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The quantum theory of fields on the de Sitter spacetime has the advantage of the
SO(1,4) symmetry [1] which provides one with the conserved so(1,4) generators commuting
with the operators of the field equations [2]. These differential operators represent the
principal quantum observables which enable one to define quantum modes as common
eigenfunctions of several sets of commuting operators including that of the field equation.
However, the physical meaning of these generators is not fully understood even though in the
flat limit one recovers the Poincaré symmetry [2]. An open problem is related to the presence
in SO(1,4) of two Abelian subgroups 7(3) among them only one can be interpreted as the
subgroup of space translations in the (co)moving charts [3]. The role of the second 7(3)
subgroup remains obscure as long as its generators are less studied so far. For this reason we
would like to analyze here the relation between these two 7(3) subgroups investigating the
properties of the mode functions defined as eigenfunctions of their generators. Our principal
result points out that these subgroups transform between themselves through a discrete O(1,4)
de Sitter isometry corresponding to the time reversal in the five-dimensional Minkowski

spacetime embedding the de Sitter one.
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Let us start with the de Sitter spacetime (M,g) defined as the hyperboloid of radius 1/ '

in the five-dimensional flat spacetime (M o ) of coordinates ZA (labeled by the indices
A,B,..=0,1,2,3,4) and metric n5 = diag(1,—1,—1,—1,—1) [1]. A local chart of coordinates KM
(W,Vv,...=0,1,2,3) can be introduced on (M,g) giving the set of functions zA(x) which solve the
hyperboloid equation, 7°,z"(x)z’(x)=—-®™. In this manner (M,g) is defined as a
homogeneous space of the pseudo-orthogonal group O(1,4). The proper O(1,4)
transformations form the subgroup SO(1,4) while the improper ones have to be written using

discrete transformations on Ms.

The group SO(1,4) is in the same time the gauge group of the metric ns and the
isometry group, I(M), of the de Sitter spacetime. Its universal covering group, S(M) =

Spin(n5) = Sp(2,2), is the group of external symmetry as defined in Ref. [4]. This has the Lie

algebra s(M) = sp(2,2) ~ so(1,4) for which we use the covariant real parameters &** = —-&%,

In this parametrization, any A(§)eSO(1,4) produces the linear transformation
A A . .B.B . . .

27 (x)—z" (x)=AEM . Bz (x) giving rise to the isometry
x> x'=g.(x)=x+k,, (x)é*® + ... which can be expanded in terms of Killing vectors (of
components kl.4B) associated to the parameters QAB. These Killing vectors allow one to

write down the basis-generators of the covariant representations according to which the

matter fields transform under isometries [5, 4, 2]. In the simplest case of the scalar fields v,

which transform according to the natural representationy — ' = l//O¢§_l, these generators
are the orbital operators L, =—ik/,0, [6,7].

We assume now that (M,g) is equipped with the local chart {¢,x } of conformal time ¢

and Cartesian space coordinates defined by the functions

zal)zt[l—wz(ﬁ —Ezﬂ 1)

z4(x)=—ﬁ[l+a)2(t2 —}Zﬂ @)

z° (x)=-

1

A= - i j.=123, 3)
wt

giving rise to the conformal-flat line element

' We denote by o the Hubble de Sitter constant since H is reserved for the Hamiltonian operator
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ds> =n’,dz"dz" = pw (di* —d%-d%).  (4)

This chart covers the expanding part of M for te(—,0) and ¥ e R’ while the
collapsing part is covered by a similar chart with £~0 [3].

In these charts it is convenient to use the basis {H,P,Q,,L,} of the natural

representation of the so(1,4) algebra which is formed by the energy operator
HEwL(O 4)=—ico(t8 t+xi8i), the momentum operator P and its dual, O, whose components are
defined as [2]

B, =Ly — L)) =10, )

O, = Ly + L)) = 20'@’ (10, +X'8,) +ie’ (¢* =370, ©)

1 ; .
and the angular momentum L, :Eg Ly =—ig;x'0,. These generators satisfy the

ik

commutation relations [2]

[H,F]=iwh, [H,Q]=-iw0, (7
(L, Pl=isy b, [L,0;1=i5,0, (®)
[F,P]=0, [0.0]=0, ©)
[0, P1=2iwS,H +2i0’s, L, (10)

The first Casimir operator of this algebra coincides to the Klein-Gordon operator,
C,=H > +3iH —Q~13—a)2L2 = & » While the second one, C2=0, vanishes since the there
is no spin [2]. For this reason the usual scalar quantum modes, called here P-modes, are
determined as common eigenfunctions of the set of commuting operators {¢,.,P} [7].

On the other hand, it is remarkable that the operators Qi form the subalgebra of an
Abelian subgroup 7(3) 0 1somorphic to the subgroup 7(3) p of the physical translations in the
chart {#,x} generated by Pi' This suggests us that new quantum modes, called O-modes,

could be defined as common eigenfunctions of the set {¢,.,0O,}. These may be written down

by using a coordinate transformation able to change the Abelian generators among

themselves (Pl.<—>Ql.) without to affect the other generators. This transformation can not be an
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SO(1,4) isometry since the so(1,4) generators L AB transform under isometries as skew-

symmetric tensors. This means that we are left only with the discrete transformations of the

group O(1,4) which need our attention in what follows.

The simplest discrete transformations on MS, denoted by H[ AT are those which change

the sign of a single coordinate, zA—>—zA. These transformations give rise to the discrete

isometries x — x' =7 ,,(x) defined asTl, ,z(x) = z[x,(x)]. Obviously, these isometries
satisfy n[ A]on[ A]Zid where id denote the identity function. A rapid inspection indicates that

the interesting non-trivial isometries are produced by H[O] as

, 0 4 i i x'
(=G ey Y TR e ey D
and by H[ 4] which gives
’ 0 ! ri i )C[
S v L i D S

The other isometries, n[i], are simple mirror transformations of the space coordinates x

such that the (space) parity reads 7, = 7, © 7, © 773, - Another remarkable discrete isometry
is n[x]zn[o]on[ 4] which changes the signs of all the coordinates xM. Tt is worth noting that the

physical measurements can be performed only inside the light-cone where [¢f>|x|. This
indicates that the isometry (11) does not change the signs of the time and space coordinates
and, consequently, the charts {#,X } and {¢, X'} cover the same portion of M. On the contrary,
the isometry (12) changes the sign of the conformal time moving the transformed chart to the
opposite portion of this manifold.

Now our problem can be solved observing that the transformation H[O] changes only
the signs of the generators L(Oi) and L(0 4) so that, in the chart {¢,x'} defined by equations

(11), we meet the new basis-generators

Pi':QiaQi':R'aH'z_H’Li':Li (13)
but the same Casimir operator &l = &, since 3ioH'— Q'- P'=3ioH- Q- P as it results from

equations (10) and (13). Therefore, the P-mode functions f;(x) of the chart {z,x }, which

satisfy ~the Klein-Gordon equation &, f;(x) = m> f. 5(x)  and the eigenvalue
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problems P, £ (x) = p, f;(x) , become Q-mode functions in the chart {#,x’} where these obey
Exofs(x)=m’f;(x") and Q!f,(x") = p, f,(x"). We arrive thus to our principal conclusion:
Given the set of P-mode functions [ in the chart {t,x}, the functions f; o7y, form

the set of Q-mode functions of the same chart, depending on the parameters G € R’

Obviously, these new mode functions are solutions of the Klein-Gordon equation and

satisfy O, /5[70,(¥)] = g, ;[ 74, (x)] where the operators Qi are given by equation (6).

Hence our problem is completely solved but this gives rise to other questions to be
addressed in further investigations. It remains to study what happens with the similar modes
of the fields with spin and how the discrete isometries act in this case. Moreover, the physical

meaning of the O-modes must be elucidated by working out significant examples.
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