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1 Introduction

The notion of a weakly symmetric Riemannian manifold was initiated by
Tamadssy and Binh [16]. In analogy to [12], a weakly symmetric Riemannian
manifold (M™, g)(n > 2), is said to be an almost weakly pseudo symmetric
manifold, if its curvature tensor R of type (0,4) is not identically zero and
satisfies the identity

(VxR)(Y,U,V, W) = [A(X)+ Bi(X)|R(Y,U,V, W) (1.1)
+C(Y)R(X,U,V, W)+ CL(U)R(Y, X, V, W)
+D(V)R(Y,U, X, W)+ D;(W)R(Y,U,V, X)
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where A, By, C; & D; are non-zero 1-forms defined by A;(X ) =
9(X,01), Bi(X) = g(X, 01), C1(X) = g(X, m) and Dy (X) = g(X, 01), for all
X and R(Y,U,V, W) = g(R(Y,U)V, W), V being the operator of the co-
variant differentiation with respect to the metric tensor g. An n-dimensional
Riemannian manifold of this kind is denoted by A(W PS),,-manifold.

Keeping the tune of Dubey [14], we shall call a Riemannian manifold of
dimension n, an almost generalized weakly symmetric (which is abbreviated
hereafter as A(GWS),- manifold) if it admits the equation

(VxR)(Y,U,V, W)
= [AUX) + By(X)|R(Y,U,V, W)+ CL(Y)R(X,U,V, W)
+CL(U)R(Y, X, V, W)+ Dy(V)R(Y,U, X, W)
+Di(W)R(Y, U, V, X) + [A2(X) + Bo(X)]|G(Y, U, V, W)
(

+C,(YV)G(X, UV, W) + Cy(U) G(Y, X,V, W)
+D,(V) G(Y,U, X, W)+ Do(W) G(Y,U,V, X ) (1.2)

where
GY,U,V, W) = [g(U,V)g(Y, W) = g(Y, V)g(U, W)]  (13)

and A;, B;, C; & D; are non-zero 1-forms defined by A;(X ) = ¢(X, 0;),
Bi(X) =9(X, 0), C;(X) = g(X,m) and D;(X) = g(X, 0;), for i = 1,2. The
beauty of such A(GW S),,-manifold is that it has the flavour of

(i) locally symmetric space in the sense of Cartan (for A; = B; = C; =
D; =0),

(ii) recurrent space by Walker [13](for A; # 0, A,

—B,=Ci=D,;=0),
( i) generalized recurrent space by Dubey [14] (A; #0

(1V) pseudo symmetric space by Chaki [11] (for Ay = By =C; = D; #0
andAQZBQZCQZDQZO),

(v) semi-pseudo symmetric space in the sense of Tarafder et al. [10] (for
= —Bl,Cl :D1 and A2 :BQ :OQ :DQ :0),
(vi) generalized semi-pseudo symmetric space in the sense of Baishya [6]
(fOI' A1 == —Bl, Cl = D1 and AQ = —BQ, 02 = DQ),

(vii) generalized pseudo symmetric space, by Baishya [5] (for A; = B; =
Ci=D,; #0),

(viii) almost pseudo symmetric space in the sprite of Chaki et al. [12]
(for317&0,A1:C'l:Dl%OandAngzngzDzzO),

(ix) almost generalized pseudo symmetric space in the sense of Baishya

(fOI' Bz 7&0, AZ = Cz :Dl 7&0) and
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(x) weakly symmetric space by Tamadssy and Binh [16] ( for A; = Ay =
BQZOQZDQZO).

In this connection we would like to mention our work in [7], [8] and [9].

Our work is structured as follows. Section 2 is concerned with LP-
Sasakian manifolds and some known results. In section 3, we have inves-
tigated an almost generalized weakly symmetric LP-Sasakian manifold and
obtained some interesting results. Section 4, is concerned with an almost gen-
eralized weakly Ricci-symmetric LP-Sasakian manifold. Finally, we have con-
structed an example of an almost generalized weakly symmetric LP-Sasakian
manifold.

2 LP-Sasakian manifolds and some known results

In 1989 K. Matsumoto ([1]) introduced the notion of Lorentzian para-Sasakian
(LP-Sasakian for short) manifold. In 1992, Mihai and Rosca([15]) defined the
same notion independently. This type of manifold is also discussed in ([2],
31)

An n-dimensional differentiable manifold M is said to be an LP-Sasakian
manifold [1] if it admits a (1,1) tensor field ¢, a unit timelike contravarit
vector field &, a 1-form 7 and a Lorentzian metric ¢ which satisfy

n(€) =-1, g(X,&=nX), ¢X=X+nX)y, (2.1)
9(0X,0Y) =g(X,Y) +n(X)n(Y), Vi&=0X, (2.2)
(Vo) (V) = g(X,Y)E+n(Y)X + 2n(X)n(Y)E, (2.3)

where V denotes the operator of covariant differentiation with respect to the
Lorentzian metric g. It can be easily seen that in an LP-Sasakian manifold,
the following relations hold :

=0, n(@X)=0, Rank¢d=n—1. (2.4)

Again, if we put
QX,Y) = g(X, ¢Y)

for any vector fields X, Y then the tensor field Q(X,Y") is a symmetric (0, 2)
tensor field ([15]). Also, since the vector field 7 is closed in an LP-Sasakian
manifold, we have ([1], [15])

(Vxn(Y) =QX,Y), QX §) =0 (2.5)
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for any vector fields X and Y.
Let M be an n-dimensional LP-Sasakian manifold with structure (¢, &, 1, g).
Then the following relations hold ([1], [15]) :

9(R(X,Y)Z,€) = n(R(X,Y)Z) = g(Y, Z)n(X) — g(X, Z)n(Y),  (2.6)
R(E.X)Y = g(X,Y)E —n(Y)X, (2.7)

R(X,Y)E = (Y)X —n(X)Y, (2.8)

S(X.€) = (n— 2)n(X), (2.9)

S(HX.0Y) = S(X,Y) + (n— 2n(X)n(Y), (2.10)

for any vector fields X, Y, Z where R is the Riemannian curvature tensor of
the manifold.

3 Almost generalized weakly symmetric LP - Sasakian
manifold

An LP-Sasakian manifold (M™", g)(n > 2), is said to be an almost generalized
weakly symmetric if it admits the relation (1.2).
Now, contracting Y over W in both sides of (1.2), we get

(VxS)(U,V)
= [AX)+ Bi(X)]SU,V) + Ci(U)S(X, V)
YOUR(X, UYW) + Di(R(X,V)U) + Dy(V)S(U, X)

+(n = D) [{A2(X) + Bo(X) }g(U, V) + Co(U)g(X, V)]
+Dy(V)(n — 1)g(U, X) + Co(G(X, UVV) + Dy(G(X,V)U) (3.1)
which yields
(VxS)(U,§)
= [A(X) + Bi(X)](n = 2)n(U) + C1(U)(n — 2)n(X)
+D1(§)S(U, X) +n(U)C1(X) = n(X)C1(U) +n(U) D1 (X)
—g(X,U)D1(§) + (n — 1)[{A2(X) + Bo(X) }n(U)
+Co(U)n(X) + D2(§)g(U, X)] + n(U)Ca(X)
—n(X)C2(U) +n(U)D2(X) — g(U, X)Do(§) (3.2)

for V'=¢. Again, replacing V' by &, in the following identity
(VxS)(U, V) =VxSU,V) = 5(VxU,V) - 5U,VxV) (3.3)
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and then making use of (2.2), (2.5), (2.9), we find

(Vx5)(U,€) = (n = 2)g(X, oU)=5(U, $X). (3.4)
Next, in consequence of (3.2) and (3.4), we have
(n —2)g(X, oU)—S(U, ¢X)
= (n=2)[{A(X) + Bi(X)}n(U) + CL(U)n(X)] + D1(§)S(U, X)
+n(U)C1(X) = n(X)C(U) +n(U) D1(X) — g(X, U)Di(§)
+(n = D[{A2(X) + Bo(X)In(U) + Co(U)n(X) + Dy(§)g(U, X))
+n(U)Co(X) = n(X)Co(U) +n(U)Da(X) — g(U, X)Da(€).  (3.5)
)

Next, putting X = U = ¢ in (3.5) and using (2.1), (2.2) and (2.9), we get

(n = 2)[A1(§) + Bi(§) + C1(&) + Di ()]

+  (n=D[A2(§) + B2(§) + C2(§) + Da(8)] = 0. (3.6)
In particular, if As(§) = B2(§) = Co(§) = D2(€) =0, (3.6) becomes
Ai(&) + Bi(§) + Ci(§) + Di(§) = 0. (3.7)

This leads to the followings

Theorem 3.1. In an almost generalized weakly symmetric LP-Sasakian man-

ifold (M™, g)(n > 2), the relation (3.6) hold good.

Corollary 3.2. In an almost weakly symmetric LP-Sasakian manifold (M™, g)(n >
2), the relation (3.7) hold good.

By virtue of (2.1), (2.2) and (2.9), the equation (3.1) turns into

(VxS)(E,V)
= (n=2)[{A(X) + Bi(X)}n(V) + Do (V)n(X)] + C1(§)S(X, V)
+n(V)CLUX) = g(X, V)C1(§) +n(V)Di(X) — n(X)Dy(V)
+(n = D[{A(X) + Bo(X) (V) + Do(V)n(X)]
+C2(&)(n = Dg(X, V) + (V) Co(X) = (X, V)Ca(E)
+n(V)D2(X) = n(X) Da(V) (3.8)

for U = £. Again, putting U = ¢ in (3.3) and using (2.2), (2.5), (2.9), we
obtain

(VxS5)(& V) = (n = 2)g(X, 9V)=5(V, ¢.X). (3.9)
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Combining (3.8) and (3.9), we get
(n —2)g(X,9V)=S(V, ¢X)

= (0 =2)[{A(X) + Bi(X)}n(V) + Di(V)n(X)] + C1(§) S (X, V)

+n(V)C1(X) = (X, V)C1(E) + (V) Di(X) = n(X) Dy (V)

+(n = D[{A(X) + Bo(X) In(V) + Do(V)n(X)]
+C2(8)(n = Dg(X, V) +0(V)Co(X) — g(X, V)Co(E)
+0(V)D2(X) — n(X) Da(V).

Putting V' = ¢ in (3.10) and using (2.1), (2.2), (2.9), we obtain

0 = —(n—=2{A(X)+ Bi(X)} = C1(X) — Di(X)
+(n =3)Di(E)n(X) + (n = 3)CL(En(X)
—(n = D{A2(X) + Ba(X)} — Co(X) — Da(X)
+(n = 2)Dy(E)n(X) + (n = 2)Co(E)n(X).

Putting X = ¢ in (3.10) and using (2.1), (2.2), (2.9), we obtain

0 = (n—2){A:(& + Bi(In(V) + (n = 2)Ci(En(V)
+n(V)D1(§) — (n = 3)Dy(V) +
(n = D{A2(&) + Ba2(§)n(V) + (n = 1)C(E)n(V)
+1(V)Da(&) — (n—2)Da(V).
Replacing V' by X in the above equation
0 = (n=2){A(&) + Bi(E) In(X) — (n = 3) D1 (X)
+C1(E)(n = 2)n(X) + n(X)D1(§)
+(n = D{A2(§) + B2(§) }n(X) — (n — 2)Dy(X)
+(n = 1)Ca(§)n(X) + n(X) Dy (8).
Adding (3.11) and (3.13), we get
0 = —(n—2{A1(X)+ Bi(X)+ D1(X)} — C1(X)
—(n — 1){A2(X) + Ba(X) + D2(X) } — Co(X)
+(n = 2)Co(En(X) + (n = 3)C1(§)n(X)
Putting X = ¢ in (3.5)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

0 = [A(&) + Bi(§)](n = 2)n(U) = C1(U)(n = 2) + D1 (§)(n — 2)n(U)

(
+n(U)C1(§) + CL(U) +n(U)D1(§) — n(U)D1(§)
+(n = D)[{A2(8) + Ba() }n(U) — Co(U) + Da(E)n(U)]
+n(U)C(§) + Ca(U) + n(U)Do(§) — n(U) D2(§)-

(3.15)
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Replacing U by X in (3.15), we get

[(n = 2){A1(&) + Bu(&) + Di()} + Co(§In(X) — (n = 3)C1(X)
= (n=2)Co(X) = [(n = 1){A2(&) + Ba(&) + D2(&)} + C(8)In(N3-16)

In view of (3.6), above equation becomes
(n—3)C1(X) + (n —2)Ca(X)
= —(n=3)Cu(En(X) = (n = 2)C(E)n(X). (3.17)
Subtracting (3.17) from (3.14), we have,

0 = —(n—=2){A(X)+ Bi(X) + C1(X) + D (X)}
C(n = 1){As(X) + Bo(X) + Co(X) + Do(X)}.  (3.18)

Theorem 3.3. In an almost generalized weakly symmetric LP-Sasakian man-
ifold (M™, g)(n > 2), the sum of the associated 1-forms is given by (3.18).

Next, in view of Ay = By = Cy = Dy = 0, the relation (3.18) yields
This motivates us to state

Theorem 3.4. In a weakly symmetric LP-Sasakian manifold (M™, g)(n >
2), the sum of the associated 1-forms is given by (3.19).

Theorem 3.5. There does not exist an LP-Sasakian manifold which is

(i) recurrent,

(i1) generalized recurrent provided the vector fields associated to the 1-
forms are colinear,

(i1i) pseudo symmetric,

(iv) generalized semi-pseudo symmetric provided the vector fields associ-
ated to the 1-forms are colinear,

(v) generalized almost pseudo symmetric provided the the vector fields
associated to the 1-forms are colinear.

4 Almost generalized weakly Ricci-symmetric LP-Sasakian

manifold

An LP-Sasakian manifold (M",g)(n > 2), is said to be almost generalized
weakly Ricci-symmetric if there exist 1-forms A;, B;, C; and D; which satisfy
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the condition

(VxS)(U.V) ) )
= [A ( )+ B_( )]S(U, V)+C’1_(U)S(X,V)—i—D_l(V)S(U,X)
+[A2(X) + Ba(X)]g(U, V) + Co(U)g(X, V) + Dy(V)g(U, X).(4.1)
Putting V' = ¢ in (4.1), we obtain
(?XS)(Uv é:) B
= [A(X) + Bu(X)) (0 — 20(0) + Cu(U)(n — 2n(X) + Dy()S(U. X)
+H[A2(X) + Ba(X)n(U) + Co(U)n(X) + D2(§)g(U, X). (4.2)

In view of (3.4), the relation (4.2) becomes
(n — 2)g(X. 6U)~S(U. 6X)
= [A(X) + Bi(X))(n = 2)n(U) + C1(U) (n = 2)n(X) + D1(£)S(U, X)
+HA(X) + Bo(X)]n(U) + Co(U)n(X) + Da(§)g(U, X). (4.3)
Setting X = U = ¢ in (4.3) and using (2.1), (2.2) and (2.9), we get
(0= 200+ B(O)-+ G0+ Dic)
+ [As(§) + Ba(§) + Ca(€) + Da(8)] = (4.4)
Again, putting X = ¢ in (4.3), we get
(n —2)C1(U) + Cy(U)
= [A1(§) + Bi(&) + Du&(n — 2)n(U) + [A2(8) + Ba(€) + D2(8)In((4)5)

Setting U = ¢ in (4.3) and then using (2.1), (2.2) and (2.9), we obtain from
(4.3) that

(n = 2)[A(X) + Bi(X)] + [Ao(X) + Bo(X) *
= Ci(&)(n = 2)n(X) + Di(§)(n = 2)n(X) + Co(§)n(X) + Da(€)n(X4-6)
Replacing U by X in (4.5) and adding with (4.6), we have

(n = 2)[A1(X) + Ba(X) + Co(X)] + [Ax(X) + Ba(X) + Co(X)]
= [A1(&) + Bi®) + Dr(e) + Co(&))(n — 2n(X) + [Aa(E) + Bo(€) + Da(e)
+Co(IN(X) + Di(E)(n — 2n(X) + DalE)n(X). (4.7)

In consequence of (4.4), the above equation becomes

(n — 2)[1211()() + B1(X) + C’1(X)] + [Az(X) + BQ(X) + C2(X)]
= Di(&)(n—2)n(X) + Dy(§)n(X). (4.8)
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Putting X = U = ¢ in (4.1), we get

Dy(V)(n —2) + Dy(V)
= [Ai(&) + Bi(§) + CL(O)](n = 2)n(V) + [A2(€) + Ba(§) + C2(&)In(A9)

Replacing V' by X in (4.9) and adding with (4.8), we obtain

(n = 2)[A1(X) + Bi(X) + C1(X) + Dy (X)]
+[A2(X) + By(X) + Co(X) + Dy (X))
= (n=2)[A(&) + Bi(§) + C1(&) + D1 (&)In(V)
+[A2(€) + Ba(&) + Ca(€) + Do (&)]n(V). (4.10)

By virtue of (4.4), the above equation becomes

(n—2)[A1(X) + Bi(X) + Ci(X) + Dy (X)]
= —[Ay(X) + By(X) + Cy(X) + Dy (X)). (4.11)

This leads to the followings

Theorem 4.1. In an almost generalized weakly Ricci symmetric LP-Sasakian
manifold (M™, g)(n > 2), the sum of the associated 1-forms are related by

(4.11).

Theorem 4.2. There does not exist an LP-Sasakian manifold which is

(i) Ricci recurrent,

(i1) generalized Ricci recurrent provided the the vector fields associated to
the 1-forms are colinear,

(11i) pseudo Ricci-symmetric,

(iv) generalized semi Ricci-pseudo symmetric provided the the vector fields
associated to the 1-forms are colinear,

(v) generalized almost Ricci-pseudo symmetric provided the the wvector
fields associated to the 1-forms are colinear.

5 Example of an A(GWS)3; LP-Sasakian manifold

(see [4], p-286-287) Let M3(¢,&,1m,g) be an LP-Sasakian manifold (M?,g)
with a ¢-basis

0
8_y’ 63—5—£,

z

oar
e = e —
ox

, €2 = e =€
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where « is non-zero constant. Then from Koszul’s formula for Lorentzian
metric g, we can obtain the Levi-Civita connection as follows

Vele?) = €9, v6162 = 07 v6161 = —é€s,

z z
Vee3 = e, Ve, 62 = ae’es, Ve,e1 = ae’ey,
V€363 = 0, Ve3€2 = O, V63€1 =0.

Using the above relations, one can easily calculate the non-vanishing compo-
nents of the curvature tensor R (up to symmetry and skew-symmetry)

R(el,eg,el,eg) = —(1- azeQZ)

R<€1a63a61763) = 1= R(62763762763)'

Since {ey, eq,e3} forms a basis, any vector field X, Y, U, V € x(M) can be
written as

3 3 3 3
X = Zaiei, Y = Zbiei, U= Z Ci€;, V= Zdie’ia
1 1 1 1

R(X,Y,U, V) = —(aiby — aghy)(cidy — cady)(1 — ae*?)
+(agbs — asbs)(cads — csdy) = Ty (say)

R(ey,Y,U, V) = bs(crds — c3dy) — by (erdy — cady)(1 — @®e?) = \; (say)
R(ey, Y, U, V) = bg(cads — cady) + by (c1da — cady)(1 — a®e*) = Xy (say)
R(es, Y, U, V) = bi(cady_cids ) + by (c3da — cadyz) = A3 (say)
R(X,e1,U V) = as(cids — csdy) — ay (c1dy — cady)(1 — o?e*) = Ay (say)
R(X, e, U, V) = az(cads — c3ds) +ay (c1dy — cady)(1 — @®e®®) = A5 (say)
R(X,e3,U, V) = ai(cady_c1ds ) + ag (cady — cadz ) = Ag (say)
R(X,Y,e1,V) =ds(aibs — asb;) — dy (a1by — ashy )(1 — a?e**) = \; (say)
R(X,Y, e, V) = ds(ashs — asby) + dy (a1by — ashy )(1 — a?e**) = g (say)
R(X,Y,e3,V) = di(asby — arbs ) + do (azby — azbz) = Ay (say)
R(X,Y,U,e1) = cs3(asby — aibs ) + ca (a1by — aghy )(1 — a?e**) = Ao (say)
R(X,Y,U, e3) = c3(asby — asbs ) — c1 (a1by — agby )(1 — a®e**) = A\y; (say)

) =

R(X, Y, U, €3 (a1b3 — agbl) + ¢ (CLng — agbg) = /\12 (say)
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G(X,Y,U, V) = (b + baca — bges)(ardy + agdy — asds)
—(a1c1 + agey — asey)(bydy + bads — byds)
= T; (say)

G(ey, Y, U, V) = (bacy — bscs)dy — (bady — bsds)c; = wy (say)
Gleo, Y, U, V) = (bicy — bscs)dy — (bidy — bsds)ca = wo (say)
Gles,Y,U, V) = —(bicy + bacy)ds + (bydy + bady)cs = ws (say)
G(X,e1,U V) = (asdy — asds)c; — (agcy — azcs)d; = wy (say)
G(X, e, U, V) = (ardy — asds)ca — (ayc; — ascs)dy = ws (say)
G(X,e3,U V) = — (ardy + agdy)cs + (arer + agey)ds = we (say)
G(X,Y,e1,V) = (agdy — azds)by — (bady — bsdz)a; = wy (say)
G(X,Y,e5,V) = (a1dy — asds)by — (bidy — bsds)as = ws (say)
G(X,Y,e3,V) = (bidy + bady)az — (ardy + asdy)bs = wy (say)

G(X,Y,U,e1) = (byca — bscs)ay — (agca — azes)by, = wig (say)

G(X, Y, U, 62) = (b101 - bgcg)ag - (CL1C1 - a303>b2 = W11 (S&y)

G(X, Y, U, 63) = —(blcl + bQCQ)a,g + (a101 + CLQCQ)bg = W12 (say)

and the components which can be obtained from these by the symmetry
properties. Now, we calculate the covariant derivatives of the non-vanishing
components of the curvature tensor as follows

(Ve,R)(X,Y,U,V)
= a1A3 —agda +biAe —b3As +c1dg —c3Ag +didig — dsAi,

(Ve, R)(X,Y,U, V)
= —aefaig — aeasA3 — asA] — ae’bi s — aebadg — bsAs — ey g

—OZSZCQ)\Q — 03)\7 — (X@Zdl)\u — O[@ng/\lg — dg)\lo,

(V%R) (X, Yv, U, V) = 20./2622(b2 — agbl)(cldg — Czdl).
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For the following choice of the the one forms

Ai(er)
Az(er)
Ai(es)
Bi(e2)
Az(es)
By(e2)
Ai(es)
Bi(es)
Ci(es)
Cs(es)
Dy (es)
Dy(es)
Az(es)

Bg(eg)

a1A3 — aszAg

= TR Bie) =

ClAg — C3Ag

bide — bsAs
Ty ’

= TaBQ(@I) =

aefa1Ag + aeag g + as\y

T, ’
aebi s + aefba g + b3y

T, ’
ae®ciAg + aecadg + c3 Ay

T, ’
aedi A1 + aefdaria + d3Aig

T, ’
ajby — a2b1)01d2
T ’

—a?e®* (ayby — aghy)cady

T, ’

15

04262'2(

1
CL3)\3 + bg)\ﬁ ’
1
(1,393 + b396 ’
1
cshg + d3hin
1
c3by + dsbha
a262z (a1b2 — agbl)cldg
T ’
a?e? (a1by — aghy)cady
15 ’

one can easily verify the relations

(Ve,R)(X,Y, U,

forl, 2, 3. From the

V) = [Aile:) + Bi(e)|R(X, Y, U, V)

didiz — dsAn

An.

U.V.T.

+CLX)R(e;, Y, U, V) + CL(Y)R(X,e;, U, V)
+D1(U)R(X,Y, e, V) + Di(V)R(X,Y,U, ;)
+[Az(e;) + Ba(e:)|G(X,Y, U, V)

+CQ( ) 7(61,Y U V) —+ Cg( )G(X, €;, U, V)
+Do(U)G(X,Y,e;, V) + Dy(V)G(X,Y, U, ¢;)

above, we can state that
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Theorem 5.1. There exist an LP-Sasakian manifold (M3,q) which is an
almost generalized weakly symmetry LP-Sasakian manifold.
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