DE GRUYTER DOI: 10.1515/bile-2017-0006
OPEN
Biometrical Letters

Vol. 5/ (2017), No. 2, 91-122

On a new approach to the analysis of variance for
experiments with orthogonal block structure.

I. Experiments in proper block designs

Tadeusz Caliniski, Idzi Siatkowski

Department of Mathematical and Statistical Methods, Poznan University of Life
Sciences, Wojska Polskiego 28, 60-637 Poznan, Poland,
e-mail: calinski@up.poznan.pl, idzi.siatkowski@Qup.poznan.pl

SUMMARY

The main estimation and hypothesis testing results are presented for
experiments conducted in proper block designs. It is shown that, under
appropriate randomization, these experiments have the convenient orthog-
onal block structure. Because of this, the analysis of experimental data
can be performed in a comparatively simple way. Certain simplifying pro-
cedures are introduced. The main advantage of the presented methodology
concerns the analysis of variance and related hypothesis testing proce-
dures. Under the adopted approach one can perform them directly, not by
combining results from intra-block and inter-block analyses. Application
of the theory is illustrated by three examples of real experiments in proper
block designs. This is the first of a projected series of papers concerning
the analysis of experiments with orthogonal block structure.
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1. Introduction

The concept of orthogonal block structure, as a desirable property, was
originally introduced for a wide class of designs by Nelder (1965) and then
formalized by Houtman and Speed (1983). After the latter, the following
definition can be adopted.

Definition 1.1 (from Section 2.2 in Houtman and Speed, 1983). An exper-
iment is said to have the orthogonal block structure (OBS) if the covariance
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(dispersion) matrix of the random variables observed on the experimental
units (plots), y = [y1,¥2, ..., yn]’, has a representation of the form

D(y) = ol + 05y + - + o7 by,

where the {¢,}, « = 1,2, ..., ¢, are known symmetric, idempotent and pair-
wise orthogonal matrices, summing to the identity matrix, the last being
usually of the form ¢, = n~11,1,.

It appears that experiments having the OBS property can be analyzed in
a comparatively simple way. In particular, the analysis of variance (ANOVA)
can be performed directly, avoiding the classic procedure of first conducting
intra-block and inter-block analyses and then combining the information
obtained from them, as originally suggested by Yates (1939, 1940) and re-
cently discussed by Kala (2017).

Because of this feature, it may be interesting to show the analytical ad-
vantage of experiments having the OBS property. To indicate the underlying
theory and relevant methodological procedures, it will be more appealing to
do this for different classes of designs separately. Thus, a set of research pa-
pers may be helpful for practical applications. The present paper, as the first
of the projected series of publications, is devoted to experiments conducted
in proper block designs.

Agricultural and other experiments, particularly crop variety trials, are
often conducted in incomplete block designs. Of special interest are the
proper block designs, i.e., those with constant block sizes. These have been
intensively promoted by many researchers, who have also presented relevant
methods of analyzing experiments conducted in these designs; see for exam-
ple Yates (1936, 1940) and Rao (1947, 1956, 1959). The considered designs,
when used with appropriate randomization, induce the OBS property, as
indicated in Calinski and Kageyama (2000, Lemma 3.5.1).

The purpose of the present paper is to show how the OBS property
provides a possibility of performing the analysis of experimental data with a
comparatively simple methodology. In Section 2 the randomization-derived
mixed model, from which the described methodology follows, is introduced.
The theoretical background of the derived analysis is presented in Section
3. In Section 4 some simplifications of the proposed analytical methods are
suggested. In Section 5 attention is drawn to some modifications resulting
from the use of estimated stratum variances. Some examples illustrating
application of the derived analytical methods, ANOVA in particular, are
presented in Section 6. Some concluding remarks concerning the advantage
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of the proposed new approach are given in Section 7. Finally, five appendices
contain helpful derivations of the applied methods.

2. A randomization-derived model

Suppose that v crop varieties (or other treatments) are compared in an
experiment conducted in a proper block design, composed of b blocks, each
of k experimental units (plots). Furthermore, assume that the blocks are
randomized and, independently of this randomization, the plots within each
block are randomized, before being assigned to the varieties according to
the chosen design (as described, for example, in Caliniski and Kageyama,
2000, Section 3.1.1, following Nelder, 1954, 1965).

Let the design be described by a v x b incidence matrix N = [n;;], with
rows corresponding to the varieties (treatments) and columns corresponding
to the blocks, the element n;; of this matrix being positive if the variety i
(=1,2,...,v) is to be allocated in the block j (=1,2,...,b), n;; > 1 times,
and being 0 otherwise.

Let the data concerning the yield (or other variable trait) observed on
the plots of the experiment be written in the form of an n x 1 vector y, n =
bk, ordered as y = [y}, Y5, ..., y]', where y; is the vector of yields observed
for the varieties allocated in the jth block, j = 1,2, ...,b. Furthermore, let
the corresponding unit (plot) error and technical error variables be written
in the form of n x 1 vectors  and e respectively. Finally, let the variety
(treatment) fixed effects (i.e., their expectations or true means) be written
as T = [71, T2, ..., Ty and the block random effects as B = [B1, B2, ..., Bb)-

The model derived from the adopted randomization procedures can then
be written in the form

y=X17+X28+n+e, (1)

with the associated design matrices X1 for treatments and X o for blocks.
This allows the expectation vector and the covariance (dispersion) matrix
of y to be written as

E(y) = XlTa (2)
D(y) =V =0i¢, + 03y + 033, (3)
where the matrices

¢, =1, — k' XoX, o=k ' XX, —n"11,1, and ¢3=n"'1,1

n
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are the pairwise orthogonal projectors on relevant strata (intra-block, inter-
block and total experimental area, respectively), i.e., are symmetric, idem-
potent and pairwise orthogonal, summing to the identity matrix, and where

02, 03 and 03 are the corresponding stratum variances (as in Caliniski and

Kageyama, 2000, Definition 3.5.1).
3. Theoretical background of the analysis

When analyzing data from an experiment modelled by (1), a variety trial
in particular, attention is usually paid to estimates and tests concerning
the parameters T = [r1, 72, ..., Ty]’, or rather the variety (treatment) main
effects, defined as

v
(I, —n "y =[n—-7,7—7,....,7 — 7|, where 7. =n"" Z(TiTi)a
i=1

and also their linear functions. In this regard, first note (referring, for in-
stance, to Calinski and Kageyama, 2000, Section A.2) that, taking the or-
thogonal (V ~!-orthogonal) projector

Py -1y =X (X1V X)) ' XV, (4)
one can decompose the vector y in (1) into two uncorrelated parts, as

y=Pyxy wv-1y+ITn—Px 1)y (5)

The role of the two parts on the right in (5) will be seen in the following
considerations.

Under the model (1), with properties (2) and (3), the first term of the
partition in (5) provides the best linear unbiased estimator (BLUE) of X7
in (2), which can be expressed as

X/l\T — PXI(V_I)y7 (6)

as follows from Rao (1974, Theorem 3.2). With regard to the second term in
(5), it can be seen as the residual vector, giving the residual sum of squares
in the form

I(Ln — P)Q(V*))?J”%/fl = yl(In - PX1(V*1))/V71(In - le(V*l))y
=y [V - VIX(XiVTIX) T X VT Ty
=y'V (I, — Py, 1))y, (7)
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with the residual degrees of freedom (d.f.) given by
rank(V : X1) —rank(X ;) =n — v;

see Rao (1974, Theorem 3.4) and formula (3.17) there. For convenience
note that, when using the projector (4) in the considered applications, the
variance 03 in the involved matrix V', defined in (3), can be replaced by 1.
This is evident from formula (3.8.15) in Caliniski and Kageyama (2000).

It will also be interesting to note that, as 7 = r*‘sX’leT, the BLUE
of 7 can be obtained, on account of the formulae (4) and (6), as

F=(X\V X)X VTl (8)
Its covariance (dispersion) matrix then takes the form
D(7) = (X1V X)) X1V D)V I X (X1 VX))
—(X\Vvlx))~ 9)

The results (7)—(9) can be checked by referring to Theorem 3.1 in Rao
(1971). For this one has to show that the equality

vV X, | _ VI, - Py 1) VIXi(X[VIX)! (10)
X, O | (xjveix)ixivl —(x\vix)!
holds. In fact, it can easily be shown that the matrix on the right in (10) is
a generalized inverse (g-inverse) of that on the left.
With these results one can now proceed to the concept of testing the
hypothesis

Hy: (I, —n '1,)T =0. (11)

First one has to check whether the hypothesis (11) is consistent. Evidently,
it is such algebraically. For its statistical consistency note that the BLUE
of 7o = (I, —n 1,771 is 7. = (I, — n~11,7")7, with 7 given in (8). Its
dispersion matrix is, from (9), of the form

D(#,) = (I, —n 1,7\ ( X, VX)) NI, —n7 1), (12)

with rank v — 1. It appears that as a g-inverse of D(7,) one can take the
matrix X7V 1 X . Hence,

D(7.)[D(Tx)] s = Tu, (13)
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as can be shown (see Appendix 1). The equality (13) indicates that Hy in
(11) is consistent. See formula (3.2.8) in Rao (1971).

Assuming now that y ~ N, (X7, V) and, hence, that
T4 ~ Ny[Ts, D(F4)], where 7, = (I, — n~'1,7")7 and D(7,) is as in (12),
one can test the hypothesis Hy using the statistic
n—v SSy n-v %;X’lVleﬁ'*
v—=18Sg v-1 yV ' (I,—Px 1)y

(14)

as follows from Theorem 3.2 in Rao (1971). Note, however, that the sums
of squares in (14) can equivalently be written (see Appendix 2) as

SSy =y'V X (I, — 1,7/ /n)(X\V X )N (I, — 71, /n) X |V 1y, (15)

(2

SSr=v' [V ! -V X (X|VX) ' X[V ly. (16)

Referring to Theorems 9.2.1 and 9.4.1 in Rao and Mitra (1971), one can
show that the quadratic forms (15) and (16) have, independently, the fol-
lowing x? distributions:

SSy ~ x}(v—1,0), with =7 X,V 71X, T, (17)
SSr ~ x*(n —v,0). (18)

Evidently, the distribution in (17) is central if the hypothesis Hy is true,
whereas that in (18) is central whether Hy is true or not. These results
imply that the statistic (14) has a noncentral F' distribution with v — 1 and
n — v d.f., and with the noncentrality parameter 0, as in (17). Thus, the
distribution is central if Hy is true.

It should be noted, however, that the above estimation and hypothesis
testing procedures are applicable if the stratum variances o?, 03 and a%
are known. In practice they are usually unknown and have to be estimated.
Hence, the problem is how to estimate them. To answer this question, it
will be helpful to return to formula (7), writing it (following Calinski and
Kageyama, 2000, pp. 143-144) as

[(Tn = Py, v-1)ylly—1 =

=y'(In — PX1(V—1))/V71(In - PXl(V_l))y
= Ufzy’(In - le(vfl)),¢1(1n - PX1(V*1))3J
+05, %y (I — P, v-1)) b2(In — Py (y-1))Y,

(19)
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which follows from the form of D(y) = V, given in (3). This form also
implies, because of ¢35 = n~11,1/, = n~'1,1/ X/, that

¢3(In — le(v—l)) = U§¢3V71(In - le(v—l)) =0.
Now, from (19), one can write
E{[(Tn = Px,(y-1)yli-1} = o7 *E{l ¢ (In = P, v-1))y[*}

+ 05 "E{[ ¢ (I, — Py, v-1))y 1%}
=dy+dy=n—wv, (20)

because, as can be shown (see again Caliniski and Kageyama, 2000, p. 144),

E{lo\(In — Px,v-1)yl*} = oid) (21)
where dj = tr[¢y (In — Py, y-1))],
E{lo(In — Px,v-1))yl"} = o3d5, (22)

where dy = tr[gy(In — Py, v-1))l.

With these results it is natural to consider as estimators of o7 and o3
the solutions of the equations

|1(In — Py, v-1)yl* = oidy, (23)
|¢2(In — Py, v-1)yl* = o3d, (24)
respectively (as suggested by Nelder, 1968, Section 3).
The above approach, which can be considered as a generalized alterna-
tive to that introduced by Yates (1939, 1940), is also advocated by Houtman
and Speed (1983, Sections 4.5 and 5.1). For completeness, it will be helpful

to note that the equations (23) and (24), with the formulae (21) and (22),
imply on account of (20) the equality

61 21p1(In — Pyy-1))yl? + 65 o (In — Pxyr—1))yl* =

2
=dy+d5=n—w. (25)

Now, returning to (16), note that, after some algebraic transformations,
it can be written equivalently as

SSp=y'lI, = V' X1 (X1 VI X1) T X (07 291 + 05 2 0) 1
- X (X\vix ) xiv iy
=01 %1 (In — Pyy- )yH2—|—022H¢2(I — Pyy- yHQ- (26)
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A comparison of formulae (25) and (26) shows that if the stratum variances
0? and o3 are estimated by solutions of the equations (23) and (24), the
result

SSk=06121¢1(In — Py 1)yl
+65 2| @o(In — Pyy-1)yl> =n —v (27)

then follows. On account of (27) the statistic ' in (14) is reduced to the
form

nev Sy Sy

F= -
v—1n—v wv-—1

(28)

where SSy is as in (15) but with 0% and 03 there replaced by their estimates.

However, the x? distribution of SSy, indicated in (17), is valid only if
the true stratum variances are used in the applied matrix V=1 = of2q§1 +
02_2¢2 —1—052({)3, resulting from (3). As to the component 03_2(],')3, it does not
in fact play any role in the application of the formula (15) given for SSy (as
will be shown in the next section). Thus, when using in V~! the estimates
6172 and 6,2 obtained from (23) and (24) respectively, the x? distribution
in (17) can be regarded as approximate only.

4. Some simplifying reformulations

As was remarked in the previous section, the component o5 2(],’)3 in the for-
mula V! = Jf2¢1 + 052¢2 + U§2<b3 seems to play no role in the formulae
applicable in the considered analysis of experimental data. This suggests
that some reformulation in the methodology presented in Section 3 would
simplify the analysis without changing its results.

A desirable simplification can be obtained when the matrix V in the
form given in (3) is replaced by the matrix V, = o?¢, + 03(I,, — ¢;),
i.e., when replacing the inverted matrix V! by V! = Jf2¢1 + J;Q(In -
¢1). The relations between V' and V,, and their inverses, are given by the
equalities

V=V,+(0}-odn 1,1; V=V 11 (0% -0;%)n"1,1,.(29)
From (29) it follows (see Appendix 3) that

(X VX)) = (X VX)) 4 (0F - od)n 1,1, (30)



On a new approach to the analysis of experiments in proper block designs 99

Applying the equality (30), it can be shown (see again Appendix 3) that
the BLUE of 7, = (I, — n~'1,r")7 following from (8), i.e.,

Fo= (I, —n ' 1,7)F = (I, —n "1,7) (X VX)X Vi,
can equivalently be written as
Fo= T, —n L) (X VX)X VI (31)

wherey, = (I,—n"'1,1))y, with E(y,) = (I,—n"'1,1/) X 17 = X{(I,—
n 11,7 )7 = X171, and D(y,) = (I, — n~ 11,1V (I, — n~'1,1)). The
dispersion matrix of 7, given in (12), can on account of (30) be presented
as

D(#,) = (I, —n "1, )( XV IX )" NI, —n 1)), (32)

Furthermore, the formulae for SSy and SSg, given in (15) and (16), can
equivalently be written (see Appendices 3 and 4) as

SSy = #.X VI X7, =yl VI X (X VX)) T XV Y., (33)

SSp=yl[V. - VXX VX)XV (34)
with y, defined as in (31). The formulae (33) and (34) provide the sum
SSv 4SSk =¥,V 'y, =SSr  (say),

which can be called the total sum of squares. Referring again to Rao and
Mitra (1971, Theorem 9.2.1), it can be shown that

SSr ~ x*(n—1,8), with §=7.XV,'X .. (35)

In fact, as can easily be shown, the form of ¢ in (35) is equivalent to that
given in (17). These results can be summarized in the form of an analysis
of variance (ANOVA) table, as presented in Table 1.

Table 1. Analysis of variance for an experiment in a proper block design

Source of variation Degrees of freedom Sum of squares Expected mean square
Treatments v—1 SSy 14+6/(v—1)
Residuals n—uo SSgr 1

Total n—1 SSt —
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The presentation of ANOVA results in Table 1 corresponds well with
the formula (14) for the relevant F' statistic.

Suppose now that after rejecting the hypothesis (11) one is interested
in testing a hypothesis Hy, : Uy, T = 0, where U1, = 0. Note that this
hypothesis, concerning a set of contrasts among treatment parameters, can
also be written, under U} 1, = 0, as

HO,L : UiT* =0, where T,= (I’U - nillvrl)7-7 (36)

which shows that Hyy, is implied by Hy given in (11). To find the relevant
sum of squares, first note that the BLUE of U/ 7, is, on account of (31), of
the form

Ui, =Up# =ULX VX)X V] iy, (37)
Its dispersion matrix is, on account of (32), of the form
D(UL7.) = UL (X1V ' X1) UL (38)

Note that, applying Lemma 2.2.6(c) from Rao and Mitra (1971), one can
write

UL(X\ VX)) 'ULUL(X\ VX)) UL UL = U, (39)

which, with (38), gives the equality D(UL7)[D(U74)] U7« = UL T+.
This shows that the hypothesis given in (36) is consistent, both algebraically

and statistically. The relevant sum of squares can then be obtained (follow-
ing Theorem 3.2 of Rao, 1971) in the form

SS(Uv) = T,ULD(ULT.)] ULT«
= FULUL(X V' X1) UL Ui s, (40)

with the d.f. equal to rank(Up), i.e., equal to rank|D(U},74)]. Note that

7+ is given in (37), and [UL(X}{V;1X1)"'U]~ follows from (38).
Also note, referring to Lemma 2.2.6(d) in Rao and Mitra (1971), that
ULU; (X V1X,)"'UL| UYL is invariant for any choice of the involved
g-inverse and is of rank equal to the rank of Uty,. Of course, if the columns
of U7y, are linearly independent,

UL(X VX)) 7UL]™ becomes [Ur(X(V X)) U™t
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Now, following the assumption y ~ N, (X 17, V), adopted in Section 3,
one can also assume that U 74 ~ N[U[ T4, D(UL74)]. With this, applying
Theorem 9.2.3 from Rao and Mitra (1971), it can be shown, using the
equality (39), that

SS(Uy) ~ x*[rank(Uy), 0], with &y, = 7.UL[D(UL+,)] UL Ts,

this distribution being central, i.e., with é;, = 0, if Hyy, is true.

If there are several sets of contrasts for which individual hypothesis
testing is of interest, then for each of them the sum of squares presented
in (40) can be used accordingly. In some situations a relevant partition of
the treatment (variety) sum of squares, as given in (33), may be of interest
in the application of ANOVA. The question then arises, of what kind of
conditions the chosen sets of contrasts have to satisfy. It can be shown (see
Appendix 5) that for two such sets of contrasts, e.g. U'y7. and U7, the
equality

SS(Ua) +SS(Ug) =SSy (41)
holds, for any vector #, = (I, — n~'1,7')7, if and only if

(X X)) UAULN(X VI X)) UL U
+ (XVII X)) T WUB[UR(X1 VI X1) U] Ug
=I,—n" 11,7 (42)

This, in turn, implies that
UL(X\V1X,)"lU, = 0. (43)

These results can be extended for any number of considered sets of
contrasts used in a partition of the type (41). The condition (43) can then
be written as

U (X\V X)) WU =0 for L#L" (44)

It may be interesting to note that for some classes of designs this condition
reduces to Uy, U+ = O. This is true, in particular, for any balanced incom-
plete block (BIB) design (see, for example, Definition 2.4.2 in Caliniski and
Kageyama, 2000).
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5. Application with estimated stratum variances

The hypothesis testing procedures presented in Section 4 are fully applica-
ble if the stratum variances 0% and o3 are known. As already mentioned in
Section 3, in practical applications these variances are usually unknown and
have to be estimated. This can be done by solving the equations (23) and
(24). However, with these estimates the residual sum of squares SSg, pre-
sented in (16) and equivalently in (34), is reduced to n—v, the corresponding
d.f., as shown in formula (27). This leads to corresponding reduction of the
F statistic (14) to that presented in (28). The estimated treatment (variety)
sum of squares appearing there, SSy, can, on account of formulae (33), (34)
and their sum, be written as

SSy =y.V, 'y, — (n—v) =SSr —n+w. (45)

In the case of known (true) values of 02 and o3 the distribution of SS =
Y.V 1y, is as given in (35). If the hypothesis Hy given in (11) holds, then
6 = 0 and the distribution is central. However, the indicated distribution
of SSr is fully applicable only if the true stratum variances o? and o3
appearing in V1 = 0'1_2¢1 + 02_2(In — ¢;) are used. Because now the
matrix V! is replaced by

A~

V. =672 4 6521 — ¢1), (46)

the estimated total sum of squares S/§T, appearing in (45), does not have
an exact x? distribution with n — 1 d.f., as shown in (35). That distribution
can, however, be considered as an approximation of the real distribution of
SS7. This approximation will be the closer the larger is the number n, i.e.,
the size of the experiment. - .

With this approximation, the estimated mean square MSy = SSy /(v — 1)
may be treated in a practical application as having (under Hj) approxi-
mately the distribution of x?(v — 1,0)/(v — 1), as follows from the relation
in (45).

Thus, referring the test statistic (28) to the x?(v—1,0)/(v—1) distribu-
tion, one will obtain an approximate test of the hypothesis Hy formulated
in (11). This means that when calculating the relevant P values for testing
Hy, or hypotheses implied by Hy, one has to consider them as approximate.
The results obtained by Volaufova (2009) seem to suggest that the above
ANOVA type F test approximation will in most cases provide reasonably
accurate P values.
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6. Examples

The methods considered in the previous sections will now be illustrated
using data from three experiments conducted in different proper block de-
signs. The analysis concerning the first of these experiments (Example 1)
illustrates the methods of obtaining the general ANOVA, as presented in
Table 1, and also the partitioned ANOVA, usually of interest for factorial
experiments. The analysis applied to the other two experiments (Examples
2 and 3) is confined to the general ANOVA. All required computations were
performed with the use of R (R Core Team, 2017).

Example 1. Ceranka and Kaczmarek (1998) analyzed data from a plant
breeding field experiment with 28 barley genotypes compared in a block
design based on the incidence matrix

N =[N;: Ny,

where

N =

slel el Helelolelel Jolelelelelelelel jelel jol Yol
OHORFRFOOO0OO0OOHOOOOOO0OOOROOrROFrROOO
HOOOOOOOHOOHOHRFRORFROOOOOHOOOOO

HOOOHROOOHOOOOOOHOOOOODOOOO—O—F
OO OOOHRFROOOOOHROOOOOOOOO—RO—FO
OO0 OHRHOOOOOHrROOOOOOO+HOOR O
OO OOHHROOOOOHOOOOOOOOOR—HHFORrO
HOOFROOOOOHOOOOOOOOrROOHHRRFROOOO
OO0 OOOOOOOOROOHRRFOOOO—
(=) e lelelel Jelelelelelelele]l dolel ol Jolelelalje)
HROOOOHOOOOOOOOHOOrROrROOOOrOO
HOOOOROOOOOOOOrROOOOHRFRFOOHROOO
[slelelel Jelelelelelelelel elelell ol lelelel feoleYe)
OO OOOOOOOOO+HOOOHOHROFROOOOOFH
OO OOOOOOHOOOHrRORrROHROORrROO—RFO
OO0 O+—HOOOHOHRFRFRFOOOOOR—,OO
OO OOOOOOHOOOHOHMHOOOOOOHRHOOO
OHOOOOOOOOOOHOHFOFRFOOOROHOOOO
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no
OO OO—ROOHROFRRFRFOFROOOOHRORrROOOOO

OO OOHORMFEOHOOOOHOOOOOOO
OO OO OOOOHHFOHOOOOHOOHOOOO—O
[slelslel Helelel g J el Holelelelelelelel Jolalel ol
OO OOO—ROHROHROOOOOROOHROOOH—ROOO
OO0 OOHOHRRFRHROOOOORrROOHRRFROOOOOoOOO
OO ORFRORFRFOOOOOOHOOOHROOOrROOOOO
O ORORHRORROOOOHOOOHOOOOOOOOOO
HOOOHRFROFROOOOHrHROOORHOOOOODOODOOOO
OO RFRFOFROOOOHROOOHRHROOOOROOOODOOoO
sleld Hel Helololel delelel g Jwelelelelelolelolelolal g
OHOOROOOOHOOORHOOOOOHOOOOORrO
HORFRFOOOOOOOOHHOOOOOHOODOOO—OO
OO0 OROORHFOOOOOHROODOOOrROOO
HEOOOOOHOOHHFEOOOOOOOOOOOHOOOH
HOHROOOHOOFRRFRFOOOOOOHOOODOOODOOoOO+O

COOOOOHOHOHROOOOOHOOHHOOHOOOO
O—HOOOHOOOHROOOOOOHOOOOOO—ROO—O—

This represents a BIB design with parameters v = 28,7 = 9,b =36,k =
7,\ = 2 (as recorded at No. 76 in Table 8.2 of Calinski and Kageyama,
2003). The design can be presented more transparently as in Table 2.

As follows from the considerations in Sections 8.2 of Calinski and Ka-
geyama (2003), the design used here is a binary proper and equireplicate
design with the parameters given above, and with the efficiency factor e =
Av/(rk) = 8/9 = 0.8889 of multiplicity p; = v — 1 = 27.

In this example the role of the v treatments (genotypes) is played by 28
progenies (three-line hybrids) obtained from the triallel crossing between 7
lines (first group of parental lines, P), 2 testers (second group of parental
lines, Q) and 2 varieties (third group of parental lines, R) of barley. (For
details of the triallel crossing system see Ceranka and Kaczmarek, 1998, and
the references given there.) Thus, the analyzed data can well be considered
as resulting from a factorial experiment with three factors, P, Q and R,
applied at 7, 2 and 2 levels respectively. The labels of the progenies are
ordered lexicographically with respect to the levels of the factors P, Q and
R, in the sense that those labeled 1, 2, 3, 4 correspond to the first level
of P, the first two of them to the first level of Q, and the very first of
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them to the first level of R, etc. As usual, it is assumed here that the
compared progenies were assigned to the experimental plots subject to the
randomization of blocks and plots within the blocks, in accordance with the

rule described in Section 2.

Table 2. The BIB design used in Example 1 (before randomization)

Block Treatments Block

Treatments
1 1 2 4 13 20 24 28 2 2 3 5 14 20 21 25
3 1 3 4 7 15 21 22 4 2 4 5 6 16 22 23
5 3 5 8 17 23 24 26 6 4 6 9 18 24 25 27
Block Treatments Block Treatments
7 5 6 7 10 19 25 28 8 1 6 7 8 11 20 26
9 2 7 9 12 21 26 27 10 3 8 10 13 22 27 28
11 4 7 8 9 14 23 28 12 1 5 9 10 11 15 24
Block Treatments Block Treatments
13 1 2 8 10 12 16 25 14 2 3 6 9 11 13 17
15 3 4 10 11 12 14 18 16 4 5 12 13 15 19 26
17 5 7 11 13 14 16 27 18 6 12 14 15 17 20 28
Block Treatments Block Treatments
19 6 8 13 15 16 18 21 20 1 9 14 16 17 19 22
21 2 7 10 15 17 18 23 22 3 7 16 18 19 20 24
23 4 8 11 17 19 21 25 24 5 8 9 12 18 20 22
Block Treatments Block Treatments
25 9 10 13 19 20 21 23 260 6 10 14 21 22 24 26
27 11 15 20 22 23 25 27 28 11 12 16 21 23 24 28
29 7T 12 13 17 22 24 25 30 1 13 14 18 23 25 26
Block Treatments Block Treatments
31 2 8 14 15 19 24 27 32 3 9 15 16 25 26 28
33 4 10 16 17 20 26 27 34 1 5 17 18 21 27 28

35 2 11 18 19 22 26 28 36 1 3 6 12 19 23

27
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Table 3. Experimental observations of the grain yield of the barley progenies
analyzed in Example 1

Block label Progeny labels

7 Observations
1(11) ;1 63.8 ; 52.1 S 69.6 1?) 44.1 1411 52.3 fz 42.5 3181 52.0
2 (12) 6 42.1 3 38.0 13 46.2 15 51.3 16 52.8 18 54.6 91 59.3
3(19) 563 0679 4Ll 7542 0620 413 5Ll
4 (29) 4 52.6 10 49.3 16 40.6 17 47.8 20 64.5 26 58.1 o7 56.0
5 (33) 9 64.5 11 51.0 18 63.5 19 49.2 99 39.8 26 68.5 98 41.2
6(35) 530 " 525 412 0451 0 GLO D643 0496
7 (36) 9 41.3 3 56.2 5 55.4 14 50.1 20 44.2 91 41.3 95 44.1
8(2) { 53.1 9 57.1 8 38.8 10 47.2 19 37.3 16 48.6 o5 57.2
9 (13) 9 44.2 3 55.6 6 69.1 9 52.2 1 46.3 13 63.1 17 56.2
10 (14) 4 55.1 5 58.2 12 54.1 13 41.0 15 52.2 19 41.6 26 48.0
11 (16) 3 65.1 . 37.2 16 52.1 18 44.1 19 53.2 20 44.2 94 67.9
12 (22) 6 58.2 10 52.0 14 63.1 91 42.5 99 45.3 24 41.1 2% 59.2
13 (26) 11 55.1 15 51.0 20 53.1 99 48.2 93 66.1 95 57.8 o7 68.0
14 (27) 1 52.3 5 56.1 17 40.1 18 64.2 91 42.5 o7 58.1 98 39.2
15 (34) 9 39.2 . 39.4 9 46.5 19 40.0 91 46.2 26 37.2 o7 48.1
16 (9) 3 51.9 8 49.8 10 41.3 13 48.0 99 47.2 o7 63.5 08 37.1
17 (10) 6 59.5 12 69.5 14 52.1 15 44.3 17 65.1 20 44.0 98 55.2
18 (18) 4 56.2 8 51.3 1 53.2 17 55.8 19 50.1 91 43.2 o5 54.6
19 (23) 1 66.1 13 69.9 14 52.8 18 49.5 93 46.3 95 52.1 2% 57.2
20 (30) 9 43.8 4 43.2 5 54.1 6 42.5 16 44.1 99 56.0 93 67.1
21 (4) 3 51.0 4 62.3 10 36.7 1 54.1 19 60.3 14 64.2 18 40.3
22 (15) 1 55.2 9 63.1 14 48.2 16 49.5 17 49.6 19 51.3 99 39.2
23 (20) 1 39.8 9 40.6 4 50.1 13 59.5 20 47.1 94 42.5 98 61.8
24 (1) 3 40.9 5 51.3 8 63.1 17 41.7 93 38.2 24 55.5 2% 50.2
25 (1 5) 5 58.2 6 41.3 . 69.2 10 49.6 19 44.5 95 59.2 08 69.1
26 (7) { 38.3 6 57.2 . 54.1 3 52.3 11 46.8 20 58.3 26 54.1
27 ( 8) 9 43.1 10 56.2 13 55.1 19 69.4 20 53.2 91 42.1 93 67.7
28 (25) 9 46.3 8 51.1 14 42.0 15 43.6 19 40.1 94 52.4 o7 43.6
29 (31) 3 53.1 9 69.2 15 53.4 16 55.1 95 46.8 2% 51.3 98 41.2
30 (32) 5 58.0 8 46.1 9 56.2 19 62.7 18 57.1 20 68.8 99 51.9
31 (24) 1 37.7 19 68.7 16 45.4 o1 49.2 93 41.3 94 42.4 08 63.6
32 (28) 1 51.9 3 48.3 4 62.5 . 52.3 15 42.9 91 57.1 99 50.2
83(8) 436 581 652 541 0572 513 666
34 (17) 4 39.1 6 54.5 9 53.6 18 44.5 94 53.2 o5 63.6 o7 41.4
35 (6) 9 65.2 . 57.8 10 46.2 15 43.2 17 59.1 18 57.2 93 40.8
36 (21) 54.1 41.8 50.0 54.2 48.3 40.6 41.5
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The plant trait observed on the experimental units (plots), and analyzed
for this example, is the grain yield. The individual plot observations are
given in Table 3. Its rows are ordered according to the actual order of
blocks (labeled j) in the field layout of the experiment, ¢ denoting the
original label of the block before randomization. The progenies are ordered
as in the columns of the incidence matrix IN given above.

When analyzing these data, the researcher (a plant breeder) would be
interested in estimating and testing several sets of treatment parametric
functions, which can be defined as follows (according to the approach of
Ceranka and Kaczmarek, 1995, 1998):

1 1 1
gP = [9%3795, >g$]/ = |:(I7 - 7171/7>®21/2 & 21/2:| Ty = Ui:)’T*,

1 1 1
g% =] 9,99]’ = {71/7 ® (12 - 2121/2)®21/2]T* =UQTx

1 1 1

sPQ _ [PQ PQ PQy

S11 5512 5+ S72

- 1 1 1

'SPR = [5f1R75f2R7"'757P2R]/
[ 1 / ]‘ / 1 / 1 !
- I7—?1717 ®§12® I2—§1212 T*:UPRT*7
R R R R
SQR = [591 ’5(1% ’SQQl ’392 ]/

1 1 1 i

PQR _  PQR PQR PQRy/
« (5117 55113 5 +es S725 |

[ 1 1 1
= <I7 — 7171,7>®<12 — 2121,2>®<I2 - 2121%>:|T* = U/PQRT*7

where g stands for general effects and s for specific effects of the relevant
parents, their pairs or triplets. Note that all of these functions are contrasts
of treatment parameters, related to a complete set of basic contrasts of the
design (see Definition 3.4.1 in Calinski and Kageyama, 2000). For any set
of these contrasts, say Ujy,, the BLUE is obtainable according to formula
(37), and the relevant SS(U7,) follows from (40). It may be helpful to note
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that for this example (for a BIB design) these formulae can be simplified,
due to the relation

UL(X\WVIAIX ) = [e107? + (1 —e1)oy 2 UYL (47)

It may also be interesting to note that when considering all seven sets
of contrasts jointly, i.e., the set U'r,, where

U = [UP : UQ : UR : UPQ : UPR : UQR : UPQR]’
the equality

SS(U) = SS(Up) + SS(UQ) +SS(UR) + SS(UPQ)
+ SS(UpR) + SS(UQR) + SS(UPQR)

holds. This can easily be checked, noting that (for any experiment in a BIB
design) U Uy = 0 for L # L* (with L, L* for P, Q, R, PQ, PR, QR and
PQR), and hence,

UU'U) U = Up(UpUp) Up + Uq(UgUq) Ug + Ur(URUR) Uk
+ Upq(UpqUrq) Upq + Upr(UprUpr) Upg

+ UQr(UrUqR) Ugr + Urqr(UpqrUrqr) Upqr
= I — 28711281/28- (48)

These comments correspond to the results presented in Section 4, partic-
ularly those in formulae (40)—(44), reduced considerably for BIB designs.
This can be seen when comparing the formula (48) above with that in (42).
It may also be helpful to note, referring to (47) and (48), that formula (40)
can be reduced to SS(Ut,) = [e107 2 + (1 — &1)oy 2r. UL (ULUL) U} 7+,
and that the equality

SS(U) = [slan +(1- 51)052]7“%’*(11, - U_llvlg)f-*
= [e107% 4+ (1 — 1)y 2Jr#’ 4, =SSy (49)

holds for the present example, as it does for any experiment in a BIB design.

Now it will be possible to present the relevant ANOVA, in its general
form (as in Table 1) and in a more detailed form, corresponding to the
sets of contrasts presented above. Before proceeding to this, however, one
has to estimate the unavailable stratum variances o? and ¢2 appearing in
the matrix V! = o7%¢; + 05 2(I, — ¢;). Applying a relevant iterative
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procedure (using R) to solve the equations (23) and (24), the estimates
62 = 1.86957 and 63 = 12.43493 were obtained after 6 iteration cycles.
With these estimates, the following results concerning the ANOVA were
obtained.

Table 4. Analysis of variance for an experiment in a proper block (here BIB)
design — Example 1

Source of variation Degrees of freedom Sum of squares Mean square

Treatments 27 8612.792 318.992
Residuals 224 224 1
Total 251 8836.792 —

Table 5. Analysis of variance for the sets of contrasts considered in Example 1

Source d.f.  Sum of squares Mean square F P value
Treatments 27 8612.792 318.992 318.992 < 0.0001
P 6 1545.604 257.601 257.601 < 0.0001
Q 1 133.608 133.608 133.608 < 0.0001
R 1 1972.722 1972.722 1972.722 < 0.0001
PQ 6 3259.716 543.286 543.286 < 0.0001
PR 6 1570.013 261.669 261.669 < 0.0001
QR 1 28.393 28.393 28.393 < 0.0001
PQR 6 102.736 17.123 17.123 < 0.0001
Residuals 224 224 1
Total 251 8836.792

The results presented in Tables 4 and 5 were obtained with the use of
the empirical estimates (i.e., based on 67 and 63)

T = [42.188, 54.200, 57.350, 64.287, 38.515, 55.508, 51.602,
68.602, 44.356, 50.836, 52.198, 49.587, 42.352, 52.153,
54.949, 62.326, 48.743, 41.716, 44.927, 40.296, 50.263,
64.623, 42.664, 57.190, 56.595, 67.010, 40.722, 51.653]

#,= [-9.505, 2507, 5.656, 12.594, —13.178,  3.814, —0.091,
16.909, —7.337, —0.858, 0.505 —2.107, —9.341, 0.460,
3.256, 10.632, —2.950, —9.977, —6.767, —11.398, —1.430,
12.929, —9.030, 5.497, 4.902, 15.317, —10.971, —0.040],
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the former obtainable by formula (8), the latter either from the relation
T = (I, —n~'1,7")F, or directly by formula (31).

The sums of squares in Table 4 were obtained by formulae (33) and (34),
using the simplification for SSy shown in (49). Not surprisingly, when V1

in (34) is replaced by V,:l as given in (46), the residual sum of squares
SSg is reduced to its d.f., as follows from formula (27). The sums of squares
for the chosen sets of contrasts, presented in Table 5, were obtained in
accordance with formula (40), which for this example (of a BIB design) is
simplified with the use of the relation given in (47).

The indicated simplifications are applicable to any BIB design and, more
generally, to any block design belonging to the class of efficiency-balanced
(EB) designs, in the terminology of Williams (1975) and Puri and Nigam
(1975a, 1975b), i.e., satisfying the condition

C,=X1¢0. X1 =e1(r° —n7tre!).

where €1 is the relevant efficiency factor. For more on this, see for example
Calinski and Kageyama (2000, Section 4.4).

Example 2. Ceranka (1975, 1983) analyzed data from a plant breeding field
experiment with 25 breeding strains and 2 standard varieties of sunflower
compared in a block design based on the incidence matrix IN* of the type

Ve[ )

with
N:[N1:N21N3:N4ZN5:N6],

where
1111100000000000000000000
, 0000011111000000000000000O0
Ni=]10000000000111110000000000]/,
000000O00O0O0OO0OOOO1I111100000O0
L00000000O0O00O0OD0O0O000O000O0D01T 111 1]
1000010000100001000010000O0
, 0100001000010000100001000
No=100100001000010000100001001,
0001000010000100001000010O0
L000010000100001000010000 1
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1000001000001000001000001
, 0100000100000100000110000O0
N3=10010000010000011000001000/,
0001000001100000100000100
L000011000001000001000001 0
1000000100000010100000010Q0
, 010000001010000001000000O01
Ny,=10010000001010000001010000]/,
0001010000001 000000101000
L0000101000000101000000100
1000000010010000000100100
, 0100000001001 0010000000OT1O
N;=100100100000001001000000011,
00010010000000100100100O00O
L10000100100100000001001000
[10000000010001000100010007
0100010000000010001000100
Ng: 00100010001000000001000101,
0001000100010001000000001
10000100010001000100010000 |
and with

151 = [1o1% : 1915 : 1915 1 1517 : 151% : 1o1%].

It can be seen that the 25 x 30 incidence matrix IN of the basic design
represents a BIB design, with v = 25 treatments (here breeding strains)
replicated r = 6 times, every two of the treatments concurring in exactly
A =1 block and each of the b = 30 blocks being of size k = 5.

In addition, it may be noted that the 2 x 30 incidence matrix 1,1j of the
supplementary treatments represents a randomized complete block design,
with s = 2 treatments (here standard varieties) replicated b = 30 times.

Thus, on account of Definition 4.4.1 in Calinski and Kageyama (2000),
the resulting design given by the 27 x 30 incidence matrix IN* (see above) is
a (p§; p1;0)-EB design with parameters v* = v + s = 27,0* = b = 30,r* =
[r1],b1%)" = [6155,3015]), k* = k + s = 7, and the efficiency factors efj = 1,
el =1—(r—X\)/[r(k+s)] =1-5/42 = 37/42 (= 0.880952), of multiplicities
po=85=2,p] =v—1=24.
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To complete the description of the design and its use in the analyzed
experiment, it will be assumed that the randomization of blocks and of
plots within the blocks has been implemented according to the procedure
described in Section 2. This assumption means that the order in which the
columns of the matrix IN* are assigned to the real blocks of plots, formed in
the experimental field, has been chosen at random, and that for each block
the order in which the treatments indicated by 1’s in the assigned column
of N* are then assigned to the plots of the block has also been chosen at
random.

The plant trait observed on the experimental units (plots), and taken
here for analysis, is the average diameter of the capitulum (head) in cen-
timeters. The individual plot observations are presented and analyzed in
Caliniski and Kageyama (2003, Example 7.3.22). The analysis applied there
is based on the classic approach of first performing the intra-block and
the inter-block analyses, and then combining their results. Here the direct
ANOVA results, obtained by the methods described above (Sections 3 and
4), are given in Table 6.

Table 6. Analysis of variance for an experiment in a proper block design —

Example 2
Source of  Degrees of Sum of Mean F P value
variation freedom squares square
Treatments 26 87.86414  3.37939 3.37939 < 0.0001
Residuals 183 183 1 — —
Total 209 270.8641 — — —

Similarly as in Example 1, the results presented in Table 6 were ob-
tained using the formulae (33) and (34), but with the stratum variances o?
and O'% (appearing in the matrix V,) replaced by their estimates, 5‘% and
63, obtained by solution of the equations (23) and (24). These estimates,
62 = 0.91893 and 43 = 36.61797 (obtained here, with the use of R, after
5 iteration cycles) coincide exactly with those obtained in the analysis pre-
sented in Calinski and Kageyama (2003, p.121). Also the empirical estimate

of 7 obtained here,

7= [15.701, 15.800, 15.053, 15.695, 16.388,
15.571, 15.449, 15.730, 16.003, 15.164,
16.301, 15.458, 15.531, 15.751, 15.700,
15.836, 15.314, 16.577, 15.582, 17.492,
14.749, 15.309, 14.633, 14.555, 14.408,
14.690, 15.780],
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is exactly the same as that given there. From this, or directly with the use
of (31),

F.= [0.212, 0.311, —0.435, 0.206, 0.900,
0.082, —0.039, 0.241, 0.515, —0.325,
0.812, —0.030, 0.042, 0.262, 0.212,
0.347, —0.174, 1.088, 0.093, 2.003,
—0.740, —0.179, —0.855, —0.933, —1.081,
—0.799, 0.291],

which by formula (33) gives SSy = 'T'I*X'lff*_lXﬁ'*.

Of course, with the replacement of 0 and o3 by their estimates, the
sums of squares indicated in Table 6 are such that the test statistic (14) is
reduced to (28). Its exact distribution under Hy is not known, but it can
be approximated by the distribution of x?(v — 1)/(v — 1), as indicated in
Section 5. From this, the corresponding P value is obtained, as given in the
last column of the table.

Comparing the results summarized in Table 6 with those presented in
Example 7.3.22 of Calinski and Kageyama (2003), it may be noted that
in the latter only the intra-block and inter-block ANOVA tables are given.
This shows the advantage of the present approach.

Example 3. Ceranka, Mejza and Wisniewski (1979) analyzed data from
a plant breeding field experiment with 12 sunflower strains compared in a
block design based on the incidence matrix

OSONODODODDODODOOO
OSONODODDODODODOOoOoO—O
SONODODODODOO+HROO
ONODODODODODOHRODOO
ONDODODODODOHHROOOO
ONOODODODOHODDODODODOO
NOODOOHrROOOOOO
NOODOHrHROODODODOOO
NOOHROODODODOODOOO
OSONODODODODODODOoOO
S ONODODODODOOoOoOHHO
OSONODODODODOO+HROO
ONODODODDODODOHRODOO
ONOODODODODOHHODODOO
ONODOODOHODODODOOO
NOODODOHrRODODODOOO
NOODOHROODODODOOO
NOOHROODODODODODODOOO

Evidently, this matrix represents a nonbinary, proper, nonequireplicate and
disconnected block design, with v; = 9 treatments (here new strains) repli-
cated 7 = 2 times and vy = 3 treatments (standard strains) replicated
ro = 12 times, each of the b = 18 blocks being of size k = 3. It is assumed
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that the randomization of blocks and of plots within the blocks has been
implemented according to the procedure described in Section 2. The plant
trait observed on the experimental units was again (as in Example 2) the
average head diameter in centimeters. The individual plot observations are
as follows (ordered as in IN):

Block Strain Observ. Block Strain Observ. Block Strain Observ.

1 12.3 7 7 18.4 13 4 18.5
10 14.5 7 12 15.5 13 11 18.8
10 15.0 7 12 15.8 13 11 18.7
2 14.5 8 8 12.5 14 5 13.0
10 15.0 8 12 16.0 14 11 19.2
10 14.8 8 12 16.1 14 11 19.0
3 16.4 9 9 19.5 15 6 19.0
10 15.1 9 12 15.8 15 11 18.0
9

10 15.2 12 16.0 15 11 18.3
4 18.4 10 1 12.0 16 7 19.5
11 18.8 10 10 15.1 16 12 14.9
11 18.5 10 10 15.3 16 12 15.2
) 14.5 11 2 13.5 17 8 12.0
11 18.8 11 10 14.8 17 12 15.0
11 18.7 11 10 15.0 17 12 15.5
6 19.6 12 3 17.4 18 9 19.0
11 19.0 12 10 14.5 18 12 15.6
11 18.9 12 10 14.9 18 12 15.9

OO UTUTULRE R R WWWN NN ==

Because the design of this experiment does not belong to any specified class
of block designs, it may be interesting to see its layout. This is presented in
Table 7.

Table 7. The proper block design used in Example 3 (before randomization)

Block Treatments Block Treatments Block Treatments
1 1 10 10 2 2 10 10 3 3 10 10

4 4 11 11 5 5 11 11 6 6 11 11

7 712 12 8 8 12 12 9 9 12 12
Block Treatments Block Treatments Block Treatments
10 1 10 10 11 2 10 10 12 3 10 10
13 4 11 11 14 5 11 11 15 6 11 11
16 7 12 12 17 8 12 12 18 9 12 12

The data from the experiment considered here were analyzed in Calinski
and Kageyama (2000, Example 3.8.1) following the classic approach, where
intra-block and inter-block analyses are first performed, and then the results
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are combined. Here, as in the previous two examples, a direct analysis is
of interest. The results of the direct ANOVA obtained by the methods
described in Sections 3 and 4 are presented in Table 8.

Table 8. Analysis of variance for an experiment in a proper block design —

Example 3
Source of  Degrees of Sum of Mean F P value
variation freedom squares square
Treatments 11 1440.293  130.9358 130.9358 < 0.0001
Residuals 42 42 1 — —
Total 53 1482.293 — — —

Again, the results given in Table 8 were obtained using formulae (33) and
(34), but with the stratum variances o} and o3 replaced by their estimates
62 and 63, obtainable as in the previous examples. Here they were obtained
(at the 5th iteration cycle) as 67 = 0.14878 and 63 = 0.19454, which
coincide with those obtained in Calinski and Kageyama (2000, p. 174).

Finally, as in the previous examples, in drawing inferences from the
ANOVA results (Table 8) the empirical estimates of the parameter vectors
7 and 7, = (I, — n~'1,7")7 are of interest. These are obtained here as

7= [12.143, 14.006, 16.901, 18.454, 13.716, 19.330,
18.994, 12.243, 19.213, 14.933, 18.725, 15.608]’

and

7. = [-4.176, —2.313, 0.583, 2.136, —2.603, 3.011,
2.675, —4.076, 2.895, —1.385, 2.406, —0.710]".

As indicated in Example 2, the latter is used in obtaining the estimated
treatment sum of squares S/S?/ Also note that in all of these three examples
the estimated residual sum of squares, S/S\R, is equal to the corresponding
d.f., in accordance with formula (27).
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7. Concluding remarks

The present work was stimulated by a result obtained during the prepara-
tion of a paper by Caliniski et al. (2017). It concerns the residual sum of
squares, SSg, in the ANOVA applied to data from an experiment with the
OBS property. It was found that when the unknown stratum variances are
replaced by their estimates obtained from the estimation procedure sug-
gested by Nelder (1968), the SSg is reduced to its d.f., i.e., its expectation.
This result is obtainable due to a proposed new approach to the analysis of
experimental data.

In this paper the new approach is applied to proper block designs. The
indicated result follows from the use, in the estimation and hypothesis test-
ing procedures, of the covariance (dispersion) matrix (3) not in the form

V = ofly + (03/01) ¢y + (03/0%)bs] = o1 F  (say),

usually applied in the literature (as recalled recently by Kala, 2017), but in
its original form V = 03¢, + 03¢, + 03¢, which ensures that E(SSg) =
n — v, as follows from (18). As a consequence of this application, the test
statistic (14) is reduced to the form (28), i.e., to the estimated treatment
mean square. This can be seen as an advantage for the approximation of
the relevant distribution.

Another feature of the proposed approach concerns simplification of the
analytical procedures, as presented in Section 4. One of the resulting ad-
vantages is the reduction of the number of stratum variances involved from
three to two, i.e., to 07 and o3 only. This greatly simplifies the computa-
tions.

However, as can be seen from the analyzed examples, the main advantage
of the proposed approach is the fact that the ANOVA results are obtainable
directly, not by first performing intra-block and inter-block analyses and
then combining their results.

Finally, it is expected that this paper will be followed by others, con-
cerning different classes of designs inducing the OBS property.
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APPENDIX

Appendix 1
For formula (13) one has first to show that X}V ~' X can be taken as a g-inverse
of D(7.) given in (12), i.e., that the equality
(I, —n 1,7 (X, VX)) NI, -n"'r1)) XV 'X,(I,
—n )X VLX) TN, —nTrl))
=, —n ") (X VX)) YT, —nlrl)

holds. For this, it is sufficient to consider the equalities

X\VIX(I,-n"1,2) =T, —n'r1))X,V'X; and
(I, —n 'r1))(I, —n"trl) = (I, —n"'rl)).
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The second equality is obvious. To prove the first, one has to use the equalities

X (I, —n 1) =T, -n""1,1,)X; and
v, -n"11,1)=IT,-n"11,1)V,
which can easily be checked remembering that X1, = 1,, and 1/, X; = 7/, and
also recalling the properties of the matrices ¢;, ¢, and ¢4 in formula (3).
Now, with X!V ™' X as a g-inverse of D(7,), the equality (13) follows, which
can easily be checked noting that (I, — n~11,7')%, = 7..
Appendix 2

For formula (14), note that the sum of squares SSy can, on account of (8), be
written as

SSy =y VX (X\VIX) NI, - n 1) X VTIX (T,
—n M, ) (X VTIX ) TIX VT,
which, by the equalities
X\ VX (I, —n 1,7 )( XV X)) ' =1,-n" 1, and
(I, —n 1,7 (X VX)) = (X\VIX)" NI, —n"trl)
(see Appendix 1), can be reduced to the form in (15). As to the sum of squares

SSg, its formula (16) follows directly from (14) on account of (4).

Appendix 3

For the formulae in (29), note that using the known formula
(A+BCD)'=A"'-A"'B(C'+ DA 'B)"'DA™!

[see, e.g., (A.2.4f) in Mardia, Kent and Bibby (1979)], one can write, on account
of (29),

vi=v'-v 'n 1,1 (6} -1, +n 11,1,V 1,1 ) 1,1 VI
from which

X\ VX, =X\ VX, - XV 'n7 11,1, [(02 - 02) ",
+n 11,1,V 01,1 ) e, VX
=X\ VX, - X\ Vv 'X1,n 1 [(6? - 02)7 T,
+ 01, X VI X 1,071 e, X VX
= [(X[VI X)) + 07,10, (0F — o3)n T 1,10
= [(X[V X))+ (03 —o3)n 1,107
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Taking the inverse of this, one obtains
XV X)) = (XV X )+ (0F — o) '1,1,
i.e., the formula (30). From (29) it also follows that
X\VX, =XV ' X1+ (057 = 05 %)n " trr,

due to the relation 1/, X1 = r’.
Furthermore, with these results the equality (31) can be proved, proceeding as

follows:
Fo= T, —n 1,7
I,—n 1,7

( J(XVTIX )T X VY
=( )
= (I, —n 1,7
= ( )
= ( )
=( ’)

X\ VX)X VT y

I,—n 1,7 (X VX)X Vly

X\VIiIx)NI, -nTlr1)) XV y
I,—n 1,7/ (X VIX) X1, —n11,1)Vly
I,—n 1,7/ (X VX)) X(I, —n'1,1) V!
Jr(‘73 — 0oy ) llnln]y

= (I, —n 1,7 X\ VX)XV, —n,1))y,

I, —nt1,7

—_—— = ===

because (I, —n~'r1)X| = X|(I,, — n~'1,1,) and (I, — n~'1,1,)V;' =
V. '(I,—n"'1,1,), as can easily be checked.

Appendix 4

Formulae (33) and (34) are found to be equivalent to formulae (15) and (16)
respectively. To prove this, it may be helpful first to note the following equalities,
which can easily be checked (see also Appendices 1 and 3):

(X\VIX) YT, -n 1)) = (XVIIX) NI, —nrl)),
X (I, —n 1,0 = (I, -n"11,1,)X,,
(I, —n"'r1)X| = X|(I, —n"'1,1),
v i1, -n"11,1)=Vv. (I, -n"11,1),
I,-n"'1,1))Vt =T, -n"11,1)V_ ",
v (I, -n"'1,1)=I,-n"'1,1)V "
With these observations, it is easy to proceed as follows:
SSy =y VX (I, —n "1,7)(X\ VX)) ' (I, —n r1) XV 1y
=y VX (I, —n "1,)(X\ VX)) NI, —nlrl)) XV y
=4V I, —n"1,1) X (X VX)X (I, —n 1,1V y
=y (I, —n 1, 1) V' X (X V' X)) ' X\ VT, —n1,1))y,
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which, with y, = (I,, —n~11,1/))y, is equivalent to the formula (33).
Now, considering formula (16), it will be helpful first to note (recalling Ap-
pendix 1) that
v'-v1Ix,(x\vix)'x\vinl1,1
=V a1, - VIIX(XVTIX) T X Vi,
=V inl,1, - VX (X VTIX ) TIX VX 1,0,
=vin 1,1, -V Xi1,n 1, =V a1, -V inTl1,1/, = O.
With this result formula (16) can be written as
' X (X\VIX)T' X\ Vy
X

/ 1

'~

I, —-n'1,1 V;l VX (I, —n 11,7 (X VX)XV .,
IL,—n'1,1)V; - Vv (I, —n 11, 1) X (X, VX)XV y,

n—n 1,1V = (I, —n ', )V X (X VX)X Vi,
vt - V*_1X1(X1V* X)XV .,

which, with y, = (I,, —n~11,1/))y, is equivalent to (34).

'~

/

(

( IV
( )V
(I, —n'1,1))
( n)
( WV
o4 %

Y[V

=9 [V™ X\ VIixX)TI X\ v, -n 1,1y
=y [V - 1X (X VX)) X\ v, - n 1,1, -0t ,1))y
=9V NI, —n—11 ) - VIIX (X VLX) TIX VNI, -1,
=4/[(I, —n"'1, 1’)V—1 —1X (X VX)X (I, —n11,1)V iy,
=y [(I, —n"'1,1, X (XX )X, -0, 1) VI .,
=y [(I, —n "1, 1)V -V X (X, VX)) NI, —nr1) X\ V] ]
=y V*‘l V‘1X1(X’1V:1X1) NI, =071 XV ]y,

il (

y'l

Y[

Y.

Appendix 5
For formula (41), note that, from (40),
SS(Ua) +SS(Ug) = #{UA[UANX V' X1) ' UA] U,
+ UslUs(X V' X1) 'Us| Ug}t.
=+ (I, - n 'rl){UA[UANX V' X1) UL U
+ UplUR(X\ V' X)) WU U YT, — n ' 1,0") 7,
which, because U\ 1, = 0 = Ug1,, reduces to
SS(Ux) + $8(Us) = # {UA[UL (X, VI X1) " UL U,
+ Up[Up(X (V' X) 'Us] Uglt.
On the other hand, from (14) and Appendix 3,
SSy =+ X\ VX7, =+ (I, —n 'r1)) X\ VX (I, —n ‘1,77
=+(I, —n 'r1)) X\ V' X (I, — n 1,07
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Hence, for any 7, the equality (41) holds if and only if
UalUNX VX)) TUATU) + UplUR(X, V1 X0) " UB| Uy
=T, —n 'r1) X\ VI X (I, —n '1,0)
= X\ V' X (I, —n 1,7,

because (I, —n~'r1)X |V 'X, = X,V ' X (I, — n~'1,7"). Now, premulti-
plying by (X, V!X )~!, one obtains the condition (42).



