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Abstract: The problem of finding reducts plays an important role in processing
information on decision tables. The objective of the attribute reduction problem is
to reject a redundant attribute in order to find a core attribute for data processing.
The attribute reduction in decision tables is the process of finding a minimal subset
of conditional attributes which preserve the classification ability of decision tables.
In this paper we present the time complexity of the problem of finding all reducts of
a consistent decision table. We prove that this time complexity is exponential with
respect to the number of attributes of the decision tables. Our proof is performed in
two steps. The first step is to show that there exists an exponential algorithm which
finds all reducts. The other step is to prove that the time complexity of the problem
of finding all reducts of a decision table is not less than exponential.
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1. Basic concepts

Let us give some necessary concepts that are used in this paper. The concepts and
facts given in this section can be found in [1, 3].
Firstly, we summarize some basic concepts in rough set theory [3]. An

Information System (IS) is defined as IS = (U , AV, f ) in which U is the finite

and non-empty set of objects; A is the finite and non-empty set of attributes;
V = UVa, where V, is the value range of the attribute a € A; f:UxA—>V, isan
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information function, where Vae A, ueU, f (u, a) €V, hold.

For any UeU, ae A, we will denote the value of the attribute a on the
object U by a(u) instead of f(u,a). If B={b,,b,,...b } = A is a subset of
attributes, then the set of bi (u) is denoted as B(u). Therefore, if U, V are two
objects in U, then B(u)=B(v) ifand only if b, (u)=b, (v) forany i=1,...k.

Definition 1.1. A Decision table is an information System
DS= (U LAV, f ) where A=C uUD, C is the set of condition attributes, D is

the set of decision attributes and C N D = .
Without loss of generality, suppose that D consists of only one decision attribute
d. Therefore, from this time we consider the decision table

DS = (U ,C u{d } ,V, f ), where {d} ¢ C. A decision table DS is consistent if
and only if the functional dependency C — {d} is true; it means that for any
u, vel if C (u) =C (V) then d (u) =d (V) . Conversely, DS is inconsistent.

Definition 1.2. Let DS = (U ,C U{d},V, f ) be a consistent decision table.
If R < C satisfies the conditions below:

1) forany u,veU if R(u) = R(V) then d (u) =d (V);

2) for any Bc R, there exist U,veU such that B(u): B(V) and

d (u) =d (V) ,then R 1is called a reduct of C.

According to P a w 1 a k [3], the reduct of Definition 1.2 is called a REDuct
based on a positive region (RED). Let RED(C) be the set of all reducts of C. In
the view point of relation database theory, R is a reduct of C, if R satisfies the
functional dependency R — {d} and VB R, B4 {d }

In the next content, we introduce some basic concepts of relational database

theory [1].
Let R= {al,..., an} be a finite set of attributes and let D (ai ) be the set of all

possible values of attribute a;, the relation r over R is the set of tuples {hl,.. h }

SN
where h;: R — aLEJR D(ai), 1< j<m, isa function that h, (ai)e D(ai).
Let r= {hl,..., hm} be a relation over R = {al,...,an} . Any pair of attribute

sets A, B R is called Functional Dependency (FD) over R, and it is denoted by
A — B if and only if

(vh, hy er)((vae A)(h(a)=h; (a)) =(¥beB)(h (b)=hy(b))) .



The set F, = {(A, B): A BcR A—> B} is called a full family of functional
dependencies in I. Let P(R) be the power set of the attribute set R. A family

F=P ( R) x P ( R) is called an f-family over R if and only if for all subsets of the
attributes A, B, C, D — R the following properties hold:

(1) (A, A)eF.

(2) (A,B)EF, (B,C)GF:(A,C)G F.

3) (A,B)EF, AgC,DgB:(C,D)eF.
4) (A,B)GF, (C,D)eF:(AuC,BuD)e F.

Clearly, F, is an f-family over R. It is also known that if F is an f-family

over R, then there is a relation I such that F, = F. Let us denote by F* the set of
all FDs, which can be derived from F by using rules (1)-(4).
A pair S :(R, F), where R is a set of attributes and F is a set of FDs on

R, is called a relation scheme. For any Ac R, the set A" = {a: A— {a} IS F+} is

called the closure of A on S. It is clear that A— B e F"if and only if B< A".
Similarly, A" = {a Ao {a} € F+} is called the closure of A on relation I.

Let s = (R, F) be a relation scheme over R and a € R . The set
A7 ={AcR:A—{a}, AB:(B—>{a})(Bc A)}
is called a family of minimal sets of the attribute a over S. Similarly, the set
A7 ={AcR:A—{a}, B R:(B—{a})(Bc A)}

is called a family of minimal sets of the attribute a over r.
Recall that a family A < P(R) is a Sperner-system on R if for any

A, B e L implies Az B. It is clear that A, A, are Sperner-systems over R. Let

A be a Sperner-system. We defined the set £ ', as follows:
£'={AcR:(BeX)=(Bz A)} andif (AcC)=(3IBeA)(B<=C).

It is easy to see that £ is a Sperner-system on R, too. If A is a Sperner-
system over R as a set of all minimal keys of relation r (or the relation scheme S),
then 7" is the set of subsets of R, which does not contain the elements of £ and
which is maximal for this property, £ ' is called antikey. If A is a Sperner-
system over R as the family of minimal sets of the attribute a over r (or S); in other

_1 -1 _ -1 .
words £ =A (or £ =A), then £ :{/fr} (or £ :{/C;} ) is the
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family of maximal subsets of R which are not the family of minimal sets of the
attribute a, defined as [1]:

{/Car}*l :{Ag R:A—){a}g F' Ac B:>B—>{a}e Fr+}’

() =({AcR:A-{a}¢F,AcB=B{ajeF'}.

2. Results

In real problems, the decision tables often contain inconsistent objects which have
the same values on the conditional attribute, but different values on the decision
attribute. These decision tables are called inconsistent decision tables. However,
based on a data preprocessing step, we can convert the inconsistent decision tables
to consistent decision tables by deleting inconsistent objects in an inconsistent
decision.

Algorithm 2.1 [1]. Finding a minimal key from the set of antikeys.

Input: Let K be a Sperner-system, H be a Sperner-system and

C= {Cl,...,Cm} c R, such that H™' = K and there exists BCc K:B cC.
Output: D H.
Step 0. Weset T (0) =C.
Step i+1. Set

T(i+1)={

Thenset D=T (m)

Lemma 2.1 [1]. IfK is the set of antikeys, then T (m) eH.

Theorem 2.1 [1]. Let H be a Sperner-system over R and H ™' = {Bl,..., Bm}
is a set of antikeys of H, T € H . Then T c H, T # & if and only if there exists
BcR suchthat BT, B B, forany I<i<m.

Based on Lemma 2.1 and Theorem 2.1 we have the following
Algorithm 2.2 [1]. Finding the set of minimal keys from the set of antikeys.

Input: Let K = {Bl,..., Bm} be a Sperner-system over R.

Output: H suchthat H™' =K .
Step 1. Using Algorithm 2.1, we calculate A . We setK, = A,.

Step i+1. If there is a B € K, such that B/éBj (‘v’j 1<) < m), then using
Algorithm 2.1 we calculate Ay, where A, eH, A, cB. We set

T(i)-c

if VBeK,T(i)-¢ «B,

T (i) otherwise.

Ki,, = K, UA,,. In the converse case we set H = K.



Lemma 2.2 [1]. The set H, obtained by Algorithm 2.2 satisfies H™' =K
and the time complexity of Algorithm 2.2 is exponential to the number of
attributes of R.

Algorithm 2.3 [5]. Finding the set of all reducts in a consistent decision table.

Input: Let DS= (U ,C u{d},V, f) be a consistent decision table,
C={C,Cy...Cy}, U={U,U,,.... U}

Output: RED(C).

Let us consider the decision table DS as the relation I = {ul, uz,...,um} over
the set of attributes R = AU {d } .

Step 1. From I we construct the equality system & = {Eij 1<i<j< m}
where E; :{ae R:a(ui):a(uj)}.

Step 2. From &, we construct

M ={Aeé; :dg AZBe& :d¢B,Ac B}.

Step 3. Using Algorithm 2.2, we calculate £ from A4 (/l//d =L ) .

Step 4. We set RED(C) = /C—{d} :

Lemma 2.2 [5]. The set RED(C) obtained by Algorithm 2.3 satisfies
RED (C) =L - {d} . The time complexity of Algorithm 2.3 is exponential to the

number of conditional attributes of the decision tables.
Lemma 2.3 [4]. Let DS = (U ,Cu {d } ,V, f ) be a consistent decision table

where C ={c,,C,,...C,}, U ={U,,U,,...,u, } . Let us consider I ={u,, U,,...,u,}
on the attribute set RzCu{d}.
We set & :{Eij 1<i< Sm} where E; ={aeR:a(ui)=a(uj)}.
Weset A7, ={Ae& :deA ABes :deB, AcB).

1
Then we have A7, = (/Cdr) where A is called a family of minimal sets of

the attribute d over relation r.
Lemma 2.4. If DS= (U ,Cu {d } ,V, f ) is a consistent decision table then

-1
(Kdr ) is a Sperner-system over C. Conversely, if K is a Sperner-system over C

then there esists a consistent decision table DS = (U ,Cu {d } ,V, f ), such that

K=(K;) "



Proof: Wehave (A7} ={AcR:A—{a}¢F",AcB=>B—{ajcF}.
Itis obvious that (K] ) is a Sperner-system. Conversely, if K is a Sperner-system
over C, supposing that K = {A,...,An}, we construct a decision tables
DS=(U,Cu{d},V, f) as follows.

We set U ={Uy, U,,....u, }, R=Cu{d}:

1) forall ceC weset U, () =0; set u,(d)=0;

2) for all i=1,...m we set U,(c)=0 if ce A; u;(C)=i otherwise; set

ui(d)zi forall i=1,....m.

Weset & ={E;:1<i<j<m}, E :{ae R:a(ui):a(uj)}.

Weset A7, ={Ae& :deA ABes deB, AcB)..

We can see that A7 ={A,...,A,}. According to Lemma 2.3 we have

—1 -1
M, = ( KJ) . Consequently, K = ( KJ)
Lemma 2.5. Given R = {al,...,an} be a non-empty attribute set. Then there

exists a Sperner-system K over R such that the number of elements in K is
exponential with respect to N and the number of elements in K™ is polynomial

with respect to N.
P r o o f: We partition R into groups, each group consists of two elements. So
we have:

R=X,UX,U..uX, UW where |X;|=2,X;n X, =, m=[n/2],

0 if n even,
WI=VT i n odd

Let us consider:
H ={A:|AnX;|=1,Vi} if W|=0, and
H={AANX|=1 if 1<i<m+l, and |[An(X,UW) =1}
if W|=1.
We can see that |H|=C,[1n/2}. We know that Cr[]n/z} is approximately
2MD2/(3.14 x n'?). So we can conclude that |H | > o[l
We set K={B:[B|=n-2, BN X; =0 forany i,I<i<m} if W|=0

and



K={B:|B|=n—2,BmXi=®foranyi, I<i<m
or|[B|=n-3,BN(X, UW)=@} if W|=1.
We have [K|<m—1and K=H""
Theorem 2.2. Let DS:(U, Cu{d},V, f) be a consistent decision, then

the time complexity of the problem of finding all reducts of DS is exponential with
respect to the number of attributes of DS.

P roof: We prove two steps.

1) There exists an exponential algorithm which finds all reducts of a decision
table. According to Algorithm 2.3, we obtain all reducts of a decision table. The
time complexity of Algorithm 2.3 is exponential with respect to the number of the
attributes of DS.

2) The time complexity of the problem of finding all reducts is not less than
exponential with respect to the number of attributes of DS. Suppose that

C= {al,...,an}. We construct the partition on C according to Lemma 2.5. We

construct H and K according to Lemma 2.5. We can see that |H | > 2[n/4},
|K|S m+1|and K=H" where m = [n/2]. Suppose that K Z{Al,...,Ap}. We
construct a decision table DS = (U ,C U{d},V, f ) where U = {UO, Uy up} as

follows:
i) forall c € C we set uO(C):O;set Uo(d):O;

i) for all i=1,..,p we set U (c)=0 if ce A; u;(c)=i otherwise; set
ui(d):i forall i=1,..,p.

-1
According to Lemma 2.4 we have K :(KJ) , so that H=Kj.
Consequently, RED(C)=H —{d}.

Therefore, according to Lemmas 2.4 and 2.5, for any non-empty attribute set
A=Cu {d } we  always have a  consistent  decision  table

DS = (U ,C u{d},V, f) such that the number of RED(C) is exponential with

respect to the number of the attributes of A. On the other hand, the number of the
objects in U is polynomial with respect to the number of the attributes of A.
Theorem 2.2 was proved. m
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