of the point by iterative method. If it is difficult to make the 

distances between the point and the constrains exactly equal, being approximately 

equal, i.e., d1/ d2=ε (ε is close to 1), is applicable. For high-precision medial axis, 

the closer is ε to 1, the better, but the calculation efficiency will be reduced. In the 

present invention, ε in each model is adopted as 0.99< ε <1.01. 

 

p

q1

q2

d2

d1

e1

The constraint side A1

The constraint side A2

 

Fig. 5. Diagram of adjusting the position of insertion point on medial axis 

Step 5. B-spline curve is obtained by using the points on the medial axis to 

form the smooth curve which is approximately the medial axis of the surface  

model [13] 

Fig. 6 shows the effect diagram of the medial axis of the quadrilateral with 

four irregular bending sides. In the CAD models of industrial production, many 

models are regular. But there are some irregular models. The algorithm of 

generating the medial axis is tested by using the irregular boundary model with high 

complexity. As shown in Fig. 6a, the quadrilateral with irregular bending sides is 

adopted. After introducing that model, apply the medial axis generation algorithm, 
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and the effect is shown in Fig. 6b. Although the bilateral bending causes the 

direction of the insertion point to be not exactly equal to the direction vector of the 

constraint, the insertion point can fall on the medial axis by the adjustment. And 

then use the points on the medial axis to construct B-spline curve which can equally 

divide the medial axis of the bending quadrilateral, to fulfil the symmetry of the 

medial axis. 

           
(a)                                                        （b） 

Fig. 6. The effect diagram of the medial axis of the quadrilateral with four irregular bending sides 

3. The fillet feature simplification method based on Medial Axis 

Algorithm 

According to the method of generating the fillet feature surface, the fillet surface 

can be divided into the point-transition fillet surface and the side-transition one [14]. 

We refer to the simplified method for the point-transition fillet feature  

[15, 16]. The side-transition fillet feature is made up of four sides. It can be divided 

into two groups according to the characteristics of the sides. Constraints can belong 

to one group, while the common ones- to the other, in order to meet the above 

generation algorithm of the medial axis. Therefore, the medial axis which can be 

generated on the fillet feature surface provides the basis for realizing the 

simplification of the fillet feature. 

The fillet feature simplification method based on Medial Axis Algorithm is 

shown in Fig. 7. 

Step 1. The model is kept by the surfaces as element, and each surface is 

distinguishing 

The three-dimensional solid model is transformed into the form of the surface 

list. The surfaces are divided into three categories: Smooth surface, supporting 

surface and protection surface, stored as three lists, see [14]. 

Step 2. The supporting surface is kept by the sides as element, and the sides 

are classified and stored 

A supporting surface is removed from the list of supporting surfaces and stored 

in the form of sides. Then, the sides are divided into three categories: Smooth, semi 

smooth and non smooth sides, stored in three lists [17]. 
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Fig. 7. Diagram of the fillet feature simplification method based on Medial Axis Algorithm 

As shown in Fig. 8, the supporting surface F1 is removed from the list, and its 

sides (e1, e2, e3, e4) are deposited respectively in the lists; e4 is the common side of 

the supporting surface and smooth surface, i.e., smooth side, deposited in the 

smooth side list; e2 and e3 have the smooth points, namely semi smooth sides, 

deposited in semi smooth side list; e1 is non smooth side, deposited directly into the 

non smooth side list. 
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Fig. 8. Diagram of classification for the sides of supporting surface 

Step 3. Generating the medial axis and decomposing the smooth surface 

A side is removed from the smooth side list. According to that smooth side, we 

find the corresponding smooth surface from the list of smooth surfaces. The smooth 

surface is stored as a list of sides. The smooth surface comprises two smooth sides 

and two regular sides. With a smooth side as a constraint condition, regular side as a 

starting side and the ending one, we use the medial axis algorithm to generate the 

medial axis of the smooth surface. The medial axis divides the smooth surface into 

two equal surfaces. At the same time, the two ends of the medial axis divide the two 

regular sides into four sections which are stored in the list of the segmentation sides. 

As shown in Fig. 9, the smooth surface F2 can be found via the smooth side e4 

of the supporting surface F1. The medial axis e8 is generated with the smooth sides 

e4 and e7 as the constraints, as well as non smooth sides e5 and e6 as the starting side 

and the ending one. Divide the smooth surface F2 into two surfaces F3 and F4; at the 

same time, the two ends of the medial axis divide the side e5 into two sections a1 

and a2，and e6 is divided into b1 and b2. The four sides are deposited in the 

segmentation side list. 

e1

e2

e3

e4

e6

e7

F1 

F2 
a1

a2

b1

b2

e5

F3 

F4 

The medial axis e8

 
Fig. 9. Diagram of smooth surface decomposition 

Step 4. Reconstructing the external contour of the supporting surface 

The decomposed smooth surface and the corresponding supporting surface are 

reintegrated into a surface. The original supporting surface and the independent 
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smooth surface no longer exist. The reconstructed supporting surface is stored in the 

protection surface list. 

As shown in Fig. 10, the supporting surface F1 comprises four sides: e1, e2, e3 

and e4. The contour of the reconstructed surface comprises e1, e2, e3, e8, a1 and b1. 

The new surface boundary is the extension of the original boundary, with the 

generated medial axis replacing the smooth side e4; the semi smooth sides e2 and a1 

are integrated into a new side, and the semi smooth sides e3 and b1 into a new one. 

Therefore, the new contour is made up, stored in a new side list. The surface 

constructed according to the new side list is an integration of the original fillet 

surface and the supporting surface, stored in the protection surface list (Fig. 11). 

e1

e2

e3

F1 

a1

b1

F3 

F e4

The medial axis e8

 

Fig. 10. Diagram of the construction for the “side” of the fillet surface and the supporting surface 

 

Fig. 11. Diagram of the construction for the “surface” of the fillet surface and the supporting surface 

Step 5. Reconstructing the supporting surface to simplify the model feature 

When the smooth side list and the supporting surface list are empty, the 

decomposition of all the smooth surfaces and the reconstruction of all the 

supporting surface contour structure are completed. All the surfaces in the 

protection surface list are reconstructed into an entity, to simplify the fillet feature 

of the target object. That is, deleting the fillet feature and the supporting surface of 

the original model, replacing them with a new generated surface, and reconstructing 

them, to form a complete model. 

As shown in Fig. 12, the original protection surface (Fig. 12a), and the 

additional the reconstructed supporting surface (Fig. 12b), are stored in the 

protection surface list. Reconstructing those surfaces into an entity, we can obtain a 

simplified model of Fig. 12c. 
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(a)                                     (b)                                   (c) 

Fig. 12. Diagram of 3D entity reconstruction: 

Protection surface (a); reconstructed surface (b); simplified model (c) 

If there are concave and convex features on the supporting surface or the fillet 

surface of the original model, the inner and outer rings which represent the features 

should be fused with the outer boundary of the new bending surface, as shown in 

Fig. 13. 

 

Fig. 13. The integration of the surfaces with concave and convex features 

4. Mesh generation method based on the Medial Axis Algorithm 

The mesh generation is to disperse a continuous region into finite elements, and set 

up finite nodes in each element [18]. The continuous region is seen as the collection 

of the elements with connection at nodes [19]. That is to say, the mesh generation is 

to divide a given region into several sub regions, decomposing the given region into 

several sub regions. 

In the algorithm of the medial axis, the boundary is used as the constraint 

condition for generating the medial axis. We use the medial axis to segment the 

model, and the boundary of each sub region is also restricted by the boundary, 

making the boundaries of each sub region similar. The medial axis generated from 

the given region divides the region into two equal parts. If the two regions continue 

to be divided, a number of approximately equal sub regions are obtained. We swap 

the relationship between the constraint sides and the starting, the ending sides, and 

again implement the same division. The obtained series of the continuous elements 

are the generated mesh. 

As shown in Fig. 14a, the closed region is divided into the quadrilateral 

comprising ab, bc, cd, and da; ab and cd are used as the constraint condition to 

generate the medial axis ef, which decomposes the region into two regions, as 

shown in Fig. 14b. And then determine it with condition: The shortest side in each 

region is less than or equal to the initial mesh boundary setting value. If the 

determinant condition is not satisfactory, re-divide it. As shown on Fig. 14c, ae, fd 

and eb, cf are used as constraints respectively to regenerate two medial axes, and 
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the original region is divided into four sub regions, which meets the determinant 

condition for the termination. Swap the relationship between the constraint sides 

and the starting, ending sides of the original model, and implement the same 

division with bc and da as the constraint condition, to generate three medial axes on 

Fig. 14d. Six medial axis generated from the division in two different directions 

intersect, and the intersection nodes are the mesh nodes connected into a series of 

continuous quadrilateral, that is the mesh element, as shown on Fig. 14e. 
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Fig. 14. Generation of the mesh based on the Medial Axis Algorithm  

5. Method verification 

The above simplification method of the model fillet feature based on the Medial 

Axis Algorithm and the generation method of the mesh have been integrated in the  

self-research three-dimensional CAD data processing software system DPU 3Ddep, 

see Fig. 15 [17]. 

 
Fig. 15. CAD data processing software system DPU 3Ddep 
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5.1. Verification for the simplification method of fillet feature 

Fig. 16a shows a mechanical part composed of 31 surfaces which contain a plurality 

of fillet features. The medial axis is calculated from the smooth surfaces and the 

outer contour is reconstructed from the supporting surfaces. Using the method in the 

paper, the simplified model is suggested as shown on Fig. 16b with the number of 

surfaces reduced to 11. The test result shows that the external shape of the models 

which fillet features are simplified do not change, indicating that the method is 

feasible and effective. 

        
(a)                                                          (b) 

Fig. 16.  Effect diagram of fillet simplification of mechanical part model: 

Mechanical part model (a); simplification effect (b) 

5.2. Verification for the mesh generation method 

The algorithm is verified by using the model according to the mesh generation 

method based on the medial axis algorithm, and the result is visualized by Hoops. 

As shown in Fig. 17a, the quadrilateral with high complexity, irregular shape 

and complete curved sides is used to verify the algorithm of mesh generation. On 

Fig. 17b we can see the number of quadrilateral surfaces of the model 

decomposition; 31 medial axes are generated on the surfaces of the model. When 

each side is discretized, and 33 boundaries are added, the total number of the 

generated points is 693. Even if the inner quadrilateral element is affected by the 

boundary bending deformation, each quadrilateral element seems structured, and 

the mesh quantity can be changed to control the mesh quality. 

 

 

 

 

 

 

(a)                                                                                          (b) 

Fig. 17. Mesh generation of the quadrilateral with four curved sides: 

The quadrilateral with four curved sides (a); the generation of the mesh parameter (b); the generation 

result of the mesh (c) 



 173 

6. Conclusion 

The medial axis plays a key role in the model simplification, model reconstruction, 

mesh generation and solid modeling which are the indispensable parts of the 

CAD/CAE system. In this paper, we propose a simple and fast algorithm for 

generating the medial axis by locus method associated with moving Frenet frame, 

based on which we realize the simplification algorithm of the complex fillet 

features and achieve the simplification effect without changing the model structure. 

Besides, we apply the medial axis to the mesh generation, to realize the mesh 

generation of the quadrilateral region; the visual function of the data file in hoops 

makes users understand the quality of the mesh. In the future, the medial axis will 

be applied to the hexahedral finite element mesh generation [20]. Since the medial 

axis has been verified for plane, it can also generate the high-quality hexahedral 

mesh by becoming the medial surface in 3D space to equally divide the space [21]. 
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