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Abstract. Local convergence analysis of a fourth order method
considered by Sharma et. al in [19] for solving systems of nonlinear
equations. Using conditions on derivatives upto the order five,
they proved that the method is of order four. In this study using
conditions only on the first derivative , we prove the convergence
of the method in [19]. This way we extended the applicability
of the method. Numerical example which do not satisfy earlier
conditions but satisfy our conditions are presented in this study.
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1 Introduction

In [19], Sharma et. al, studied the iterative method defined by
2

b = tn— 2F (@) Flw)
Tnt1 = Yn — AnF’(xn)_lF(xn), (1.1)
where g is the initial point and
A= LT TP () F ) + S F () F )]
for approximating the solution z* of
F(z) =0, (1.2)

when F' : D C R — R/ is a continuously differentiable operator. Using
Taylors expansion and assumptions on the derivatives up to fifth order, they
have proved that the sequence {z,} defined by the method (1.1) converges to
x* with an order of convergence four. Due to the wide range of applications,
the study of (1.2) is an important problem in mathematics [1-22]. But the
conditions on the higher order derivatives, restrict the applicability of method
(1.1) to solve (1.2) (see the numerical examples).

In this study we consider the method (1.1) for approximating a solution
x* of (1.2) by when F : D C By — B, is a continuously Fréchet differen-
tiable operator. Here B;, B, are Banach spaces. Let B(a, p), B(a, p) stand
respectively for the open and closed balls in B; with center a € B; and of
radius p > 0.

Next, we shall give an example to show that method (1.1) cannot be
applied if we use the analysis in [19].

EXAMPLE 1.1. Let By = By = C[0,1], D = B(2*,1) and consider the non-
linear integral equation of the mixed Hammerstein-type [1,2,6-9,12] defined

by
1 2
t
2(s) = / G5, 1) (2(1)*” + %)dt,
0
where the kernel G is the Green’s function defined on the interval [0, 1] x [0, 1]
by
(I1—s)t, t<s

Gls,1) = { s(1—1t), s<t.

The solution z*(s) = 0 is the same as the solution of equation (1.2), where
F:C[0,1] — C]0,1]) is defined by

F(z)(s) = z(s) — /0 G(s,t)(z(t)** + @)dt.
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Notice that

ool —

1
l / Gs, ] <
0

Then, we have that

Fa)y(s) = y(s) - / Gl (1) 72 4 (1)),
so since F'(z*(s)) =1,

P (F@) - Fu)] < o

<SGl =l + Jlz = i)

One can see that, higher order than F’ derivatives of ' do not exist in
this example, so the method (1.1) cannot be applied if we use the analysis in
[19]. Later in Section 3 we show that indeed one can use the method (1.1)
to solve the above equation.

Our goal is to weaken the assumptions in [19] and apply the method (1.1)
for solving equation (1.2) in Banach spaces, so that the applicability of the
method (1.1) can be extended.

In Section 2, we present the local convergence of method (1.1). Numerical
examples are given in the last section of the paper.

2 Local convergence

Let wy : Ry U{0} — R, U{0} be a continuous and nondecreasing function
with w(0) = 0 and let

ro = sup{t > 0 : wo(t) < 1}. (2.1)

Let w,v : [0,79) — R4 U {0} be continuous and nondecreasing functions
with w(0) = 0. Define functions ¢; and 1, on the interval [0,79) by

Jyw((1—0)t)do+ L [ u(ot)do
1-— WQ(t) ’

p1(t) =

and
Pi(t) = pi(t) — 1.

Suppose that
v(0) < 3. (2.2)
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Then, by the definition of rg, 1,11 and (2.2), we have ¢;(0) = @ -1<0
and v (t) — 400 as t — r, . By applying the intermediate value theorem on
function ¢, on the interval [0, ry], we get that function ¢ has zeros in the
interval (0,79). Denote by 7 the smallest such zero. Define also parameters
To by

7o = max{t € [0, 7] : wo(p1(t)t) < 1}. (2.3)

Furthermore, define functions ¢, and 1 on the interval [0, 7) by

[ w((1 — 6)t)de
1-— wo(t)
9 (wo(t) + wol(r (B)F)) [y v(0t)do
8§ (1—wo(t)(1 — wo(pa(1)1))
3 (wo(t) + wol1 ()1)) Ji v(0t)do

8 (1 —wp(t))?

pa(t)

and
Pa(t) = pa(t) — 1.

Then, we have that ¢2(0) = —1 < 0 and @s(t) — 400 as t — 7, . Denote
by 79 the smallest zero of function s on the interval (0, 7). Define the radius
of convergence r by

r = min{ry, re}. (2.4)

Then, we have that for each ¢t € [0, 7)
0<pit) <1, i=12 (2.5)

We shall use the conditions denoted by (€) in our local convergence anal-
ysis of method (1.1):

() F:D C By — By is a continuously Fréchet-differentiable operator;
(Cy) there exists x* € D such that F(z*) = 0 and F’(z*) is invertible;

(C3) there exists function wy : Ry U {0} — R, U {0} continuous and
nondecreasing with wy(0) = 0 such that for each x € D

1F" ()" (F'(z) = F' (@) < wo(l|lz — 27])).

Set Dy = D N B(z*, 1), where rq is given by (2.1).
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(C4) there exist functions w, v : [0,79) — Ry U {0} with w(0) = 0 such
that for each z,y € Dy :

1E" (")~ (F () = F'))]l < w(llz = yll)

and
IF (") F ()| < o[z —2*);

(C5) Condition (2.2) holds;

(Cs) B(z*,r) C D, where the radius of convergence r is given by (2.4).

THEOREM 2.1. Suppose that the condition (€) hold. Then, the sequence
{z,,} generated for xy € B(z*,r) — {z*} by method (1.1) is well defined in
B(z*,r), remains in B(z*,r) for each n = 0,1,2,... and converges to z*.
Moreover, the following estimates hold

lyn — 2| < pr(llzn — 2D ll2n — 2| < |l2n — 27| <7 (2.6)
and
201 — || < wollzn — 2| l2n — 27| < |l2n — 27| (2.7)

Furthermore, if there exists R > r such that

/ 1@(6R)d6 <1, (2.8)

then the limit point 2* is the only solution of equation F(z) = 0 in Dy =
DN B(z*,R).

Proof. Estimates (2.6) and (2.7) shall be shown using mathematical induc-
tion. Using (2.1), (C3) and the choice zg € B(x*,r) — {z*} we have in turn
that

1E" (%)~ (F (20) — F' (") ]| < wol[lzo — 27) < wo(r) < 1. (2.9)

Estimate (2.9) and the Banach lemma on invertible operators [2, 18] give
F'(xg) is invertible and

< !
S T wo(lo— =)

1F" (o)~ F (27) (2.10)

Hence yy exists. By (C2) we can write that

F(xg) = F(xg) — F(z*) = /0 F'(z* + 0(xg — %)) (xg — 2*)db, (2.11)



28 I. K. Argyros and S. George An. UV.T.

where z*+0(zo—x*) € B(z*, 1), since ||[*+60(xo—a*)—z*|| = O||lxo—z*|| < r
for each 0 € [0, 1]. Then, in view of the second inequality in (€4) and (2.11),
we get that

1
IF@) ol < [ olblleo o dbllog — a7l (212
0
If follows from the first substep of method (1.1) for n = 0 that
1
Yo — = = (w9 — 2% — F'(20) ' F(z0)) + §F'(m0)_1F(x0) (2.13)

Then, by (2.4), (2.5) (for ¢ = 1), (C4), (2.10), (2.12) and (2.13), we have in
turn that

lo— 2l < [[F (o) F'(")]
«| / Fia®) (F'(a* + 80 — 2)) — F(a0)) (o — "))
+—||F (20) " F' ()| ||F/<x*>*1F<xo>u

1— 9 — d9 9 x*|)do
1- w0(||l‘o —x*||)

= lleo — 2" Dllwo — 2™ < flwo — 27| <7, (2.14)

0 (2.6) holds for n = 0 and yo € B(z*,7). As in (2.10), we have for yy = x
that F’(yp) is invertible and

1

1 —wo(llyo — 2*1)
1

1 — wo(p1(||wo — 2*])]|z0 — 2*||)

1" (o)~ " ()|

(2.15)

We also have that x; exists. We can have by the second substep of method
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(1.1) forn =0

T, — x*

o — & — F'(20) " F (o) + gF’(xo)_lF(%)
_gF/(yo)lF/(l’o)1F,(1'0)F(x0)
2P0 P o) P (o) P ()

xg — x* — F'(x0) " F(x0) + g(F/(xo)l — F'(yo) ") F (o)

L F () (1 = (o) P mo) )P (ao)
zo — % — F'(20)  F(x0)
P ) P o) = F(@7) + (/") = F o)l () Fwo)

+§F’(:vo)1[(F’(ﬂfo) — F'(@")) + (F"(2") = F'(yo))|F" (o) ™" F (o).
(2.16)

By (2.4), (2.5) (for i = 2), (2.10) and (2.14)—(2.16), we get in turn that

IN

IN

IN

s = a™]]

lzo — 2™ — F'(wo) ™" F (z0)|

%IIF’(%)‘lF’( MUE ()" (F (yo) — F'(2"))]

HIF (@) (E (27) = F' (o) I F (yo) " F/ (@) [I1F" (%)~ F (o) |
+§||F/($0)1F/( MUE (=) (F (o) — F' ()|
HIF (@) THE (27) = F' (o) I (o)~ (@) [I1F" (%)~ F (o) |

Jo w((1 = 0)|lzo — 2*[)df]lw0 — 27|
1= wo([|zo — 2*[])
9 (wo(|lz0 — 2*|) + wolllyo — =*[1)) Jy v(Ollwe — a*[|)db]|zxo — 2|
8 (1 = wo([lzo — 2*[)) (1 — wo(llyo — z*[]))
.3 (olllzo — 27)) + wollyo — 2*[) ) Jy 0(6llzo — =" [)db]zo — |
8 (1 —wo(l[zo — 2*))?
palllzo = 2% |Dllwo — 27| < [lwo — 27| <, (2.17)
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so (2.7) holds and z; € B(z*,r). The induction for (2.6) and (2.7) can be
completed if we replace xg,yo, 1 by Xk, yr, Trr1 in the preceding estimates.
Then by the estimate

[2p1 = 2| < eflwg — 27| <1, (2.18)

where ¢ = po(||zg — 2*||) € [0,1), we deduce that limj_,. z; = x* and
Zpy1 € B(x*,r). Finally, the uniqueness of the solution z* in D; can be shown
by defining @ = fol F'(x* + 0(y* — x%))df where y* € D; with F(y*) = 0.
Using (€;) and (2.8) we obtain in turn that

1 1
IF )@=l < [ ol —y o< [ oomas <1, @1)
0 0
so linear operator () is invertible. Then, the identity

0=F(z") - F(y") = Qz" —y"), (2.20)

we get that x* = y*.
0
REMARK 2.2. (a) In the case when wy(t) = Lot,w(t) = Lt and Dy = D,
the radius r4 = %ﬁ was obtained by Argyros in [11] as the conver-
gence radius for Newton’s method under conditions (€;)-(Cz2). Notice

that the convergence radius for Newton’s method given independently
by Rheinboldt [18] and Traub [22] is given by

P=g3p =™
As an example, let us consider the function f(z) = e* — 1. Then

x* =0. Set Q = B(0,1). Then, we have that Lo =e—1 < L =¢, so
p = 0.24252961 < r4 = 0.324947231.

Moreover, the new error bounds [2] are:

Jnss =2l € T r—rllen = 2|
Tpni1 — T || < Lp — T ||,
i 1 — Lo||x, — x|
whereas the old ones [18,22]
L

_ * < _ * 2.
Hxn-&-l z “ -1 LHJ'n —.Z'*” Hxn 'y H

Clearly, the new error bounds are more precise, if Ly < L. Clearly, we
do not expect the radius of convergence of method (1.1) given by 73 to
be larger than r4.
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(b)

The local results can be used for projection methods such as Arnoldi’s
method, the generalized minimum residual method(GMREM), the gen-
eralized conjugate method(GCM) for combined Newton/finite projec-
tion methods and in connection to the mesh independence principle
in order to develop the cheapest and most efficient mesh refinement
strategy [1,7].

Let By = By = R. The results can be also be used to solve equations
where the operator F’ satisfies the autonomous differential equation
[2-5]:

F(z) = P(F(2)),

where P : By — B, is a known continuous operator. Since F'(z*) =
P(F(xz*)) = P(0), we can apply the results without actually knowing
the solution x*. Let as an example F(x) = e* — 1. Then, we can choose
P(z)=x+1 and z* = 0.

It is worth noticing that method (1.1) are not changing if we use the
new instead of the old conditions [19]. Moreover, for the error bounds
in practice we can use the computational order of convergence (COC)

|zn42—2%]|
£ = Mozl

= ik foreachn=1,2,...
n

|znt1—2
llzn—2*||

or the approximate computational order of convergence (ACOC)
Inl@nt2=tnil]
{*:M for each n=0,1,2,....

In | e |
lzn—zn—1]

In view of (C3) and the estimate

1F' (@) F (@) = [[F(@") 7 (F'(2) = F'(a")) + 1]
< 14 |[F @) () - F'@a)l
< 14 wo(llx — 7))

the second condition in (€4) can be dropped to be replaced by
v(t) =1+ wo(t)

v(t) =1+ wo(re),

since t € [0, 7).



32

(f)
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Condition (2.2) can be dropped if we define parameter d by
d = @1(re)ry (2.21)
and the ball B(z*,r*), where
r* = max{d,ro}.
Suppose that
(CL) B(x*,r*) C D.

Denote by (€') conditions (C), (C2), (C3), (C4) and (Cf). Then, we
have :

THEOREM 2.3. Suppose that the conditions (€') hold. Then, the
conclusions of Theorem 2.1 hold except (2.6) which is replaced by

[gn = 2%l < @r(llwn — 2" lln — 2™ < d. (2.22)

Proof. By simply following the proof of Theorem 2.1 and using (2.22)
and (C) we arrive at (2.22) instead of (2.6). The rest of the proof as
identical to the one in Theorem 2.1 is omitted.

O

3 Numerical Examples

We present two examples in this section.

EXAMPLE 3.1. Let B, = By = R3, D = U(0,1),2* = (0,0,0)". Define
function F on D for w = (z,y, )" by

e—1
2

F(w) = (" = 1,——¢* +y,2)".

Then, the Fréchet-derivative is given by

e 0 0
F)y=|0 (e—=1Ly+1 0
0 0 1

Using (C1)—(C4), we can choose wy(t) = Lot,w(t) = e%Ot,v(t) =elo, [y =

e— 1.

Then, the radius of convergence r is given by

ry = 0.1544,r9 = 0.0183 = 1.
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EXAMPLE 3.2. Returning back to the motivational example given at the
introduction of this study, we can choose (see also Remark 2.2 (e) for function
v) wo(t) = w(t) = 2(2VE+¢) and v(t) = 1 + wo(ro), 7o 2 4.7354. Then, the
radius of convergence r is given by

r1 = 0.5092, 7, = 0.00000009 = 7.
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