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1 Introduction

Many problems in computational sciences and engineering can be written as

nonlinear least squares
1
min = F(2)" F(z), (1.1)
z€Ri 2
where F' : @ C R — R’ (j > 1), Q is open convex and i,j are positive
integers. The solution of problem (1.1) is denoted by z*. The solution z*
is preferred in closed form but this is possible only in special cases. That



34 LK. Argyros and J.R. Sharma and D. Kumar An. U.V.T.

explains why most solution methods are usually iterative. Let us consider
the iterative method defined for each n =0,1,2,... by

Tn41 = Tp — [Qan]_ngF(xn)a (12)

where @, € L(R*,R7) is the space of bounded linear operators from R’ into
R¢. Special choices of @,, are considered in this study:

Secant method [2,3,10]: Q, = [z, x,_1; F], where [-,; F] : Q* — L(R?, RY)
is a divided difference of order one. The convergence order of the method is
L5 — 1.618....

Three-point method [10]: Q,, = [x,,, Tp_1; Fl+[vn_o, ¥p; Fl—[Tn 2,z 1; F].
The convergence order is 1.839.. ..

Kurchatov-type method [2,11]: Q,, = [2x, — z,_1,Z,—1; F]. The conver-
gence order of the method is two.

These methods are derivative free and are useful alternatives to the Gauss-
Newton method obtained from (1.2), if we choose @,, = F'(x,). The Gauss-
Newton method has convergence order two and has been studied in [2-13]
under various Lipschitz-type conditions. In the present paper, we study
the local convergence of these methods under more precise Lipschitz-type
conditions to obtain the following advantages (say A):

(a) Larger radius of convergence leading to a wider choice of initial guesses.

(ay) Tighter error bounds on the distances ||x,, — 2*|| leading to the compu-
tation of fewer iterates to obtain a desired error tolerance.

(a3) A more precise location of the solution x*.

The advantages (A) are obtained under the same computational cost as in
earlier studies [2,3,10, 11], since the computation of the Lipschitz constants
in the old studies require the computation of the new Lipschitz constants as
special cases. Hence, the applicability of these four methods to solve (1.1) is
expanded.

The rest of paper is structured as follows: Sections 2-5 contain the local
convergence of Secant method, three-point method, Kurchatov-type method
and Gauss-Newton method, respectively.

2 Local convergence for the Secant method

The local convergence analysis in the case when Q,, = [x,, x,_1 ; F] is based
on the conditions (5):
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(s1) F:Q CR — R/ is continuously differentiable.

(s2) There exist a solution z* of problem (1.1) and a > 0, b > 0, ¢ > 0 such
that
IF@) < e [F'@)] <a,

(QeQx)™" = [F/(2")"F'(z")] " exists and [|(Q7Q.) " <.

(s3) There exist Ky > 0, Ky > 0 such that for z,y € Q divided difference
of order one [, -; F] exists and

[z, y; F] = F'(2")|| < Kille — 27| + Kally — 27]].
Define scalar polynomial h by
h(t) = b(Ky + Ko)t* + 2ab( K, + Ky)t — 1.

Denote by rg, the only positive root of polynomial h is given by

1
(ab+ Va2b? + b)(K, + K»)

To = ,fOTKl—I—K27é0.

Set: Qo =QNU(z*, ).
(s4) There exist Ky > 0, K > 0 such that for each z,y € Qq
[z, y; F] — [z,2%; F]|| < Klly —2"||

and
[z, 2"; F] = F'(z")]| < Kollz — 2.

Then, we can show the following local convergence result for the Secant
method under the (S) conditions and the preceding notation.

Theorem 2.1. Suppose that the conditions (S) hold. Then, sequence {x,}
generated for x_y, xg € U(x*,19) — {x*} by the secant method satisfies

lns1—2"[| < Cp lwnr =2 +CF lwn—a"(|+Cp zn-r =" [|zn—27|, (2.1)

where

bla + Kol|lzn — o7 + Kl|zn—1 — ") K
1 — DPn

C3 =

n
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and
Pn = b[2a (K [|n—2*||+ Ko || 1 —2* || )+ (K[| —2* ||+ Ko 1 —2*))?] < 1.

Moreover, in case of zero residual (i.e. ¢ = 0), if abK < 1 and we choose
x_1, xo € U(z*, 1) — {a*}, then sequence {x,} remains in U(x*,r) for each
n=—1,0,1,2,... and converges to x* with speed # so that

[#ns1 — 2| < Cllan — 27| lzn — 27, (2.2)
for some C' > 0, where r is the only root in (0,79) of polynomial

Proof. We shall first show estimate (2.1). By hypothesis linear operator
Q. € R7*% has a full column range and we can write

117 = (1 = (FF) ™' @ Q)] | = (QnQu) " FELL, (2.3)
where Q,, = [T, T,_1; F|, Q. = F'(x*) = F.. We need the estimates

|F, — Qnll = |F/T — Q]| (for the Euclidean norm [9]), (2.4)
and by (s2), (s3), (2.3), we get in turn that

11— (FIF) ' QrQull = (FIF)  (FIF - QrQu)|
= [(FTE) ™ (FI(F - Q)
+ (FT = Q) (Qn — F) + (FF = Qn)F)|
<|EZED)THESINE = Qull
+IIFT = QulQn — FII + [1F = QI FLl)
<b(al F'(z*) = Qull + IIF™" (%) = Qu [1Qn — F'(")]]
+al| FT () — Q)
<b(a(K: [z, — 2| + Kal|wn — 2*[])
+ (Kl = 2" + Koal|wn-1 — 2"])°
+ a(Kq ||z, — 2| 4+ Kallzn—1 — 2*]])) = pn
< b(2a(Ky + Ka)ro + (K + K»)*r{)
<g(ro)+1=0+1=1, (2.5)

by the definition of function g and the choice of ry.
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It follows from (2.5) and the Banach lemma on invertible operators [9]
that

(QEQu) R Fl < — 26

n

We also obtain by using (s2) and (s4) the estimates

1Qn — Qull = l[Tns Tno1; F] — F'(a¥)]
=/ ([#n, @ari F) = [w, % F1) + [0, 2% F] = F'(a")]
<Nwn, Tp1s F] = [T, 25 F|| + [[[20, 275 F] = F'(27)]]
<K||[zp_1 — *| + Koz — 2], @7

<a+ Klzna — 27| + Kollan — 27 (2.8)

and

1@n = [2n, 275 FI| = [lfwn, 2nr; F] = [za, 2% F|
< Kllzpq — 2. (2.9)

Using the Secant method and estimates (2.4), (2.6)-(2.9), we obtain in turn
that

1 — 2" [ =llwn — 2" = (QnQn) ™ (Qn F(wn) — QL F (z7))|
<I = (@n Q)" F' (&™) F' (") II(F" (") F' ("))~
X [=Qu(Qn = [wn, 2" Fl)(wn — 2%) + (@ — Q) F ()]
<b((a+ Kollzn — 2*[| + K|z — 2" DK ||z — 27|20 — 27
+ c(Kollwn — 2" + Kllza—y — 27[)) /(1 = pn), (2.10)

which shows (2.1) by the definition of C!, C? and C3. Moreover, if ¢ = 0,
then C! = C? = 0 and by the choice of 7, we obtain (2.2) and

[ns1 — 2| < |lzn — 2™ <1, (2.11)
so lim, oo ©,, = x* and x,,41 € U(z*, 7). O

Remark 2.1. Estimate (2.1) does not necessarily imply the convergence of
sequence {x,} to x* unless if ¢ is sufficiently small, when we only obtain
linear convergence. However, if ¢ = 0 we showed such a convergence.
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3 Local convergence for the three-point method

We consider the case @, = [tn, Tn_1; F] + [Tn_o,Tn; F|] — [Tn_o,xn_1; F]
under the conditions (7'):

(t1) = (s1).
(t2) = (s2).
(t3) There exist Ky > 0, K > 0, M > 0 and divided differences of order
one [+, - ; F] on Q% and order two [, -,-; F] on Q3 such that for each =,
Y, U1, U2, U3, Ug € Q
[z, 2% F] — F'(2")|| < Koz — 2",
I, y; F] = [z, 2% F]|| < Klly — 2],

H[ul) us, U4,F] - ['LLQ, us, U4,F]|| S MHul - UQH

Define scalar polynomial h by
h(t) = b[2a + (Ko + K)t + 2Mt*][Ko + K + 2Mt]t — 1.

Denote by rg the only positive root of polynomial h.
Then, we can show the following local convergence result for the three point
method under the conditions (7).

Theorem 3.1. Suppose that the conditions (T') hold. Then, sequence {z,}
generated for v_o, v_1, vog € U(x*,ro) — {x*} by the three point method
satisfies

q
lnsr = 2"l < 7=

3.1

where

P = b2a + (Ko + K)lz — 27| + M([[2n—2 — 27| + [0 — 27[]) |20 — 27]]
X (Ko + K)[[an — 27| + M(||[zn-2 — 2| + [z = 27 ) 201 — "]

and

Gn = b(la + (Ko + K) ||z — 2™ + M([|z0-2 — 2"[| + 20 — 2" ) |21 — 2"]
X M ([lzn = 2| + 2 = 2D lzn — 2" + 22 — 27[)) + Kllzn — 2"[|][|2n — 27
+ (Ko + K)l|lzn — 27| + M(||lzn—z — 2™ + 20 — 2”|])) 201 — 27]]).

Moreover, if x_o, x_1, kg € U(x*,r) — {z*}, then sequence {x,} remains in
U(z*,r) for eachn = —2,—1,0,1,2,... and converges to x* such that

[2nt1 = 27| < erllwn — 27| + collwn — &7 (|[l2n = 27[[|2n—2 — 27
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for some ¢; > 0, co > 0, where r is the smallest zero in (0,1¢) of function h
defined by

h(t) = q(t) +p(t) =1,

where

q(t) = b([a + (Ko + K)t + 2M¢*|[AMt + K|t + c((Ko + K) + 2Mt)).

Proof. The proof follows the corresponding one in Theorem 2.1, using esti-
mates (2.3), (2.5), (2.10) adjusted using the (¢3) conditions:

1@n — F'(z7)]]

H[xn;xnfl; F] + [xnf%xn; F] - ['rn727xn71; F] - F/(LL’*)H
< (Ko + K)[zn = 2% + M|#n—2 — zallll2n-1 — 27|

< (Ko + K)flon — 2*|[ + M(lzn—2 — 27| + lzn — 27| l2n-1 — 27|
1@n = [z, 2™ F| < M([lzn = znallon = 2na + Kllzn — 27

< M(l|zn — 27| + llony = 2¥ ) (len — 27 + [J2n—2 — ™))

+ K|z, — 2",
1@nll < [|@n — F'(z") + F'(a") | < [[F' (@) + |Qn — F'(z")]
< a+ (Ko+ K)|zn — 2| + M(lzn—2 — 2"l + [lzn — 27|21 — 27,
so by (2.3)
17— (FF) 7 QnQull < 020+ [|Qn — F' (")) |Qn — F'(2")]
< Pn < p(TO) = 17 (32)
S0

1(Qn@n) "I FL| < (3.3)

1- Pn
and by (2.10)

lnss — 2l < (I(F' @) F'(2) " [~QT(@Qn — [2, 2" F]) (20 — 2°)
+(Qn = QDFEIN) /(1 — pa)

dn
1 — Dn

which shows (3.1). Then, we have by the choice of r and (3.1) that z, €
U(z*,r) and ||z — ¥ < ||xn — 2*|| < 7, so lim, o x,, = =" and z,41 €

U(z*,r). O
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Remark 3.1. It follows from (3.1) that for ¢ = 0, there exist N and C' =
C(N) such that for each n > N,

[2n1 = 2"} < Cllans = 2*|[l2na = 27| fln — 27,

so the order of convergence is the positive root of the equation t3 —t> —t—1 =
0, which is 1.839. ... Clearly, if ¢ # 0 the order of convergence is only linear.

4 Local convergence for the Kurchatov method

The local convergence analysis in the case when @, = 2z, — T,—1,2,_1; F]
is based on the conditions (V):

(v1) = (1)
(v2) = (s2).

(v3) There exist Ky > 0, K > 0, M > 0 such that for z, y € Q, divided
difference of order one [, ; F| exists and

[, 2% F] = F'(2")|| < Kollw — 2],
[z, 2" F] = F'(z)]| < Kllx — 7,
12y — =, 23 F] = F'(y)|| < Mlly — 2|

Define scalar polynomials p and h by
p(t) = b2a +4Mt* + (Ko + K)t]4Mt* + (Ko + K)t]

and
h(t) = p(t) — 1. (4.1)

Denote by rg the smallest positive root of polynomial h.
Then, we can show the following local convergence result for the Kurchatov
method under the (V') conditions.

Theorem 4.1. Suppose that the conditions (V') hold and U(x*,3ry) C Q.
Then, sequence {x,} generated for x_y, xy € U(z*,19) — {x*} by the Kur-
chatov method satisfies

q
lns1 = 2"l < 7=

4.2



Vol. LV (2017) Expanding the Applicability of Iterative Methods 41

where
pn = b[(2a+ (Ko + K) |2y — 2*|| + M|z, — 201 |]?)
X (Ko + K)|lan — 2*|| + M|z, — 20 1]%)]
< p(ro)
and

gn = b((a+ (Ko + K)||zn — 2™ + M||zn — pa||*) 2 — 2|
X [(Ko + K)||ln — 2| + M2y — 2-1]]
+ (Ko + K) ||z, — 2*|| + M||2p—1 —a:*HQ)) (4.3)

Moreover, if U(xz*,3r) C Q, b(Ky + K)(a +¢) < 1 and we choose x_q,
xzo € U(z*,r9) — {z*}, then sequence {z,} remains in U(x*,ry) for each
n=—1,0,1,2,... so that (4.2) is satisfied, where r is the only positive root
in (0,70) of polynomial.

g(t) =b([a + (Ko + K)t + 4M¢*|[Ko + K + 4Mt]t + c(Ko + K + 4Mt))
+p(t) — 1. (4.4)

As the convergence does not exceed the quadratic one there exists C* > 0
such that
20 = @1 ® < C*[l2n — 27]. (4.5)

Then, (4.2) can be written as
[@nsr = 2% < Cillzy — 27| + Collwn — 271%, (4.6)

for some C1 >0, Cy > 0. In the case of zero residual (¢ = 0) the convergence
order is quadratic.

Proof. We have h(0) = —1 < 0 and h(t) > 0 for sufficiently large ¢ > 0.
It then follows from the intermediate value theorem that function A has
zeros in (0,400). Denote by ry the smallest such zero. Similarly, g(0) =
b(Ko+ K)(a+c¢) —1 < 0and g(rg) > 0. Denote by r the smallest zero of
function g on (0, 7). Let z,y € U(z*, p) for some p > 0. Then ||2y—z—a*| <
2|y — a*|| + ||z — 2*|] < 3p, so 2y —x € U(z*,p). Then p =1y or p=rin
what follows. The proof uses (2.3), (2.5) and (2.10) with adjusted estimates
and (v3).

We have the estimates

1Qn — F'(wn) | < Mllzn — 2o, (4.7)
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1Qn — [0, 275 FI|| = [[([220 — Tp—1, Tn1; F] = F' (7))
+ (F'(an) = [n, 2™ F])||
<N2%n — 2n1, Tp1; F] = F'(z)|
+ |1 F'(2n) = [2n, 2" F]|
<M ||z — @ |* + Kz, — 27, (4.8)

Q= F @) = 280 — 01,0 F] — (o)
<22 — Tp—1, Tn1; F] = [0, 2" F||
+ fn, &5 F] = F'(27)|
<Ml — w4 (Ko + Kz — 2, (49)

1Qull < a+ (Ko + K)[lzn — 27| + M| z0 — 20|, (4.10)
leading by (2.5) to

11— (F"F))7'QEQull <b[(2a + M|z, — 2 ||” + (Ko + K)||z, — 27|
X (M|zy — zp1l” + (Ko + K) ||z, — 2*|))]
= p, < pl(ro) = 1, (4.11)

S0
(@ Qn) I F|| <

. 4.12
. (4.12)

Moreover, by (2.10), (4.7)-(4.10) and (4.12), we obtain in turn that

1 — 2| <(b(la + (Ko + K)|lwn — 2| + M|z — 2*|]%]
x [Mllzn = 2o l* + (Ko + K) |2 — 2*]
+ (Ko + K)|Jan — " + M|z, — 27|°])) /(1 = pn)

qn
4.13
1 _pn, ( )

<
which shows (4.2). Furthermore, in view of (4.5), we obtain (4.6). O

Remark 4.1. The third estimate in (v3) can be obtained if we suppose that
a divided difference of order two [-, -, -; F] exists on €y such that

[ [w1, ug, us; ) — [ug, u, us; F|| < Ml[uy — ugyl| (4.14)
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for each wy, ug, ug, uy € Qy. Then, using (4.14), we can have in turn that

1Qn — F'(x0)|| < 11220 — Tn1, 001; F] — F'()]
= |[2%n — Tn_1, Tn_1; F] — [T0, Tn_1; F| + (20, x0n1; F] — F'(z,)||
= (270 — Tn1, Tn1, Tn; F| = [T, Tno1, Tn; F]) (2, — 27)]]
< M@, — 2047 (4.15)

which is the third condition in (v3) (or (4.7)). However, estimate (4.15) is
weaker than (4.14) used in the literature [10,11,13].

5 Local convergence for the Gauss-Newton method

Let R stand for the set of i X j matrix E, E* stand for the Moore-Penrose
inverse of matrix £ and if E has full rank (i.e., if rank (E)= min (i,j) = j),
then E* = (ETE)™'ET. We shall use the standard auxiliary results [6,9]:

Lemma 5.1. Assume that B\, E € R™ FEy, = B, + E, |[Ef||E] < 1,
rank(Ey )= rank(Es,), then

S 1= ENIE]

Moreover, if rank (Ey)= rank (Ey) = min (i,j), then

E+ _E-I- < \/§HE1+||2HEH

— &7 £]
Lemma 5.2. Assume that By, E € R™I (i > j), By = Ey+FE, |EE| < 1,
rank (Ey) = j, then rank (Ey) = j.
Next, we present the local convergence analysis of the Gauss-Newton method
in a slightly different way than in the previous sections, so we can compare

the new analysis to the works of earlier studies using similar information

[5,6].

Definition 5.1. We say that F' satisfies the center Lipschitz condition on )

if there exists Ly > 0 such that for each x € Q, ||[F'(x)—F'(x0)|| < Lo|lz—x0||-

Let B > 0. Define parameter py by

1
BLy

Set: Uy = U(x*, po) N Q. Notice that Uy C €.

Po (5.1)
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Definition 5.2. We say that F' satisfies the restricted-Lipschitz condition
on Uy if there exists L > 0 such that for each x € U,

|F"(z) = F2")] < (1 = 0) L]z — 27|

for each § € [0,1] and 2% = x* + 0(x — 2*). Notice : L = L(Ly). That is the
construction of L depends on Lo and Uy.

In earlier studies [5,6,11,13], the following definition is used.

Definition 5.3. We say that F’ satisfies the Lipschitz condition on € if there
exists L1 > 0 such that for each x € Q)

| F'(z) — F'(29)]| < (1 = 0)Ly||x — z*|| for each § € [0,1].
Clearly, we have that
Lo < Ly, (5.2)
hold, since Uy C Q0 and % can be arbitrarily large [2-4].
In earlier studies only L; is used in the local convergence analysis of
the Gauss-Newton method. However, in view of (5.2) and (5.3), the earlier
results can be improved, if the more precise constants L, and L are used

instead of Ly (or Ly and Lg). If one used with the old approach the Banach
lemma on invertible operators and L;, then the estimate

1 — BLy||x — z*||

I(F" ()" F' ()~ F(x) (5.4)

is obtained (for 5 to be precised later) instead of the more precise estimate
really needed in the proof using Lg:

Fl(z)"F'(2)) ' F'(2)"]| < b : 5.5

[(F" ()" F'(2)) ()H—l—ﬁLon—x*H (5.5)

Similarly, at the numerator of the estimates involved L, Ly can be used

instead of the less precise Ly, Ly, respectively leading to the advantages (A).

Next, we can show the main local convergence result for the Gauss-
Newton method.

Theorem 5.3. Assume: vector x* satisfies problem (1.1); F has a contin-
uous derivative in ; F'(x*) has full rank; F' satisfies the center-Lipschitz
condition on € with constant Lo; F' satisfies the restricted-Lipschitz condi-
tion on Uy with constant L. Then, for o € U(z*, p) — {z*} sequence {x,}
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generated by the Gauss-Newton method is well defined, remains in U(z*, p)
and converges to x*, provided that

V2Locf? < 1, (5.6)

where

_ 2(1 = V2LyeB?)

< po, 5.7
QLo+ L)8 ™ (5.7)
c=|F()|, 8= II[F(z)" F' ()] F'(z*)"|| and
BLp V22 Ly
M Lo, L, p) = Xp) = + <1 5.8
Moreover, the following estimates hold
* BL * (12 \/§CB2L0 *
Tpy1— 2 || < Ty — T ||° To—
17 P I A e Frer L
(5.9)
and
qo(Lo, L, [[xo — 2*||) =qo
L||zg — x* 2c¢32L
2(1 = BLollwo — 2*[]) 1= BLollxo — z*|
(5.10)
Furthermore, if c =0, then
|2, — 2% < ¢ zo — 2*|| for each n=1,2,.... (5.11)

Proof. We first show that gy € (0,1). We have by (5.7) and (5.10) in turn
that

V232 Ly
1-— 5L0||l‘0 — £L‘*||

_ 5L
T2 = BLollzo — )

BLp + \/5052[10 _
2(1 = BLop) 1= PBLop

lzo — ™| +

<

1 (5.12)

and

IE" ()T F ()] F () T FY () — F'(2%)|| < BLollw — ||
< BLopo < 1, for each x € U(x™, py).
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By Lemma (2.1) and (2.2), we know V = € U(z*, p), F'(x) has full rank and

1P @) @) P @) < gy for ach @ € UGa”, )

and

V262 Loz — =7
1 — BLo||lx — z*|]

" ()" F' ()] ()" = [F/(2") F'(27)] 7 F' (7)) <

for each x € U(x*, pg). Then, if 2, € U(x*, p), we have by (1.2)
Tpp1 — 0° =ap — 2 — [F'(xp) " F ()] F ()T F ().
= [P () F ()] F ()T [P (o) — o) — Faw) + F(@*)]
+ [F' (@) F ()] R () TR () = [F () TF ()] F (o) TR (7).

It follows that

st — 2| = I1F" (@) ()] ()" ] / [F (1) — F' (" + 0(ay — "))
x (2 — ap)db]| + |[F' ()" F'(a")] " F/ (")
— [F(a)" F/ ()] F () | /()]

Lz — 27| V/2¢8° Lo |2k — o7
“2(1 = BLollzx — 2*[) 1= BLollwx — 2|

Taking & = 0 above, we obtain ||z; — z*|| < gol|lzo — 2*|| < ||xo — 2*||, so
x1 € U(z*, p). Using mathematical induction, each xj belongs to U(x*, p)

and ||z — 2*|| decreases monotonically. Hence, for each k =0, 1,..., we get
||xk+1 . I*” < BL”‘Tk - I*”g \/ECBZLOHI% - LL'*H
2(1 = BLollwx —2*[) ~ 1= BLollwx — 27|
BL||xo — x* |||z — 27| V/2¢B° Lol — 27|
llwo = 2*[I2(1 = BLollzo — 2*[|)  [lwo — =*[|(1 = BLollzo — 1)
(5.13)

In particular, if ¢ = 0, we have

* ﬁL”xO - QZ'*H %112
T — T || < T — T
le ="l < = = ALofleg =z 1™~ @
do «
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Concerning the uniqueness of the solution.

Proposition 5.4. Suppose x* satisfies (1.1), F has a continuous derivative
inU(z*, p), F'(x*) has full rank and F' satisfies the center Lipschitz condition
on 0 with constant Ly. Let p > 0 satisfy

2(1 — Cﬁ0L0>
=u(ly) = —, 5.15
p = p(Lo) ENA (5.15)
where c is given in Theorem 5.6 and
Bo = ||[F'(«*)"F'(z*)] |- (5.16)

Then (1.1) has a unique solution x* in U(x*,p).

Simply use Lg instead of L; in the proof of Theorem 4.1 in [5].

Remark 5.1. (a) The results in sections 2-4 improve the ones in [11], since
Koy, K, max{K;, K} are smaller than K* used there.

(b) If Ly = L = Ly, we obtain the results in [5] which in turn generalized
earlier results in [1,9,11,12,14]. Moreover, if L = Ly, then the results
reduce to the ones obtained by us in [2]-[4]. Otherwise, i.e. if

Lo< L < I, (OTL<L0<L1)

(see [2—4] for example), then we obtain a larger radius of convergence,
tighter error bounds on the distances ||z, — 2*|| and at least as precise
information on the location of the solution z*, since

MLo, L) < M(Lo, L1) < A(L1, Ly),

qo(Lo, L) < qo(Lo, L1) < qo(Ln, L)
and

p(Lo) < p(L) < p(Lr).

These advantages are obtained under the same computational cost,
since in practice the computation of the parameter L; requires the
computation of parameters Ly and L as special cases.



48 LK. Argyros and J.R. Sharma and D. Kumar An. U.V.T.

References

[1] S. Amat, M.A. Hernandez, and N. Romero, Semilocal convergence of a sixth
order iterative method for quadratic equations, Appl. Numer. Math., 62, (2012), 833—
841.

[2] LK. Argyros and A.A. Magrenan, Iterative Algorithms I, Nova Science Publish-
ers Inc., New York, 2016.

[3] I.K. Argyros and A.A. Magrenan, Iterative methods and their dynamics with
applications, CRC Press, New York, 2017.

[4] I.LK. Argyros and A.A. Magrefian, Iterative Algorithms II, Nova Science Publish-
ers Inc., New York, 2017.

[5] J. Chen and W. Li, Convergence of Gauss-Newton’s method and uniqueness of
the solution, Appl. Math. Comput., 170, (2005), 687-705.

[6] W. M. Haiibler, A Kantorovich convergence analysis for the Gauss-Newton
method, Numer. Math., 48, (1986), 119-125.

[7] A.A. Magrenan, Different anomalies in a Jarratt family of iterative root finding
methods, Appl. Math. Comput., 233, (2014), 29-38.

8] A.A. Magrefian, A new tool to study real dynamics:, Appl. Math. Comput., 248,
(2014), 29-38.

[9] J.M. Ortega and W. C. Rheinboldt, Iterative solution of nonlinear equations
in several variables, Academic Press, New York, 1970.

[10] J.F. Potra, On an iterative algorithm of order 1.839. .. for solving nonlinear operator
equations, Numer. Func. Anal. Opt., 7(1), (1985), 75-106.

[11] S.M. Shankhno and O.P. Gnatyshyn, On an iterative algorithm of order 1.839...
for solving the nonlinear least squares problems, Appl. Math. Comput., 161, (2005),
253-264.

[12] R. Ewing, K. Gross, and C. Martin, Newton’s method estimates from data at
one point, in:The merging of disciplines: New directions in Pure Applied and Com-
putational Mathematics, Springer, New York, 1986.

[13] G. W. Stewart, On the continuity of the generalized inverse, SIAM J. Math., 17,
(1960), 33—45.

[14] J.F. Traub and H. Wozniakowski, Convergence and complexity of Newton iter-
ation, J. Assoc. Comput. Math., 29, (1979), 250-258.

Toannis K. Argyros

Department of Mathematics Sciences
Cameron University

Lawton

OK 73505

USA



Vol. LV (2017) Expanding the Applicability of Iterative Methods

E-mail: iargyros@cameron.edu

Janak Raj Sharma

Department of Mathematics

Sant Longowal Institute of Engineering and Technology
Longowal

Punjab 148106

India

E-mail: jrshira@yahoo.co.in

Deepak Kumar

Department of Mathematics

Sant Longowal Institute of Engineering and Technology
Longowal

Punjab 148106

India

E-mail: deepak.babbi@gamil.com

Received: 14.08.2017
Accepted: 25.10.2017

49



