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Abstract

The political replacement effect is an interesting socio-political hypothesis introduced by Acemoglu and Robinson and

statistically tested. It may determine, under some conditions, the phenomenon of innovation blocking, possibly leading to

economic backwardness in a society. In a previous paper, we have introduced a kinetic model with stochastic evolutive

game-type interactions, analyzing the relationship between the level of political competition in a society and the degree of

economic liberalization. In the present paper we model we model the possibility of having a sort of phase transition occurring

in the system when the phenomenon of blocking of the introduction of technological innovation, intended in a broad sense,

appears. Crossing a critical point, the rules of interactions change by means of slightly different transition probabilities

nevertheless determining very significant differences in the resulting long-term solutions.
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1. Introduction

In the last years, a growing attention has been put on the complex interactions between politics
and macroeconomics, giving rise, in particular, to the so called new political macroeconomics [1], mostly
focusing on how politics affects economic outcomes. It is well known, in fact, that in real world political
institutions a major role is played by the relationship between politics and macroeconomic policy. Our
approach represents an attempt to translate into the mathematical framework of the kinetic theory
applied to social dynamics ( [2], [3], [4], [5], [6], [7], [8], [9], [10], [11], [12], [13], [14], [15] and references
therein) a model of the game-theoretic literature on macroeconomic policy [16] with the idea that this
approach could give new insights in both fields.

As stressed by Drazen [1], if economy is the study of the optimal use of scarce resources [17], this
implies that ”once the optimal policy is found, it will be implemented”. Drazen defines the policy maker,
from this viepoint, as a social welfare maximizer. A well established field of research stems from the
simple observation that actual and past policies, in many countries and situations, differed from this
optimal policy. Acemoglu and Robinsons [16,18], but Drazen [1] also, propose many different historical
and actual examples.

Following the phenomenology introduced in [16], we propose a kinetic model in which three groups in-
teract, each of them differently characterized by two variables, representing significant political-economic
determinants [8]. Using the kinetic approach with stochastic game-type interactions, we consider the
evolution within each group as due to an internal to the group-type of interactions and a network-type
of interactions. In the last one the dynamic of each group is influenced by the marginal first order mo-
ments of the distributions on the other groups. The novelty of the present paper, with respect to [8],
is that we introduce here two different phases in our system. One phase is characterized by a welfare-
maximizing policy maker [1], whilst in the other phase the policy maker is not welfare-maximizing. The
phase transition is based on the behavior of the so called innovation function introduced in [8] on the
basis of the phenomenology suggested in [16]; characterizes the rulers return value when technological
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innovation, intended in a broad sense, is introduced in the society. From now on the phase in which the
policy maker is not welfare-maximizing is called blocking phase borrowing the term blocking by [16]. The
blocking phase is characterized by the fact that the incumbent rulers, policy maker in this case, do not
introduce technological innovations, intended in a broad sense, due to the fear to loose political power.
This phenomenon has been called in [16] political replacement effect. This interesting phenomenon has
been statistically tested in [19]. Next to the present one it is introduced a section describing the phe-
nomenology, the mathematical model representing the phenomenology and some numerical results. A
section of conclusions close the paper.

2. A kinetic model of a society with phase transition.

2.1. Basic mathematical representation

The phenomenological description of the socio-economic system introduced in this paper strictly
resembles the one introduced in [8], except for the introduction of the phase transition. Then, we introduce
it briefly , especially focusing on the two different phases.

The general socio-economic system is constituted by three subgroups: rulers, political competing group
and citizens. We model two different political-economic determinants for each subgroup. Rulers’ political
power and propensity to innovate, citizens’ wealth and political opinion on the government and finally
wealth and political power of the political competing group. In a discrete state framework, the microstate
of each group is mathematically represented as

(1) {(ui, νr), i = 0, . . . , I; r = 0, . . . , R}.

with

Du = {ui =
i

I
, i = 0, . . . , I} ⊂ [0, 1], Dν = {νr =

r

R
, r = 0, . . . , R} ⊂ [0, 1].

characterizing the domain of the microscopic variables u and ν, respectively. The introduced variables
take different meanings for each subgroup of the general socio-economic system; i.e. they represent the
determinants for each group, as above sketched. The meaning of the variables for each group will be
better highlighted in the following subsection.

For each subgroup, a probability mass function is defined on the microstate

(2) f sir(t) = fs(t, ui, νr) : [0, 1]×Du ×Dν → [0, 1], s = 1, 2, 3,

characterizing, on each subgroup (i.e. ∀s = 1, 2, 3), the distribution of the socio-economic determinants
related to the specific subgroup considered.

The first-order moments related to the marginal probabilities on each group are

(3) Esν(t) =
I∑
i=0

R∑
r=0

νrf
s
ir(t),

(4) Esu(t) =

R∑
r=0

I∑
i=0

uif
s
ir(t),

s = 1, 2, 3.
Evolution equations read

(5)
d

dt
fsir(t) = Js[f

s] + Js[f j ],

with the initial condition (f s)0 = f s(0), s = 1, 2, 3 and j ∈ {0, . . . , s − 1, s + 1, . . . 3} with
f s = {fsir}, i = 0, . . . , I, r = 0, . . . , R. The term Js[f

s] (s = 1, 2, 3) accounts for the net flow due to in-
ternal to the group-type of interactions; it may depend on the probability mass function of the s-th
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group through its first moments. The term Js[f j ] (s = 1, 2, 3, j ∈ {1, . . . , s− 1, s+ 1, . . . 3}) accounts
for network-type of interactions.

With respect to the internal to the group-type of interactions the following stylized phenomenology
is assumed for each subgroup. Rulers: their propensity to innovate is directly related to their political
power. Citizens: their support to the rulers is directly related to their wealth. Political competing group:
their political power is directly related to their wealth.

With respect to the network-type of interactions the following stylized phenomenology is assumed
for each subgroup. The political power of the rulers is directly related to the citizens’ political opinion
on the government and inversely related to the political power of the competing group. The wealth of
the citizens is directly related to the propensity to introduce innovation of the rulers. The wealth of the
political competing group is directly related to the propensity to introduce innovation of the rulers. The
above introduced phenomenology, stylized as much as possible to try to catch the general dynamical
basic features, will be represented by means of specific transition probabilities. An intuitive graphical
representation on the general dynamical interaction may be the following, where the minus signs and the
red colors symbolically represent negative returns.
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              +                                                                                                                        
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Figure 1. A sketch of the interactions between subgroups of the socio-economic system.

The explicit expressions for the flows of Equation (5), derived by balancing the inflow and the outflow
of particles in an elementary volume of the microstates, are

(6) Js[f
s] =

1

I + 1

I∑
h,k=0

R∑
p,q=0

ηsDkqhp(s)(νp → νr)f
s
hp f

s
kq−fsir

I∑
k=0

R∑
q=0

ηs f
s
kq,

(7) Js[f j ] =
3∑

j = 1
j 6= s

{ 1

R+ 1

I∑
h=0

R∑
p=0

[
µjs B

j
h(s)(uh → ui)f

s
hp

]
− µjsfsir

}
,

for s = 1, 2, 3, where ηs is the frequency of internal to the group-type of interactions and µjs is the
frequency of network-type of interactions among the groups. Both of them are assumed to be constant in
our model and they will be given as parameters of the model.

2.2. Two different phases

A blocking phase is characterized by rulers who are not welfare-maximizing due to the fear of los-
ing their political power, more than their economic rents [16,18]; this effect may determines economic
backwardness in the society, which affects the citizen wealth mean value. In particular, the condition of
blocking occurs when the payoff of the rulers who do not innovate is bigger than their payoff when the
innovation is introduced [16]. In [8] we analyzed the innovation function, which allows to quantify, in the
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kinetic mathematical framework, the blocking condition introduced in [16]

(8) F(E3
ν(t), γ; α) = αP

[1

2
+ (1− E3

ν(t))
]
− P

[1

2
+ γ (1− E3

ν(t))− (α− 1)
]
.

In (8) we used the following function

P [h] =


0 if h < 0

h if 0 ≤ h ≤ 1

1 if h > 1

and in the following it will be clarified that the quantity 1 − E3
ν quantifies the inverse of the political

competition; this quantity was introduced as a parameter in [16], whilst in our model depends on the
dynamic of the whole system and changes with time.

The parameters [16] are:

• α, which quantifies the effect of the introduction of technological innovation,
• γ which quantifies the ’erosion’ of the political power of the incumbent ruler due to the introduc-

tion of new technologies in the society,

The blocking condition is now derived as (for details see [8])

(9) αP
[1

2
+ (1− E3

ν(t))
]
≥ P

[1

2
+ γ (1− E3

ν(t))− (α− 1)
]
.

The no blocking phase is characterized by welfare-maximizing rulers; the transition from the no block-
ing to the blocking phase is characterized by the behavior of the innovation function (8). When it is
strictly less than zero, the blocking condition (9) applies, i.e. the payoff of the rulers who do not inno-
vate is bigger than their payoff when the innovation is introduced, determining a behavior which is not
welfare-maximizing.

In the no blocking phase the following transition probabilities are introduced for each group exactly
as in [8]:

1. Rulers.

Microstate:

{
political power (ui, i = 1, . . . , I)
propensity to innovate (νr, r = 0, . . . , R)

Internal to the group-type of interactions (in the no blocking phase):
The propensity to innovate of the rulers is directly related to their political power.

• if E1
u ≥ 1

2 ,

(10) ∀k, q, Dkqhp(1)(νp → νr) =


0 for r ∈ {0, . . . , p− 1}

1
R−p+1 for r ∈ {p, . . . , R}

• if E1
u <

1
2 ,

(11) ∀k, q, Dkqhp(1)(νp → νr) =


1
p for r ∈ {0, . . . , p− 1}

0 for r ∈ {p, . . . , R},

(in both cases above the transition probabilities are independent on the values of νk and νq).
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Network-type of interactions:
The political opinion of the citizens on the rulers directly influences the political power of the rulers.

• if E2
ν ≥ 1

2 ,

(12) B2h(1)(uh → ui) =


0 for i ∈ {0, . . . , h− 1}

1
I−h+1 for i ∈ {h, . . . , I}

• if E2
ν <

1
2 ,

(13) B2h(1)(uh → ui) =


1
h for i ∈ {0, . . . , h− 1}

0 for i ∈ {h, . . . , I}.

Finally, the political power of the competing group inversely influences the political power of the rulers.

• if E3
ν ≥ 1

2 ,

(14) B3h(1)(uh → ui) = γ̃δi,h−1 + (1− γ̃)δi,h

• if E3
ν <

1
2 ,

(15) B3h(1)(uh → ui) = δh,i.

In the above equations and hereafter δh,k represents the Kronecker delta function and γ̃ quantifies
the effect of the political power of the competing group on the political power of the rulers; it is the
parameter γ which has been normalized, i.e.

γ̃ =
γ

γmax
,

assuming that a maximal value exists for this quantity.
2. Citizens.

Microstate:

{
wealth (ui, i = 0, . . . , I)
political opinion (νr, r = 0, . . . , R)

internal to the group-type of interactions:
The opinion dynamics of the citizens is assumed to be driven simply by economic motivations: when
two individuals interact, if the wealth status of the candidate particle is below the one of the field
particle, the candidate particle has a probability to acquire the opinion of the field one, following an
imitation rule. If, on the contrary, the wealth status of the candidate particle is greater or equal to
the one of the field particle, the candidate one will not change his opinion. The following transition
probabilities encode the above described phenomenology:

• if uh < uk,

(16) Dkqhp(2)(νp → νr) = β δr,q + (1− β)δr,p

• if uh ≥ uk,

(17) Dkqhp(1)(νp → νr) = δr,p

where 0 ≤ β ≤ 1 is a parameter of the model and characterizes citizen susceptibility to change
opinion.
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Network-type of interactions:
We model the impact of the introduction of technological innovations on the citizens income by simply
reasoning that if the rulers introduce technological innovation, the citizens may, in probability, rise
their wealth status.

• if E1
ν ≥ 1

2 ,

(18) B1h(2)(uh → ui) = α̃ δi,h+1 + (1− α̃)δi,h

• if E1
ν <

1
2 ,

(19) B1h(2)(uh → ui) = δh,i

where α̃ quantifies the effect of the introduction of technological innovation by the rulers on the wealth
of citizens; it is the parameter α which has been normalized, i.e.

α̃ =
α

αmax
,

assuming that a maximal value exists for this quantity.
3. Competing group.

Microstate:

{
wealth (ui, i = 0, . . . , I)
political power (νr, r = 0, . . . , R)

Internal to the group-type of interactions:
in this case the political power of the competing group is simply assumed to be directly related to
their wealth.

• if E3
u ≥ 1

2 ,

(20) ∀k, q, Dkqhp(3)(νp → νr) =


0 for r ∈ {0, . . . , p− 1}

1
R−p+1 for r ∈ {p, . . . , R}

• if E3
u <

1
2 ,

(21) ∀k, q, Dkqhp(3)(νp → νr) =


1
p for r ∈ {0, . . . , p− 1}

0 for r ∈ {p, . . . , R}

(in both cases above the transition probabilities are independent on the values of νk and νq).

Network-type of interactions:
We model the impact of the introduction of technological innovations on the competing group income
by the simple reasoning that, as in the case of the citizens, if the rulers introduce technological
innovation, the competing group may rise their wealth status.

• if E1
ν ≥ 1

2

(22) B1h(3)(uh → ui) =


0 for i ∈ {0, . . . , h− 1}

1
I−h+1 for i ∈ {h, . . . , I}

• if E1
ν <

1
2

(23) B1h(3)(uh → ui) = δh,i
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As a novelty with respect to [8], we introduce a new set of transition probabilities, i.e. new rules
characterizing the interactions when the system enters the blocking phase. In the blocking phase, the only
transition probability which is assumed to change is the internal to the group-type of interactions of the
rulers, i.e.:

Rulers.
Internal to the group-type of interactions (in the blocking phase):

(24) ∀k, q, Dkqhp(1)(νp → νr) =


1
p for r ∈ {0, . . . , p− 1}

0 for r ∈ {p, . . . , R},

The network-type of interactions of the rulers and all the transition probabilities of the other groups
remain the (12)-(23).

2.3. A case study: limited political competition

An important conclusion of the model presented in the paper [16] is that political decision-makers
are expected to support economic institutions in the case of strong autocracies with low level of political
competition or in established democracies with high levels of political competition. On the other hand, it
is when political competition is limited that development may be blocked by political elites. In the present
case study we focus on this last case, i.e. we analyze the long term solutions of the system of equations (5)
with the specifications (6), (7) and with initial conditions of limited political competition, explained in
the following. The target of the numerical solutions which are presented is to show the effect of the ’phase
transition’ on the long term solutions, by comparing the solutions in condition of blocking (4) and without
blocking (3). Moreover, another goal is to analyze the impact of a the parameter characterizing γ which
quantifies the erosion of the rulers’ political power due to the introduction of technological innovation
in the society. The γ parameter appears worth to be analyzed for its socio-political implications, as
documented also in [20]. To model the situation of a society with a limited political competition we
assume as initial condition strong rulers (see Figure2 (left)) and a weak competing group (see Figure 2
(right)), whilst the wealth and political opinion of the citizens are uniformly distributed (see Figure 2
(center)). The same initial has been used in the first case study of paper [8], although we here compare
the situation with and without phase transition. The initial conditions are represented using a bar graph
representing the initial distribution for each group (parameter values are: α = 1.1, β = 0.3, γ = 2).
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Figure 2. Bar graphs of the initial distribution for each group representing a society with limited political competition.
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Figure 3. Time evolution of significant marginal first moments of the distributions in the three groups without phase
transition.
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Figure 4. Time evolution of significant marginal first moments of the distributions in the three groups with phase tran-
sition.

The transition into the blocking phase determines a negative trend in the long term solution of the
mean citizen wealth which was not observed when the solutions have been calculated in the same initial
conditions and with the same value of the parameters but without introducing the possibility of having
a phase transition. The transition to the blocking phase appears to be irreversible in this case.
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As mentioned in [16]: ”A higher level of γ increases the security of the ruler in the absence of inno-
vation; hence it implies a greater erosion of entrenchment”. To test the reliability of our kinetic model
in reflecting the proposed socio-economic dynamics, we have numerically computed the same solution
as the previous one, with the same initial conditions and parameters, except for the parameter γ which
takes the value γ = 10 in the first solution and γ = 30 in the second one.
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Figure 5. Time evolution with the same initial conditions and parameters as the previous one, except for γ = 10.
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Figure 6. Time evolution with the same initial conditions and parameters as the previous one, except for γ = 30.

The mean value of the political power of the rulers abruptly decreases more and more as γ increases.
Roughly speaking one may say that the transition into the blocking phase determines in any case a sta-
bilization of all the mean values, although they are quite low. This kind of behavior may be considered
as inefficient government from the political-economic viewpoint. It is evident that the hypothesis formu-
lated in the context of this case study needs to be theoretically justified and numerically tested in more
different case studies.
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3. Conclusions

In this paper we have proposed a kinetic model with stochastic game-type interactions representing
a simple society with three interacting group of interests, each of them characterized by two political-
economic determinants. Two phases have been introduced in the society: a no blocking phase in which the
government is welfare-maximizing and a blocking phase in which the government is not welfare-maximizing
and may block the introduction of technical innovations in the society. The two different phases have
been characterized by different transition probabilities and the phase transition has been identified by
means of a blocking condition introduced in a model by Acemoglu [16]. Numerical results on a case study
of a society with limited political competition are analyzed. The long term solutions of the model have
been numerically evaluated in the condition of limited political competition. The numerical results have
been obtained in two different cases; i.e. when the phase transition has not been taken into consideration
and in the case in which it has been considered. The results about the time evolution of some significant
first order moments of the marginal distributions of the different groups have been compared with those
obtained with the same initial conditions and values of the parameters, but without introducing the event
of the phase transition.
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