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1. Introduction

Tensor fields in “exotic” representations of the Lorentz group, characterized by a mixed
Young symmetry type [1]-[5] are important given their presence in superstring, super-gravity,
and super-symmetric high spin theories. They exhibit several interesting properties, such as
being dual to spin two or higher field theories or not allowing consistent self-interactions in
one of the dual formulation of linearized gravity (LG) [6]. An important issue related to
mixed symmetry-type tensor fields is the construction of their consistent interactions in the
framework of the deformation of the solution to the master equation [7] based on the
computation of the local BRST cohomology [8,9]. Some recent results on this aspect are
given in [10]-[14].

This work proposes the investigation of the couplings between one of the dual

formulations of LG, namely that based on a massless tensor field ¢ that transforms in an

Avpola
irreducible representation of GL(D,[] corresponding to a two-column Young diagram with

5 cells and 2 rows, and other field theories: self-couplings, cross-interactions with a Pauli-

Fierz field, cross-couplings to purely matter theories, and interactions with an Abelian vector
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field. The emerging findings emphasize no-go results in the first three situations and yes-go

results for the last two cases. They generalize our previous results from [11] and [12] on the

interactions involving a single massless tensor field with the mixed symmetry (3, l) .

2. No-go results on couplings to itself, a spin-two field and an arbitrary matter theory

We consider a free, massless tensor field ¢ that transforms in an irreducible

Auvpla
representation of GL(D,[] , corresponding to a two-column Young diagram with 5 cells and

2 rows, with the Lagrangian action
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This tensor field is endowed the mixed symmetry (4,1), i.e. ¢ is antisymmetric in its first

Avpola

4 indices and satisfies the (algebraic) Bianchi I identity ¢ =0. The symbol [,u

Avpola]
signifies the operation of complete antisymmetry with respect to the indices between
brackets, defined such as to include only once the distinct terms. We assume a Minkowski-

flat space-time of dimension D, endowed with a metric tensor of ‘mostly plus’ signature,

o, =0 =diag(—+... . The trace of this tensor field is defined by ¢, , =1,,,,,0° and it

is a completely antisymmetric tensor field. A generating set of gauge transformations for
action (1) reads as
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where the gauge parameters are bosonic, with ¢, antisymmetric and 6, ,,, with the mixed

vpola
symmetry (3,1). The space-time dimension satisfies D >6 such that theory (1) possesses a
non-negative number of physical degrees of freedom. The gauge symmetries (2) are Abelian
and off-shell reducible of order 3. This free theory, describing a massless tensor field with the
mixed symmetry (4,1), is dual to LG in D=7 space-time dimensions.

Related to the self-interactions of this theory, we compute the local BRST cohomology
of this model and apply the procedure based on the deformation of the solution to the
classical master equation. Finally, we find a no-go result, given in the next theorem.

Theorem 1 Under the assumptions of analyticity in the coupling constant, locality,
Lorentz covariance, Poincaré invariance and at most two derivatives in the Lagrangian
density, there are no consistent self-couplings that can be added to the free action (1) of a

massless tensor field with the mixed symmetry (4,1).
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The next problem is given by the consistent couplings between this tensor field and the
Pauli-Fierz model (the free limit of the Hilbert-Einstein action). In this case the free
Lagrangian action is written as the sum between action (1) and that of the Pauli-Fierz model

and is subject to a generating set of gauge transformations listed below

So |:tﬂ.,uvp\a > h,uv] = S(; I:t/l,uvp\a :' + S(fF [hﬂv ] ’
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We denoted by £ the trace of 4, . In the above &, stand for some bosonic vector gauge

parameters. Acting according to the deformation procedure based on local BRST
cohomology, we find the next no-go result.

Theorem 2 Under the assumptions of analyticity in the coupling constant locality,
Lorentz covariance, Poincaré invariance and at most two derivatives in the Lagrangian, there
are no consistent cross-interactions between a massless tensor field with the mixed symmetry
(4,1) and a graviton.

The only possible interacting terms that can be added to action (3) lead to the Einstein-
Hilbert action, invariant under diffeomorphisms.

The next task is to infer all consistent interactions between the tensor field ¢ and a

Avpola

generic matter theory. Consequently, we start from the Lagrangian action

So I:tlvpa\a ayi] =S, I:t/lvpa\a :' +S87 " [yl}a Sy [yi] = J.de L([yi]>> (%)

where S, [ yi] denotes the action of a generic matter theory, whose Lagrangian density can
involve at most the second-order space-time derivatives of the matter field. It is understood
that all )’ are assumed to display only purely trivial gauge symmetries, such that the gauge
transformations of action (5) are given in (2) and 59,5 ¥ =0.

Based on cohomological arguments, it is possible to show that a necessary condition for
the existence of cross-couplings at order one in the coupling constant is that the matter action

displays a non-trivial rigid symmetry, with rigid parameters expressed by the components of

a bosonic, completely antisymmetric and constant tensor of order 5, £*"* . Let us denote by
Jhuno the corresponding (non-trivial) conserved current, following from Noether’s theorem.

Consequently, we can write that
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Here and in the sequel g(F ) denotes the Grassmann parity of F . Presuming this is indeed
the case, it follows that both the deformed Lagrangian density and gauge transformations at
order one in the coupling constant are expressed by
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The consistency of (7) at order two in the deformation parameter imposes further restrictions

on g ..., whose solutions are
- i J Ayl ) = lanpl i
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Due to (8) the accompanying Lagrangian density breaks the hypothesis on the Poincaré
invariance of interactions, such that these couplings must be ruled out. We can consequently
synthesize the previous results in the following theorem.

Theorem 3 Under the assumptions of analyticity in the coupling constant, locality,
Lorentz covariance, Poincaré invariance and the preservation of the maximum derivative
order of both the Lagrangian and field equations, there are no consistent cross-couplings of a

massless tensor field with the mixed symmetry (4,1) to a generic matter theory.

3. Yes-go results on cross-couplings to Abelian vector fields
The starting point of this section is given by a free model describing a massless tensor

field with the mixed symmetry (4,1) and an Abelian vector field

, 1 v
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The gauge parameter £ involved in the gauge transformation of the vector field is bosonic
and defines the usual U (1) gauge invariance of the Maxwell action. The field strength of the

vector potential 4, is denoted by F,, and is defined as usually like in the second line of the

above formula. The above generating set of gauge transformations is off-shell reducible of

order 3 strictly due to the presence of the tensor field 7, , .
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Performing the necessary cohomological computations we are able to find in this
situation a fully consistent deformed solution to the master equation that leads to cross-
couplings between the two types of tensor fields.

Theorem 4 Under the assumptions of analyticity in the coupling constant, locality,
Lorentz covariance, Poincaré invariance and at most two derivatives in the Lagrangian
density, there appear consistent cross-couplings between a massless tensor field with the
mixed symmetry (4,1) and an Abelian vector field. These couplings break the PT invariance
and hold only in D=6.

The emerging Lagrangian action contains only mixing-component terms of order one

and respectively two in the coupling constant that can be written in a compact form as
N ! 1 6 - uv
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in terms of the deformed field strength of the vector field
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A generating set of deformed gauge transformations for action (10) can be taken as
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and hence only the gauge symmetries of the vector field are modified during the deformation
procedure. Regarding other aspects of the gauge structure of the deformed model, the gauge

algebra and the reducibility relations are not modified with respect to the free theory.

4. Conclusions

The main conclusion of this work is that a massless tensor field with the mixed

symmetry (4,1), which is dual to LG in D=7 space-time dimensions, does not allow for

consistent self-interactions, couplings to the Pauli-Fierz field and respectively matter fields,
but can be consistently coupled to an Abelian vector field in D=6. These findings
strengthen our previous results on the existence of consistent interactions of dual
formulations of LG by systematically applying the deformation procedure of the solution to
the classical master equation combined with specific cohomological techniques. All results
are valid only under the standard hypotheses of field theory: analyticity in the coupling
constant, locality, Lorentz covariance, Poincaré invariance, and the preservation of the

maximum derivative order of the deformed field equations with respect to the free ones.
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