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Abstract. After the works of Lahiri and Banerjee [6] on the idea
of relative order (p, q) of entire functions, we introduce in this pa-
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positive integers with p > ¢ and prove sum theorem, product the-
orem and theorem on derivative.

AMS Subject Classification (2010). 30D20
Keywords. Entire functions, Hyper relative order (p,q), Prop-
erty(A), Composition, Order (Lower order)

1 Introduction and Definitions

Let f and g be non-constant entire functions and M(r) = max{|f(2)| : |2| =
r}, My(r) = max{|g(z)| : |z| = r}. Then M;(r) is strictly increasing and
continuous function of r and its inverse Mf_1 : (|f(0)],00) — (0,00) exists
and lim Mf_l(R) = 00.
R—o0

In 1988, Bernal [2] introduced the definition of relative order of f with

respect to g as
pg(f) =inf{p>0:Mpr)< My (r")

for all 7 > ro(u) > 0}.

When ¢(z) = exp(2), p,(f) coincides with the classical definition of order
([15],p-248).
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[0] [0]

Following Sato [14], we write log™ x = z,exp™ x = z and for positive
integer m > 1, log™ z = log(log[m_l] ), expl™ x = exp(exp™~1 ).
If p,q are positive integers, p > ¢ then Juneja et.al., [7] defined (p, ¢)th
order of f by
logP M 4 (r)
(p.9) — 1 oy )
p (f) - hlv:ILSololp lOg[q]T
During the past decades, several authors (see for example [1], [7], [8], [9],
[10], [11]) made close investigations on (p, q) order of entire functions. After
this in 2005, Lahiri and Banerjee [6] introduced the concept of relative order
(p, q) of entire functions as follows.

Definition 1.1. [6] Let p and q be positive integers with p > q. The relative
order (p,q) of f with respect to g is defined by

pgp"”(f) = inf{u > 0: Ms(r) < M,(exp? V(ulog®r)) for all v > ro(u) > 0}

) logP= UMt Ms(r) logP= UM 1 (r)
= lim sup g = lim sup _91 :
oo logldy roo  logld M (r)

If g(2) = exp(z) then pi?(f) = pP9(f).
In the present paper we introduce the concept of hyper relative (p,q)
order as follows.

Definition 1.2. Let f and g be entire functions and p, q are positive integers
with p > q. The hyper relative (p,q) order of f with respect to g is defined by

_(p9)

p, (f)=inf{u>0:Mr) < M, (exp? (ulog@r)) for all r > ro(u) > 0}.

loglP! Mg_le (r)
logldlr

_(p,9) .
Clearly p, (f) = limsup

r—00

When p =2,¢ =1 and g(z) = exp(z), then the definition coincides with
the classical definition of hyper order of entire functions which have been
investigated closely by several authors (see for example [4], [13] etc.).

The following definition of Bernal [2] will be needed.

Definition 1.3. [2] A non-constant entire function g is said to have the
property (A) if for any o > 1 and for all large v, [M,(r)]> < M,(r”) holds.

Examples of functions with or without the property (A) are avilable in [2].
Throughout the paper we shall assume f, g, h etc., are non-constant entire
functions and M¢(r), My(r), My(r) etc., denote respectively their maximum
modulus on |z| = 7.
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2 Lemmas

The following lemmas will be needed in the sequel.

Lemma 2.1. [2] Let g be an entire function which satisfies the property (A),
and let 0 > 1. Then for any positive integer n and for all large r,

(M (r)]" < My(r?)
holds.

Lemma 2.2. [2] Suppose f is an entire function, « > 1,0 < 8 < a,s >
1,0 < pu < X and n is a positive integer. Then

(a) My(ar) > BMy(r).
(b) There exists K = K(s, f) > 0 such that [M(r)]* < KM¢(r®) forr > 0.

Mf(v)‘)
Mg (re)”

My (r®)
Mi(r)

=00 = lim

(C) T'li)m r—00

o0

(d) If f is transcendental, then
My(r)

. . My (”r‘)‘)
1 —_— pu— 1 —_— .
oot Mp(r) o resorn M (rh)

Lemma 2.3. ([12], p-21) Let f(z) be holomorphic in the circle |z| = 2¢e R(R >
0) with f(0) =1 andn be an arbitrary positive number not exceeding 32—6 Then
inside the circle |z| = R, but outside of a family of excluded circles the sum
of whose radii is not greater than 4nR, we have

log|f(2)| > =T(n)logMy(2eR)
for T(n) =2+ log ;’—Z

Lemma 2.4. [5] Every entire function g satisfying the property (A) is tran-
scendental.

Lemma 2.5. [3] Let f(z) and g(z) be entire functions with g(0) = 0. Let «
satisfy 0 < a < 1 and let C(a) = %. Then for r >0

Mioq(r) = My ( C(a) My(ar)).

Further if g(z) is any entire function, then with o = %, for sufficiently
large values of r

Mypoq(r) = My( §My(5) — [g(0)])-
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Clearly

Miey(r) 2 My My(5)) 1)

On the other hand the opposite inequality

Mioq(r) < My(My(r)) (2)

1s an immediate consequence of the definition.

Lemma 2.6. If f is a polynomial of degree n and g is transcendental, then
—_(p.9)

p, (f)=0.

Proof. For all large r, My(r) < Nr™ where N (> 0) is a constant and M,(r) >
Kr™ where K (> 0) is a constant and m(> 0) is arbitrary.
Then

1
NINE
Mg_le(r)<< T) = \rin,

3=

where A = (%)
Now

_(pa) log!? M My(r)

= lim su
pg <f) T—)oop log[q] T

log (Ao
< lmsup 28 N") _
r—00 lOg[q} T

3 Sum Theorem

Theorem 3.1. If f1, fo, g and h are entire functions with 0 < A\, < pp < 00,
then for p > 2

_(p,q)
p, (i £ f2) < maz{p®L(£), 0 (f2)},

the equality holding when p(gﬁ’;f)(fl) # pé’;’,‘j)(f2).



Vol. LV (2017)  Hyper Relative Order (p, q) of Entire Functions 69

Proof. We consider the theorem for fi + fo. Let f = f1+ fo and suppose that

P (1) < il (f2).
Let € > 0 be arbitrary. For all large r, we have

My, (r) < Mgon [eXp“"”{(pé’iﬁ (f1) +¢)logl? r}}

< Mgon [exP[p—l]{(pg;g)(ﬁ) +e) logl? r}}
and My, (r) < Mgon [exp[p‘”{(pé’;’;‘f)(b) + £) logl? r}] .

Now,
My(r) < My, (r) + My,(r)

< 2M oy [exp (o fo) + ) log 1}

< My, [3exp (o2 f2) + ) log 1}

using Lemma 2.2(a) it follows by (2)

My [ M3 expl V(o0 (f2) + <) log 1)}

So,
Mg_le(T) < M, [3 exp[p—l}{@g’)g)(ﬁ) +e) logl! T}]
i.e.
log M, My (r) < log My, [3expP (o1 () + £) log! r}]
(pnte)
< [3 eXP[P—ﬂ{(pgoh (f2) +¢) log[(ﬂ r}] h
i.e.

loglog M, ' My(r) < (pn + &) [log3 + expl” 2{(p%0 (f2) + £) logl* }
Le.

log?” M, My (r) < (pger? (f2) + €) logh 7 + O(1)
Le.

(p,q)

Py ()< (bl (f2) + ).
Since € > 0 be arbitrary,
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_(p,9)
g (fi+ f2) < 20 (f2) = maz{p®P (f1), P2 (f2)}. (3)
Next let, pgoh)(f ) < pgoh (fg) Then for all large r

My (r) < Myon |exp (o0 (f2) + 2) log 1} (4)

and there exists a sequence {r,}, r, — oo such that

My, (rp) > Mgop [exp ”{(pg;;f (f2) — &) log rn}} forn=1,2,3,.... (5)
From Lemma 2.2(c), we obtain

Moo |expl (o0 (£2) = ) log 7}
lim = 00

7 My, [exp=1{(p0) (1) + ) log 1

Then for all large r,

Mon [exp[pﬂ]{(/);z’g)(ﬁ) —¢) log[(ﬂ 7“}]

> 20y, [expPI{ (o0 (1) + 2) log 1}]
So,
M M, =111 ,P:9) — ) logld
) > Moo, [exo (o2 (f2) = ) log 70}

> 2 My [exp? (o1 (£1) + ) log 1}

Now for a sequence of values of {r,},r, — 0o we get by using (4)

My, (ry) > 2My, (1) forn=1,2,3,....
So,

1 1
_Mf2 (Tn) = _Mf2 (Tn)

My (rn) 2 My, (rn) = My (ra) > M, (1) = 5 2

1 _
> My [exp (o) () - &) logl 1}

using (5)
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> My e A 1) — <) g )

using Lemma 2.2(a)

1 expP I (pP0 (f,) — £)logl? 7, }
> Mg [1_6Mh ( goh 6 )

Mg—le(rn) >

h

oy [exp@ H (2 (f2) — &) logH rn}]

16 6
ie.,
explP=1{(plP:? — &) loglt r,
logM;le(rn) > log M, [ L G (22) Jlog™ 7} +O(1)
explr {4 (f2) — ) log¥ 1, } ] ™7
> ° c + O(1)
i.e.

loglog My ' My(r) > (M — €) |expP 2 {(pll?)(f2) — ) log” 1, }| + O(1).
So,
log"! M, My (r) > (ol (f2) — €)log! v, + O(1)
ie.,
Py ()= (02D (f2) —e).

Since € > 0 is arbitrary,

_(M)(ﬁ b h) > péﬁ’;z)(ﬁ) max{pgoh (f1), pgﬁ}‘?(ﬁ)} (6)

From (3) and (6) we have

—(p,a)
pg (fl +f2) max{pgoh (fl) pgoh (fQ)}
This proves the theorem. ]
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4 Product Theorems

Theorem 4.1. Let P be a polynomial and f, g, h are entire functions with
0 < A < pp < o0, where f is transcendental. Then for p > 2

(p,q)

g (Pf)=p"0(f).

Proof. Let the degree of P(z) be m. Then there exists a, 0 < a < 1 and a
positive integer n (> m) such that 2a < |P(2)| < r™ holds on |z| = r, for all
large r. Now by Lemma 2.2(a)

1 1
M; ( ow“) > Q_Mf (aur)
o

e, M (ar) < 2aMy (1) .
Let k(z) = P(2)f(2). Then for all large r and s > 1

My (ar) < 2aMy(r) < Mg (r) < "My (r) < My (r°) , by Lemma 2.2(d).
Let € > 0 be arbitrary. Now for all large r,

M (r) < My ()
< Moo [expP (o) +2)10g 1)

< My | My {exp 1{ (o2 (f) + £) 1og" r*}}] by (2) .

SO, Mg_le (7’) < Mh [exp[p—l]{(péig)<f) + 5) log[‘ﬂ TS}:|
L. log My My (r) < log My [expb™H (o (f) + <) log!” '} |

(prte)
< [ () + <) log )

i.e., loglog My ' M; (r) < (pn +€) explP— 2]{(pgoh (f) + ) logl® r=}
ie., log" My My (r) < (pyer (f) + ) log ¥ v + O(1).
—(p,a)
S0, py - (K) < (ol (f) +e).
Since € > 0 be arbitrary,

(p,9)

py (k) < pm(f). (7)

On the other hand for a sequence of values of {r,},r, — oo
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My(ry) > My (ary) > Mo, lexpl? 11{@{;7,3)( ) —¢) log[q](ozrn)}]

expP~ 1L (pPD(£) — £)1ogl¥ (ar,
oM, [116Mh{ pPH{ (pgo (f; ) log/( )}}] by (1),

_ xplP = (p3 (f)—e) logle) (arn )
So, My Mj(ry) > =M, [ep (e . ) log™¥ (arn)}

ie,

expl (o (f) — €) logl (ar,)}
2

log M, Mj,(ry,) > log M, [ +0(1)

>

[exp“””{w;%s)(f) — &) log%(ar,)}
2

(An—e)
] +0(1)

ie, loglog M My(r) > (\n —e) |expP 2 {(pZ () — &) log (ar,)}| +
o(1)

ie, log? My My (ry) > (pgg,‘i)(f) — &) log(ar,) +0(1)
. —_(p,9)

e p,  (K) > (p20(f) - e).

Since € > 0 is arbitrary,

oy (K) > (). 0

From (7) and (8) we have

_(»9)

p, (k) =pP(f)
_(p,9)

ie.p, (Pf)=pZP(f). -

Theorem 4.2. If n > 1 be a positive integer and f,g and h are entire
functions with 0 < A\, < pp < 00, then forp > 2

_(p,9)
g ()= pBP(f).
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Proof. From Lemmas 2.2(a) and 2.2(b), we obtain

[My (r)]" < KMy (")

< My [(K + 15" < My [expP H{(pZ0(1) + ) log (K + 1))}

My | Mfexp? (o0 (f) + ) 1og (K + 1)r") 1}, by(2)
where K = K(n, f) > 0,n > 1,r > 1.
So,

My (M ()] < My [exp? H{(p0(F) + 2) log® (K + 1)r")} |

log M [My (r)]" < log My, [exp? 1{(p% (£) + &) logl (K + 1))}

< [expP (22 () + ) log (K + 1] "

ie.,loglog M, [My ()] < (pa-+e) [exp? 2{ (o (f) + 2) log (K + 1)r")} |
ie., log M [My ()] < (0% (f) + ) logh (K + 1)r™) + O(1)
o logP Mt [y ()
i.e, limsup
r—00 log[‘ﬂ T

(P20 (f)+€) logl9) (K +1)r™)
logld (K +1)rn)

logld ((K+1)r™)
10g[‘1] rn

< lim sup

'I’*)OO

lim sup
T—00

So, by (f7) < (PZP(F) +2).
Since € > 0 be arbitrary

70 < (). (9)

On the other hand for a sequence of values of r =,

(M (rn)]" > My (rn)

> Maon [exp 1{ (o (f) - £)10g ()}
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explP~ 1l (p’,f) — &) logl®(r,,
Ly, o ) o >}}]7by(1)

-l

<l (pPD(FY — ) 1ol (1
ie., M, ' [My(r,)]" > %Mh [e PP H{(Pgon (J;) £) logH( n)}]

i.e.,

log M, " [M (r,)]" > log M),

[exp[p‘”{(pf,’i’;‘f)(ﬁ R LLAGY) )

2

[expp W (o (f) = ) logh (r2)}
> 2

(An—¢)
] +0(1)

i.e., loglog Mg_1 [My (r,)]" > (An—¢) [exp[p_z]{(p;’;g)(f) —e) logld (Tn)}} +
0(1)
logm M-l (M (r)]" > (02 (f) — €) logld () + O(1).

So, Yy > (LD (f) —e).

Since ¢ > 0 be arbitrary,

o () = (). (10)

From (9) and (10) we have,

_(p,9)
g ()= pBP(f).
]

Theorem 4.3. If fi fa,9 and h are entire functions with 0 < A, < pj, < 00,
where g is transcendental and g o h has the property (A) then for p > 2

() 50" (ff2) < max{o®D (1), 70 ().

(i) Equality holds if p" (f1) # o2 (fa).

Proof. By Lemma 2.4, g o h is transcendental. We consider the following
three cases.
Case(a). fi and fo both are polynomials. Then by Lemma 2.6

oy (Fufo) < max{p®P (1), 20 ()}
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Case(b). fi is polynomial and f, is transcendental. Then by Theorem
4.1

o0 (fuf) < max{p®D (1), 072 ()}

Case(c). fi1 and fo both are transcendental. Let p(p q)( fi) < pé’; ,‘f)( f2)
and k = fi fo. Let € > 0 be arbitrary. For all large r, we have

My, (r) < Mayen [expl (o0 (f2) + 5) logl" 1}

< My [exp? (o1 (2) + 5) log )]

and My, (1) < My, [expl? (o5 (f2) + g)m[‘ﬂr}}.

Now,
expl (g (o) + o) log r}
expl2{ (o3 (o) + 5) logl r}
as r— 0Q0.

So for all large r, say r > r; > rg the above expression is greater than

expPI{ (p®? (fo) + ) logWre}
explr=2{ (P20 (fo) + £) log¥ 1o}

(say).
Then o > 1. For all large r, we have,

My(r) < My, (r) My, (1) < (Myon |expl 1 (o2 (f2) + g)log[q]r}Dz

< (Myon [expP (o0 (12) + ) 108 1] ")
since g o h has the property (A) and o > 1

< My [expP U (p0(f2) +2) log 1}
forr > ry >y
My [ Mifexp? (o () + &) og r}} | by (2),

So,
My My(r) < My [exp” (o2 (f2) + ¢) log )]
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ie.,
log M, ' My (r) < log M, exp[pfl]{(péﬁf)(fg) +¢)logld 1}
(pnte)
exp? I (pB7 (f2) + ) log 1}
ie.,

log log M, My(r) < (pn + ¢) log [exp (P (f2) + €) logl r}

ie.,
log[p] Mg_le( ) < (Pg;g)(fz) +¢) log[‘ﬂ r+0(1).
. loglPl pr—1t
So, lim sup%]iwk() = Péﬁg)(fz) + e

=00

Since € > 0 be arbitrary,

_(p,9)

py (k) < pZP(f2) = max{p®P (f1), p2(f2)}. (11)

(ii) Suppose pgoh ( fi) < pgoh ( f2). Without loss of generality we may

assume f1(0) = 1.
We choose pu, A so that pg;’;f)(fl) <p <A< p;;;?(fg). There exists a
sequence R, — oo such that

My, (R,) > Myop[exp® 1 (Nog'YR,,)], forn =1,2,3....

Also for all large r,

My, (r) < Mgonleap®(ploglr)].

In Lemma 2.3, we take fi(2) for f(z),n = 15, R = 2R, and obtain

log|f1(2)| > =T (n)logMy, (2¢.2R,,),

where 3
e
T(n) =2+ log(ﬁ) =2+ log(24e).
16
So,
log| f1(2)| > —(2 + log(24e))logMy, (4eR,,)

holds within and on |z| = 2R,, but outside a family of excluded circles the
sum of whose radii is not greater than 4.%6.2}%” ie., fu

If r, € (Ry,2R,,) then on |z| = 1, log|f1(2)| > —TlogMy, (4eR,,).
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Now,
My, (rn) > My, (Ry) > Mo, [exp[p_l](/\log[‘ﬂ Rn)]

> Myop [exp U\ logl? 2")]

Let 2, be a point on |z| = 7, such that My, (r,) = |f2(2)].
Then
My (rn) = maz{|k(2)| : |z| = .}

= maz{[f1(2)[|f2(2)] : 2] = 70}

/r’fl
> [My, (4eRo)] 7 Myonfeap? ™ (Nogl )]

_ -7 n
> [Mgoh{exp[l’ 1]@[09[(1](4@}%”))}} Mgoh[exp ()\log[‘l] ; )

/r'fl
> [Mon{exp? " (ulog (4er,))}] Mgoh[exp[p*”()\log[q]g)],

since r, > R,.

Now for all large n, we have l‘l)g[q[{?i" <z 2 where v € (i, \). So,

My () > [Mgoh{e:cp[p’”(ulog[q](élern))}] Mgoh[e:cp U(yloglder,)).
(12)
The expression

explP~2(ylogld(4er,))
explP=2(ulogld (4er,,))

tends to infinity as n — oo.
So for all large n, r,, > r; > ry we may write

expP=2(ylogld (4er,,)) - expP=2(ylogld (4ery)) _
explP=A(plogld(4ery,)) = explr—2(ulogld (4ery))
(say), then o > 1.
From Lemma 2.1 and for all large r, we have

[Mgoh{e:vp[p_” (log® (dery))}]
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> [Myon{eap® Y (ulogh (4er,))}]" (13)

Also for the above value of «, one can easily verify that
[Myon{exp®~(vlog" (4er,))}]

> [Mgoh{emp[p_” (log!® (dery,))}] . (14)
Therefore for all large n, we have from (12), (13) and (14)

My (rn) > Myop [exp[p_” (,ulog[‘ﬂ (4ern))]

> Mo, [exp? ™ (ulog!Wr,)]

1 exp?~U(plogldr,
> M, [—Mh{ P (plog >}} by (1).

- 16 2
So,
_ 1 expP~(uloglir,)
M My (ry,) > —M,
g Milm) > 75 "{ 2
i.e.,
-11( yloqld
log M, ' My (ry,) > log M, [exp <5 °J Tn)} +O(1)
=11 ( ylogldy )]
ie.,

log log Mg_le(rn) > (A, —€) [exp[p A(plogl® )] + O(1)
ie., log[p] My My (ry) > plogl?r, +0O(1).

So, P; (f1f2) > M

Now since p < pgoh ( f2) is arbitrary, we have

f_);p’Q)(f1f2) 2 Pgoh '(f2) = max{pgoh (f1), Pgoh (2} (15)

From (11) and (15), we have

—(pa)
Py (fuf) = max{pl (1), 0 (F2)}-
This proves the theorem. ]
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5 Hyper Relative order (p,q) of the derivative

Theorem 5.1. Let f, g and h be entire transcendental with 0 < A\, < pp <
o0o. Then forp > 2

ol (1) = 20 ().

Proof. We write My (r) = max{|f'(2)| : |z| = r}, My (r) = maz{|g'(2)| :
|z| =7} and M,/ (r) = max{|h'(2)| : |z] =1}

Without loss of generality we may assume that f(0) = 0. Otherwise we
set fl( ) = zf(z). Then f,(0) = 0 and by Theorem 4.1

(fl) = Pgoh (f)
We may write f(z fo f'(t)dt, where the line of integration is the segment

from z = 0 to z = re®.r > 0. Let 2, = re be such that |f(z)] =
max{|f(2)|: |z] = r}. Then

M(r) = |f(z1)] = | / " Pt < M (). (16)

Let C denote the circle |t — zo| = r, where zy, |29| = 7 is defined so that

|f'(20)| = maz{|f'(2)] : |2] = r}.
So,

My (r) = maz{|['(2)] < 2 = 7} =

|f/(zo)| = |ﬁj{ #dﬂ 1 Mf(QT) e A Mf(QT)' (17>

t— 2p)? 2 r? T

From (16) and (17) we obtain

My (r) My(2r)

. < Mp(r) < , for r > 0. (18)
Let 0 € (0,1). From Lemma 2.2(d), lim %{j;“fj) = 00, where s > 1 and n
r—00

is a positive integer and so My(r®) > r"M;(r) for all large r. If we replace
r by r? and s = < then from above My(r*?) > r"" M (r?) > rM;(r),where
the positive integer n is such that no > 1.

So M¢(r) > rMe(r?) for all large r.
From (18) and above, we have
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< M¢(2r) for all large r > 1. (19)
So, Mf’ (T’) < Mf(27')

< Myon [exp 1{(p20(f) + &) 10 21}

< M, [Mi{exp? (1 (1) + ) log” 2r}}] , by (2)

le.,
My M (r) < My [exp? H(pZ0 () + 2) logl 21}
ie.,
log M, M (1) < log My [expPU{ (o0 (1) + ¢) log' 27}
(pn+e)
< [expl (o (f) + €)log 2r}
ie.,

loglog My My (1) < (pn + ) [exp® 2 { (o2(f) + &) logl" 21}
ie.,
log”! MM (r) < (p9(f) + €) log” 2r + O(1).
So,
logh My My (r) _ - (pgil (f) +2)log™ 2 log 2
1m

lim sup < lim :
r—00 logl? r r—0oo logl? 2r r—oo Jogld r

ie.,
_(p9)

Py (J) < Pl (f) +<.
Since € > 0 be arbitrary,

ol () < o). (20)

Now for a sequence of values of r = r,,, we have from (19)

My (1) > My(ry) > Mgon expP~ 1]{(pgz;§)(f) — &) logld 2}
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1 explP~1l (Z’q) — &) logld Ty
oty [ L (SR —logt ) ]
16 2
ie.,
1 [explr (o0 (f) — ) logh 17}
-1 go n
M, Mf/(rn) > 1—6Mh [ 5
ie.,

log M, M (ry) > log M, +0(1) >

[exp[p”{(pé’i’ﬁ)(f) —2)log 17}
2

(An—e)
explP—11{(pP:?) — &) logld yo
[ P (o (g’) )log! r7} + o)
ie.,
loglog M, ' M (1) > (A — €) exp[p_Q}{(péi’;f)(f) —¢)logl? TZ}] +O(1)

ie.,
log? M, ' M (r) > (0230 (f) = €) log™ rg + O(1).
—(p,9)
So, p, (') = piiil (f) .
Since € > 0 be arbitrary,

_(p,9)

Py (1) = P (). (21)
From (20) and (21), we have

_(p,9) , (p,q)

pg (f) :pgoh (f)
This proves the theorem. O

6 Conclusion

Our main goal through this paper is to enquire the basic relation between
hyper relative (p,q) orders of entire function with respect to a single entire
function and also of composition of entire functions which have not studied
previously. But still there remains some problems to be investigated for
future researchers in this field.
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