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In this report we revisit the results obtained in [1, 2] where
the relativistic Aharonov-Bohm was studied for the first time.
The method is based on the exact solutions of the complete
(1+3)-dimensional Dirac equation of fermions moving in ideal
Aharonov-Bohm (AB) rings and cylinders which are used for
deriving the exact expressions of the relativistic partial cur-
rents. It is shown that these currents can be related to the
derivative of the fermion energy with respect to the flux pa-
rameter, just as in the non-relativistic case. However, a new
and remarkable relativistic effect is the saturation of the par-
tial currents for high values of the total angular momentum.
Based on this property, the total relativistic persistent currents
at T = 0 is evaluated for rings and cylinders obtaining approx-
imative simple closed formulas. Notice that this report brings
together the texts of Refs. [1, 2] with some improvements and
unitary notations.

Introduction

The electronic effects in mesoscopic rings were studied by using the non-relativistic

quantum mechanics [3]-[12] based on the Schrödinger equation with additional terms

describing the spin-orbit interaction [13]-[18].

However, there are nano-systems, as for example the graphenes, where several rela-

tivistic effects can be observed in the electronic transport. These can be satisfactory

explained considering the electrons as massless Dirac particles moving on honeycomb

lattices [19]-[22]. Other Dirac materials are the topological insulators like HgTe and

HgTe/CdTe quantum wells with low density and high mobility, in which the quantum

spin Hall effect can be realized [23, 24, 25].
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Consequently, many studies [19, 20], [26]-[29] concentrate on the relativistic effects con-

sidering the electrons near the Fermi surface as being described by the (1+2)-dimensional

Dirac equation corresponding to a restricted three-dimensional Clifford algebra. However,

in this manner one restricts simultaneously not only the orbital degrees of freedom but

the spin ones too, reducing them to those of the SO(1, 2) symmetry.

Under such circumstances, we believe that there are situations when it is convenient

to use the complete (1 + 3)-dimensional Dirac equation restricting the orbital motion,

according to the concrete geometry of the studied system, but without affecting the

natural spin degrees of freedom described by the SL(2,C) group. Thus the polarization

effects could be better pointed out. Nevertheless, the complete Dirac equation was only

occasionally used for investigating some special problems of the fermions in external

Aharonov-Bohm (AB) field as for example the spin effects in perturbation theory [30, 31,

32], the behaviour of the AB fermions in MIT cylinders [33] and even the AB dynamics

using numerical methods.

In the present report we discuss this topics focusing on the results obtained in Refs.

[1, 2]. Herein we have shown first that the solutions of the Dirac equation in AB rings and

cylinders may be determined as common eigenspinors of a complete systems of commuting

operators including the energy, total angular momentum and a specific operator analogous

to the well-known Dirac spherical operator of the relativistic central problems [36]. These

solutions can be normalized with respect to the relativistic scalar product obtaining

thus the system of normalized fundamental solutions that allow us to write down the

exact expressions of the relativistic partial currents and derive the persistent ones. The

relativistic partial currents we have obtained are related to the derivative of the relativistic

energies as in the non-relativistic case but, in contrast with this, there appears a crucial

difference, i. e. in the non-relativistic theory the partial currents are proportional to

the angular momentum while in our approach the relativistic currents tend to saturation

in the limit of high total angular momenta. For this reason we have reconsidered the

problem of the relativistic persistent currents at T = 0 proposing an approximative

analytic formula that matches the numerical calculations with a satisfactory accuracy

[1, 2].

This report is organized as follows. In the second section we present the relativistic

theory of the fermions in AB rings based on a suitable restriction of the complete Dirac

equation, deducing the form of the normalized spinors, deriving the partial currents and

writing down the formula of the persistent currents. The next section is devoted to the

relativistic theory of the fermions in AB cylinders based on a restriction of the complete

Dirac equation appropriate to this case. The fundamental solutions on finite or infinite

AB cylinders are derived and the partial current are calculated pointing out the saturation

effect in both these cases. For the finite cylinders we apply boundary conditions of MIT

type that eliminate the longitudinal current but preserving the saturation properties of

the circular one. Finally, we derive the persistent circular currents at T = 0 on finite AB

cylinders discussing the case of very short ones and the non-relativistic limit.
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Dirac fermions in AB rings

Let us consider a Dirac fermion of mass M moving on a ideal ring of radius R whose

axis is oriented along the homogeneous and static external magnetic field ~B given by the

electromagnetic potentials A0 = 0 and ~A = 1
2
~B ∧ ~x .

The restricted Dirac equation

The ideal ring is a one-dimensional manifold (without internal structure) embedded

in the three-dimensional space according to the equations r = R and z = 0, written

in cylindrical coordinates (t, ~x) → (t, r, φ, z) with the z axis oriented along ~B. Then,

it is natural to assume that any field ψ defined on this manifold depends only on the

remaining coordinates (t, φ) such that ∂rψ = 0 and ∂z ψ = 0. These restrictions give the

kinetic term,

S0 =

∫
dt dφ

{
i

2

[
ψ(γ0∂tψ + γφ∂φψ)− (∂tψγ

0 + ∂φψγ
φ)ψ
]
−Mψψ

}
, (1)

of the Dirac action S = S0 − β
∫
dt dφψγφψ in the mentioned external magnetic field,

where ψ = ψ†γ0 and

γφ =
1

R
(−γ1 sinφ+ γ2 cosφ) (2)

is depending on φ. The notation β = 1
2
eBR2 stands for the usual dimensionless flux

parameter (in natural units).

From this action we obtain the correctly restricted Dirac equation, EDψ = Mψ, with

the new self-adjoint Dirac operator

ED = iγ0∂t + γφ(i∂φ − β) +
i

2
∂φ(γφ) , (3)

whose supplemental last term guarantees that ED = ED. This operator commutes with

the energy operator H = i∂t and the third component, J3 = L3 +S3, of the total angular

momentum, formed by the orbital part L3 = −i∂φ the spin one S3 = 1
2

diag(σ3, σ3).

Therefore, we have the opportunity to look for particular solutions of the form

ψE,λ(t, φ) = N


f1e

iφ(λ− 1
2
)

f2e
iφ(λ+ 1

2
)

g1e
iφ(λ− 1

2
)

g2e
iφ(λ+ 1

2
)

 e−iEt , (4)

which satisfy the common eigenvalue problems, EDψE,λ(t, φ) = MψE,λ(t, φ) and

HψE,λ(t, φ) = EψE,λ(t, φ) , J3ψE,λ(t, φ) = λψE,λ(t, φ) , (5)

laying out the energy E and the angular quantum number λ = ±1
2
± 3

2
, ... whose values

are determined by the condition ψE,λ(t, φ+ 2π) = ψE,λ(t, φ).
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In this manner we separated the variables remaining with a system of algebraic equa-

tions that in the standard representation of the gamma matrices (with diagonal γ0) reads
E −M 0 0 i

R
(λ+ β)

0 E −M − i
R

(λ+ β) 0

0 − i
R

(λ+ β) −E −M 0
i
R

(λ+ β) 0 0 −E −M




f1

f2

g1

g2

 = 0 . (6)

This system has non-trivial solutions only for the discrete values of energy

Eλ =
1

R

[
M2R2 + (β + λ)2

] 1
2 , (7)

whose second terms encapsulate the AB effect. For each value Eλ we find two particular

solutions for which (
f1

f2

)
= ξσ , (8)

where ξσ are the usual Pauli spinors of polarization σ = ±1
2

with respect to the z axis,

ξ 1
2

=

(
1

0

)
, ξ− 1

2
=

(
0

1

)
. (9)

Thus, we find that for σ = 1
2

the spinors (32) take the form

U+
λ (t, φ) =

1

2
√
πEλR


√
Eλ −M eiφ(λ−

1
2
)

0

0

i
√
Eλ +M eiφ(λ+

1
2
)

 e−iEλt , (10)

while for σ = −1
2

we obtain the solutions

U−λ (t, φ) =
1

2
√
πEλR


0

√
Eλ −M eiφ(λ+

1
2
)

−i
√
Eλ +M eiφ(λ−

1
2
)

0

 e−iEλt . (11)

The normalization constants are fixed in accordance to the relativistic scalar product

〈ψ, ψ′〉 = R

∫ 2π

0

dφψ†(t, φ)ψ′(t, φ) , (12)

such that

〈U±λ , U
±
λ′〉 = δλ,λ′ , 〈U±λ , U

∓
λ′〉 = 0 . (13)

Hence we obtained a pair of fundamental solutions of the same energy and total angular

momentum but which are not eigenspinors of the operators L3 or S3. Therefore, we may
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ask how these solutions can be defined as different eigenspinors of a new operator. The

answer is obvious if we observe that the desired operator is K = 2γ0S3 which satisfies

KU±λ = ±U±λ . The conclusion is that the spinors U±λ are common eigenspinors of the

complete set of commuting operators {ED, H,K, J3}.
The operator K introduced above is the analogous of the spherical Dirac operator

KD = γ0(2~S · ~L + 1) that concentrates the angular variables of the Dirac equation in

external fields with central symmetry [36]. Note that the genuine three-dimensional

operator KD cannot be used here because of our dimensional reduction such that we must

consider the simplified version K 1. The eigenvalues of this operator give the polarization

in the non-relativistic limit. For this reason we keep this terminology considering that

the eigenvalues κ = ±1 of the operator K define the fermion polarization with respect to

the direction of the magnetic field ~B.

Relativistic currents in AB rings

Using the above results we can calculate the exact relativistic expressions of the partial

currents on quantum rings, pointing out the difference between the genuine relativistic

theory and the non-relativistic one. We show that in the relativistic approach the partial

current tends to saturation for increasing λ such that the persistent currents at T = 0

will get new properties.

Let us start with the quantum rings where the states of the fermions of energy Eλ are

described by the normalized linear combinations

ψλ = c+U
+
λ + c−U

−
λ , |c+|2 + |c−|2 = 1 , (14)

for which the expectation value of the polarization operator reads,

〈ψλ, Kψλ〉 = |c+|2 − |c−|2 . (15)

The partial currents (of given λ) coincide in this case with their densities, Iλ =

Rψλγ
φψλ, that can be calculated with the help of the matrix (30). Then, observing

that

U
±
λ (t, φ)γφU∓λ (t, φ) = 0 , (16)

we obtain the partial current of a fermion of energy Eλ as

Iλ = |c+|2I+λ + |c−|2I−λ =
1

2πR2

β + λ

Eλ
=

1

2π

∂Eλ
∂β

, (17)

since I±λ = RU
±
λ (t, φ)γφU±λ (t, φ) = Iλ. Thus we find that the partial currents are indepen-

dent on polarization being related to energies in a similar manner as in the non-relativistic

theory.

The exact relativistic expressions of the partial currents we obtained here depend only

1It is known that the forms of such operators depend on the number of space dimensions [37]
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on two dimensionless parameters ν = β+λ and µ = MR (or MRc/~ in usual units) that

are the arguments of the auxiliary function χ defined as

Iλ =
1

2πR
χ(µ, ν) , χ(µ, ν) =

ν√
µ2 + ν2

. (18)

This function has the remarkable asymptotic behaviour

lim
ν→±∞

χ(µ, ν) = ±1 , (19)

which shows that the relativistic partial currents tend to saturation for large values of λ.

Moreover, for small values of ν we can expand

χ(µ, ν) =
ν

µ
+O(ν3) . (20)

Note that the non-relativistic limit recovers the well-known behaviours

Eλ −M → Ẽλ =
ν2

2Rµ
, Iλ → Ĩλ =

1

2πR

ν

µ
=

1

2π

∂Ẽλ
∂ν

. (21)

Hereby we conclude that the principal difference is that the relativistic partial currents

(18) are saturated while in the non-relativistic case we do not meet this effect since the

function χ(µ, ν) is replaced then by the linear function ν
µ

that is just its tangent in ν = 0

as we deduce from Eq. (20). This result was previously outlined in Ref. [34] but based on

the non-Hermitian Dirac equation of Ref. [35]. Obviously, the correct saturation effect is

given by the expression of the partial currents (18) derived here.

Note that the non-relativistic approximation can be used with a satisfactory accuracy

only in the domain where the function χ(µ, ν) is approaching to the linear function ν
µ
. Our

numerical evaluations show that in the domain −1
2
µ < ν < 1

2
µ the difference |χ(µ, ν)− ν

µ
|

is satisfactory small remaining less than 0.05. In addition, we estimate that for |ν| ≥ 5µ

the current is approaching to its saturation value since |χ(µ,±5µ)| = 0.98058.

Relativistic persistent currents in AB rings

The above results allow us to derive the total persistent current at T = 0 in a semi-

conductor ring of parameter µ having a even number of electrons Ne fixed by the Fermi-

Dirac statistics. For the mesoscopic rings with R = 100nm the parameter µ is of the

order 103 − 105. For example, in a InSb ring of this radius, the effective electron mass

is M = m∗e = 0.0135me [38] such that µ = 3495. This seems to be the minimal value of

µ obtained so far but it is possible to obtain smaller values in further experiments with

mesoscopic rings with R < 100nm or even with nano-rings having R ∼ 10nm. According

to our estimation, the relativistic effects may be measurable for µ < 103 which means

that the actual experiments are approaching to this threshold which could be reached

soon.
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Figure 1: The function c(µ) versus µ calculated for λF = 0.5µ (a) and λF = 5µ when the co-domain is very

narrow, ∼ 10−5 (b).

In all these cases the flux parameter β remains very small (less than 10−8) such that

we can neglect the terms of the order O(β2) of the Taylor expansions of our functions

that depend on ν = λ+ β. The total persistent current at T = 0 is given by the sum

I =

λF∑
λ=−λF

Iλ =

λF∑
λ= 1

2

(Iλ + I−λ) =
1

2πR

λF∑
λ= 1

2

[χ(µ, λ+ β) + χ(µ,−λ+ β)] (22)

over all the allowed polarizations, λ = ±1
2
,±3

2
, ...,±λF where λF = 1

2
(Ne − 1). Further-

more, by using the expansion

χ(µ, λ+ β) + χ(µ,−λ+ β) = 2j(µ, λ)β +O(β3) , (23)

where

j(µ, λ) =
µ2

(µ2 + λ2)
3
2

, (24)

we arrive at the relativistic persistent currents,

I = c(µ)Imax , Imax =
β

πR
, c(µ) =

λF∑
λ= 1

2

j(µ, λ) , (25)

that can be calculated numerically on computer for any concrete value of µ.

The function j(µ, λ) is simple reaching its maximal value 0.7698 for µ = 1√
2

and λ = 1
2

and decreasing then monotonously to zero when µ and λ are increasing to infinity. This

behaviour is a direct consequence of the saturation of the partial currents that compensate

each other in the saturation zone where Iλ + I−λ → 0. These simple monotony and

smoothness properties of the function j(µ, λ) lead to nice results concerning the values of

the sum (79c) when we compute all the allowed contributions. Our numerical examples

show that when µ is increasing then the functions c(µ) are monotonously decreasing

tending to an asymptotic value (as in Fig. 1). Consequently, in the asymptotic zone,

µ > 100, we can use the following approximation

c(µ) '
∫ λF

0

j(µ, λ)dλ =
λF√
µ2 + λ2F

, (26)
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giving the definitive formula of the relativistic persistent currents

I =
k√

1 + k2
Imax , k =

λF
µ
' Ne

2µ
, (27)

that reproduces the numerical results with a satisfactory accuracy (under 10−5). Note

that the non-relativistic persistent current, that in our notation reads Ĩ = kImax, repre-

sents a good approximation of Eq. (27) only for small values of k (say k < 0.2) for which

we can use the approximation k(1 + k2)−
1
2 = k +O(k3) ' k.

Dirac fermions on AB cylinders

We consider the motion of a Dirac fermion of mass M on an ideal cylinder of radius R

whose axis is oriented along the homogeneous and static external magnetic field ~B given

by the electromagnetic potentials A0 = 0 and ~A = 1
2
~B ∧ ~x. This background is a two-

dimensional manifold (without internal structure) embedded in the three-dimensional

space obeying the simple equation r = R in cylindrical coordinates (t, ~x) → (t, r, φ, z)

with the z axis oriented along ~B.

The restricted Dirac equation

Then, it is natural to assume that any field ψ defined on this manifold depends only

on the remaining coordinates (t, φ, z) such that we can put ∂rψ = 0 in the kinetic term of

the Lagrangian density. Thus we obtain the action of the Dirac fermion in the mentioned

external magnetic field

S = S0 − β
∫
dt dφ dz ψγφψ (28)

having the kinetic part

S0 =

∫
dt dφ dz

{
i

2

[
ψ(γ0∂tψ + γφ∂φψ + γ3∂zψ)

− (∂tψγ
0 + ∂φψγ

φ + ∂zψγ
3)ψ
]
−Mψψ

}
, (29)

where ψ = ψ†γ0 and

γφ =
1

R
(−γ1 sinφ+ γ2 cosφ) . (30)

The notation β = 1
2
eBR2 stands for the usual dimensionless flux parameter (in natural

units).

From this action we obtain the correctly restricted Dirac equation, EDψ = Mψ, with

the self-adjoint Dirac operator

ED = iγ0∂t + γφ(i∂φ − β) +
i

2
∂φ(γφ) + iγ3∂z , (31)

whose supplemental third term guarantees that ED = ED. This operator commutes with

the energy operator H = i∂t, the momentum along to the third axis, P3 = −i∂z, and the
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similar component, J3 = L3 + S3, of the total angular momentum, formed by the orbital

part L3 = −i∂φ the spin one S3 = 1
2

diag(σ3, σ3).

Under such circumstances, we have the opportunity to look for particular solutions of

the form

ψE,λ(t, φ, z) = N


f1(z)eiφ(λ−

1
2
)

f2(z)eiφ(λ+
1
2
)

g1(z)eiφ(λ−
1
2
)

g2(z)eiφ(λ+
1
2
)

 e−iEt (32)

which satisfy the eigenvalue problems,

HψE,λ(t, φ, z) = EψE,λ(t, φ, z) , J3ψE,λ(t, φ, z) = λψE,λ(t, φ, z) , (33)

laying out the energy E and the quantum number λ = ±1
2
,±3

2
, ... of the total angular

momentum. The normalization constant N has to be determined after we solve the

functions of z from the remaining reduced equation that in the standard representation

of the gamma matrices (with diagonal γ0) reads
E −M 0 i∂z

i
R

(λ+ β)

0 E −M − i
R

(λ+ β) −i∂z
−i∂z − i

R
(λ+ β) −E −M 0

i
R

(λ+ β) i∂z 0 −E −M




f1(z)

f2(z)

g1(z)

g2(z)

 = 0 . (34)

This is in fact a system of linear differential equations allowing us to solve the functions

of z.

The general solutions of this system can be obtained reducing the number of functions

with the help of the last two equations that yield(
g1(z)

g2(z)

)
=

1

E +M

(
−i∂z − i

R
(λ+ β)

i
R

(λ+ β) i∂z

)(
f1(z)

f2(z)

)
(35)

leading to the second order equations(
E2 −M2 − 1

R2
(λ+ β)2 + ∂2z

)
f1,2(z) = 0 . (36)

Consequently, the solutions must be linear combinations of the form

f1,2(z) = c1,2e
ikz + c′1,2e

−ikz (37)

where k is the fermion momentum along the z axis. The concrete form of these solutions

depends on the boundary conditions we chose for determining the integration constants

c1,2 and c′1,2 up to a normalization factor, N . This last constant has to be determined

by imposing the desired normalization condition with respect to the relativistic scalar
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product

〈ψ, ψ′〉 = R

∫ 2π

0

dφ

∫
Dz

dzψ†(t, φ, z)ψ′(t, φ, z) , (38)

calculated on the domain Dz of the entire cylinder.

Currents on infinite AB cylinders

The simplest case is of the infinite cylinder, with Dz = R, where the motion along its

axis is a free one. We assume that the spin projections are measured just with respect to

this axis such that we may chose(
f1(z)

f2(z)

)
= Neikzξσ , k ∈ R , (39)

where ξσ are the usual Pauli spinors,

ξ 1
2

=

(
1

0

)
, ξ− 1

2
=

(
0

1

)
. (40)

of polarizations σ = ±1
2
. Then the functions g1,2(z) can be derived from Eq. (35) as(

g1(z)

g2(z)

)
=

Neikz

E +M

(
k − i

R
(λ+ β)

i
R

(λ+ β) −k

)
ξσ , (41)

while the energy that depends on k and λ reads

Ek,λ =

[
M2 + k2 +

1

R2
(λ+ β)2

] 1
2

(42)

as it results from Eq. (36). We obtain thus a mixed energy spectrum whose ground level

is given by k = 0 and one of the values λ = ±1
2

that minimizes the last term in Eq.

(42), e. g. λ = −1
2

if β > 0. Consequently, the spinor components have to be tempered

distributions that may be normalized in the momentum scale.

According to the above results we can write two types of fundamental solutions (32)

of the form

U±k,λ(t, φ, z) = u±k,λ(φ)
1√
2π
e−iEk,λt+ikz , (43)

corresponding to the polarizations σ = ±1
2
. For σ = 1

2
we obtain

u+k,λ(φ) = N+
k,λ


eiφ(λ−

1
2
)

0
k

Ek,λ+M
eiφ(λ−

1
2
)

i(λ+β)
R(Ek,λ+M)

eiφ(λ+
1
2
)

 (44)

assuming that the normalization factor depend on k and λ. Similarly, for σ = −1
2

we
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deduce

u−k,λ(φ) = N−k,λ


0

eiφ(λ+
1
2
)

−i(λ+β)
R(Ek,λ+M)

eiφ(λ−
1
2
)

−k
Ek,λ+M

eiφ(λ+
1
2
)

 (45)

It remains to calculate the normalization in the momentum scale finding that by fixing

the values

N±k,λ =
1√
2πR

√
Ek,λ +M

2Ek,λ
, (46)

we obtain the desired (generalized) orthogonality relations

〈U±k,λ, U
±
k′,λ′〉 = δλ,λ′δ(k − k′) , 〈U±k,λ, U

∓
k′,λ′〉 = 0 . (47)

These fundamental solutions are eigenspinors of the same set of commuting operators

which seems to be incomplete as long as we cannot distinguish between U+ and U−.

Therefore we need to introduce a new operator for completing this set. A short inspection

suggests that this must be an analogous of the Dirac spheric operator [36] that reads now

K = γ0(2S3L3 + 1
2
) giving the eigenvalues problems KU±k,λ = ±λU±k,λ. The conclusion is

that the fundamental solutions we derived above are eigenspinors of the complete set of

commuting operators {H,K, J3, P3}.
The spinors describing physical states are square integrable packets of a given total

angular momentum λ having the form

ψλ =

∫ ∞
−∞

dk
[
a+(k)U+

k,λ + a−(k)U−k,λ
]

(48)

where the functions a± satisfy the condition∫ ∞
−∞

dk
[
|a+(k)|2 + |a−(k)|2

]
= 1 (49)

that assures the normalization condition 〈ψλ, ψλ〉 = 1. We say that the packets (48)

describe the states (λ, a) in which the expectation value of the total angular momentum

reads 〈ψλ, J3ψλ〉 = λ while the polarization degree can be defined as

P = 〈ψλ, Kψλ〉 = λ

∫ ∞
−∞

dk
[
|a+(k)|2 − |a−(k)|2

]
. (50)

Now we can derive the currents of the fermions in the states (λ, a) by using the com-

ponents of the current density jµλ = ψλγ
µψλ. We consider first the total circular current

Icλ = R

∫ ∞
−∞

dzψλγ
φψλ , (51)
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that can be calculated according to Eqs. (30), (61) and (62), that yield

u±λ γ
φu±λ =

λ+ β

2πR3Ek,λ
, u±λ γ

φu∓λ = 0 . (52)

Then, observing that the integral over the z axis generates a δ-function, we obtain the

definitive closed form

Icλ =
λ+ β

2πR2

∫ ∞
−∞

dk

Ek,λ

[
|a+(k)|2 + |a−(k)|2

]
. (53)

Hereby we draw the conclusion that the circular current is stationary (i. e. independent

on t) depending only on the packet content as given by the arbitrary functions a±.

Nevertheless, it is remarkable that there are two important properties of the circu-

lar currents that are independent on the form of these functions. The first one is the

saturation effect for increasing total angular momenta,

lim
λ→±∞

Icλ = ± 1

2πR

∫ ∞
−∞

dk
[
|a+(k)|2 + |a−(k)|2

]
= ± 1

2πR
. (54)

On the other hand, bearing in mind that the expectation value of the energy in the state

(λ, a) reads

Eλ =

∫ ∞
−∞

dkEk,λ
[
|a+(k)|2 + |a−(k)|2

]
, (55)

we recover the familiar formula

Icλ =
1

2π

∂Eλ
∂β

, (56)

that has the same form as in the case of the relativistic [1] or non-relativistic AB rings.

Note that, in contrast to the circular current, the longitudinal one,

I3λ = R

∫ 2π

0

dφψλγ
3ψλ , (57)

depends on time, reflecting thus the propagation and dispersion of the packet along the

z axis. The general expression of this current is presented in the Appendix A.

Currents on finite AB cylinders

Another interesting problem is of a finite cylinder of length L for which we must

consider the boundary conditions f1,2(0) = f1,2(L) = 0. Therefore, we may chose(
f1(z)

f2(z)

)
= N sin(knz) ξσ , kn =

πn

L
, n = 1, 2, ... , (58)

denoting now En,λ = Ekn,λ. Thus we obtain the countable discrete energy spectrum

En,λ =

[
M2 +

π2n2

L2
+

1

R2
(λ+ β)2

] 1
2

, (59)
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corresponding to the square integrable spinors whose components are given by Eq. (58)

and Eq. (35) that yields now(
g1(z)

g2(z)

)
=

iN

E +M

(
−kn cos(knz) − 1

R
(λ+ β) sin(knz)

1
R

(λ+ β) sin(knz) kn cos(knz)

)
ξσ . (60)

Then, according to Eq. (32) we can write down the form of two types of solutions

corresponding to σ = ±1
2
. For σ = 1

2
we obtain

U+
n,λ(t, φ, z) = N+

n,λ


sin(knz)eiφ(λ−

1
2
)

0
−ikn

En,λ+M
cos(knz)eiφ(λ−

1
2
)

i(λ+β)
R(En,λ+M)

sin(knz)eiφ(λ+
1
2
)

 e−iEn,λt , (61)

and similarly for σ = −1
2
,

U−n,λ(t, φ, z) = N−n,λ


0

sin(knz)eiφ(λ+
1
2
)

−i(λ+β)
R(En,λ+M)

sin(knz)eiφ(λ−
1
2
)

ikn
En,λ+M

cos(knz)eiφ(λ+
1
2
)

 e−iEn,λt . (62)

After a little calculation we find that by fixing the value of the normalization constants

as

N±n,λ =
1√
πRL

√
En,λ +M

2En,λ
, (63)

we obtain the desired orthogonality relations

〈U±n,λ, U
±
n′,λ′〉 = δn,n′δλ,λ′ , 〈U±n,λ, U

∓
n′,λ′〉 = 0 . (64)

The conclusion is that the above fundamental solutions are eigenspinors of the set of

commuting operators {H,K, J3, P 2
3 }.

Let us consider the fermions in the states (n, λ) given by the normalized linear combi-

nations

ψn,λ = c+U
+
n,λ + c−U

−
n,λ , |c+|2 + |c−|2 = 1 , (65)

which satisfy 〈ψn,λ, ψn′,λ′〉 = δn,n′δλ,λ′ . The constants c± give the polarization degree

defined as in the previous case,

P = 〈ψn,λ, Kψn,λ〉 = λ(|c+|2 − |c−|2) . (66)

Obviously, the fermions are unpolarized when |c+| = |c−| = 1√
2
.
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With these ingredients we can calculate the quantities

U
±
n,λγ

φU±n,λ =
λ+ β

2πR3LEn,λ
sin2 knz , (67)

U
±
n,λγ

φU∓n,λ =
2n

RL2En,λ
sin knz cos knz . (68)

that help us to derive the definitive form of the circular currents in the states (n, λ) that

read

Icn,λ = R

∫ L

0

dz ψn,λγ
φψn,λ =

λ+ β

2πR2En,λ
=

1

2π

∂En,λ
∂β

, (69)

since the integral over z vanishes the mixed terms (68) while the constants c± satisfy Eq.

(65). It is remarkable that this current is independent on polarization and has a similar

form and relation with the energy as in the case of the AB rings [1]. The difference is

that now the energy (59) depends on two quantum numbers, n and λ, as well as on the

length L of the AB cylinder.

The longitudinal current vanishes since we used boundary conditions that guarantee

that

U
±
n,λγ

3U±n,λ = U
±
n,λγ

3U∓n,λ = 0 . (70)

In other words, our boundary conditions are of the MIT type vanishing the currents but

without canceling all the components of the Dirac spinors on boundaries.

Persistent currents on finite AB cylinders

The properties of the currents (69) can be better understood by introducing the ap-

propriate dimensionless parameters

µ = MR , ν =
πR

L
, (71)

that allow us to write

Icn,λ =
1

2πR
χµ,ν(n, λ) , χµ,ν(n, λ) =

β + λ√
µ2 + ν2n2 + (β + λ)2

, (72)

pointing out the function χ which gives the behavior of the circular currents. This

function is smooths with respect to all of its variables increasing monotonously with λ

from −1 to 1 since

lim
λ→±∞

χµ,ν(n, λ) = ±1 , (73)

and vanishing for n→∞. This means that, as in previous case, for increasing total an-

gular momenta, the circular current tends to the asymptotic saturation values ±(2πR)−1

just as it happens with the partial currents in AB rings [1].

Now we can use these properties for estimating the persistent current at T = 0 in

semiconductor AB cylinders where the electron discrete energy levels En,λ are given by

Eq (59). According to the Fermi-Dirac statistics, at T = 0 the electrons occupy all the
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states (n, λ) which satisfy the condition

En,λ ≤ EF +M (74)

where EF � M is the (non-relativistic) energy of the Fermi level. Therefore, the total

number of electrons Ne and the persistent current I can be calculated as

Ne =
∑

n,λ;En,λ≤EF+M

1 =
∑

n,λ>0;En,λ≤EF+M

2 , (75)

I =
∑

n,λ;En,λ≤EF+M

Icn,λ =
∑

n,λ>0;En,λ≤EF+M

(Icn,λ + Icn,−λ) . (76)

In practice the flux parameter β remains very small (less than 10−8) such that we can

neglect the terms of the order O(β2) of the Taylor expansions of our functions (72). Thus

we can write

2πR(Icn,λ + Icn,−λ) = χµ,ν(n, λ) + χµ,ν(n,−λ)

= 2jµ,ν(n, λ)β +O(β3) , (77)

where

jµ,ν(n, λ) =
µ2 + ν2n2

(µ2 + ν2n2 + λ2)
3
2

, (78)

obtaining thus the expression of the relativistic persistent currents,

I =
β

πR
c(µ, ν) , c(µ, ν) =

∑
n,λ>0;En,λ≤EF+M

jµ,ν(n, λ) . (79)

The principal problem in evaluating such sums is the computation of the contributing

states (n, λ) (with n = 1, 2, ... and λ = ±1
2
,±3

2
, ...) which satisfy the condition (74). We

denote first by nF the greatest value of the quantum number n and by λn the greatest

value of |λ| for a given n, assuming that the states (nF ,±1
2
) and respectively (n,±λn)

(with n = 1, 2, ..., nF ) are very close to the Fermi level, i. e. EnF ,± 1
2
' En,±λn ' EF +M .

In addition, we denote by λF = λn=1 the greatest value among the quantities λn. Then

we can rewrite Eq. (74) as

ν2n2 + λ2 ≤ α2 , α = R
√
EF (EF + 2M) ' R

√
2MEF , (80)

obtaining the approximative identities

ν2nF
2 +

1

4
' ν2n2 + λn

2 ' ν2 + λF
2 ' α2 (81)

that help us to estimate the numbers nF and λn. Moreover, we observe that λF must be

much greater than 1 since otherwise we cannot speak about statistics. Then we can use
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the approximative formula (87) obtaining the compact results

Ne =

nF∑
n=1

λn∑
λ= 1

2

2 =

nF∑
n=1

(2λn + 1) = nF + 2

nF∑
n=1

λn , (82)

c(µ, ν) =

nF∑
n=1

λn∑
λ= 1

2

jµ,ν(n, λ) ' 1√
µ2 + α2

nF∑
n=1

λn , (83)

that represent a very good approximation for the systems with µ > 200 [1]. It remains to

calculate on computer the sum over n or to consider the estimation (88) when nF � 1.

An interesting case is of the very short cylinders with 1� ν < α < 2ν whose quantum

number n can take the unique value n = nF = 1 in order to satisfy Eq. (80) that becomes

now λ2 ≤ α2− ν2 = λ2F . Consequently, the allowed states are (1,±1
2
), (1,±3

2
), ...(1,±λF )

which means that Ne = 2λF + 1 and

Ishort '
β

πR

λF√
µ2 + α2

=
β

πR

√
α2 − ν2
α2 + µ2

. (84)

However, for the very short cylinders with ν > α the identities (81) do not make sense

such that we need to rebuild the entire theory without motion along the z axis (k = 0),

retrieving thus the case of the ideal AB rings [1] for which we must substitute ν = 0 and

α = λF in Eq. (84). Finally, we note that for the non-relativistic short AB cylinders with

α� µ we recover the well-known result,

Inr '
β

πR

λF
µ
' β

πR

Ne

2µ
, (85)

of the non-relativistic persistent current in AB rings.

Concluding remarks

We presented the relativistic theory of the Dirac fermions on AB cylinders based on the

complete (1+3)-dimensional Dirac equation with restricted orbital degrees of freedom but

without affecting the spin ones. This can be achieved by using the method we proposed

recently for the AB rings [1] according to which the orbital restrictions must be imposes

on the Lagrangian density giving rise to a correct self-adjoint Dirac operator.

The results presented here point out two principal features of the circular currents

on the AB cylinders. The first one is the relation between the circular current and the

derivative of the energy with respect to the flux parameter that is the same for AB rings

or cylinders either in the relativistic approach or in the non-relativistic one. In other

words this property is universal for all the AB systems with cylindric symmetry. The

second feature is specific only for the relativistic circular currents that tend to saturation

in the limit of very large total angular momenta, in contrast with the non-relativistic

ones that are increasing linearly to infinity.
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The saturation effect determines a specific form of the relativistic persistent current on

finite AB cylinders that can be seen as a generalization of the persistent current in AB

rings. Obviously, the dependence on parameters is more complicated in the case of the

finite cylinders but these models are closer to the real devices involved in experiments.

On the other hand, we must specify that the closed formulas derived in section 3 are only

approximations that must be used prudently and completed by numerical calculations on

computers.

We believe that only in this manner, by using combined analytical and numerical

methods, we could step the threshold to the relativistic physics of the Aharonov-Bohm

systems.

Appendix A: Longitudinal currents

On the infinite AB cylinders the longitudinal currents in the state (λ, a) are determined

by the structure of the wave packet (48) as

I3λ = R

∫ 2π

0

dφψλγ
3ψλ =

1

4π

∫ ∞
−∞

dkdk′
eit(Ek−Ek′ )−iz(k−k

′)√
EkEk′(Ek +M)(Ek′ +M)

×
{

[kEk′ + k′Ek +M(Ek + Ek′)]
[
a∗+(k)a+(k′) + a∗−(k)a−(k′)

]
− i(λ+ β)

R
(Ek − Ek′)

[
a∗+(k)a−(k′) + a∗−(k)a+(k′)

]}
, (86)

where the energies are given by Eq. (42) and the arbitrary functions a± satisfy the

condition (49).

Appendix B: Approximating sums by integrals

Since λF must be much greater than 1 we can use the approximative formula

λn∑
λ= 1

2

jµ,ν(n, λ) '
∫ λn

0

dλ jµ,ν(n, λ) =
λn√

µ2 + ν2n2 + λ2n
' λn√

µ2 + α2
, (87)

that reproduces the numerical results with a satisfactory accuracy for µ > 200 [1]. More-

over, when nF > 100 we can evaluate

nF∑
n=1

λn =

nF∑
n=1

√
ν2(n2

F − n2) +
1

4

'
∫ nF

x=0

dx

√
ν2(n2

F − x2) +
1

4
' 1

4
nF

(
1 +

πnF
ν

)
. (88)
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